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DISCUSSION ON 
*PEAK-VOLTAGE MEASUREMENTS OF STANDARD IMPULSE VOLTAGE WAVES’*« 


Mr. G. C. Dewsnap (communicated): In determining the design 
requirements of a recurrent surge generator and its associated 
oscilloscope, I had cause to obtain the constants and fre- 
quency spectrum of a standard 1/50 microsec wave. The con- 
stants so determined agree with those quoted in the paper. 
Similarly, the requirements for the frequency response of 
equipment used to view the wave were obtained by specifying 
ability to pass frequencies of an amplitude down to 1% of 
the maximum amplitude in the wave. As a result for the 
1/50 microsec wave, the upper limit of frequency was found to 
be about 220kc/s. 

The method adopted by Mr. Aked of specifying frequencies 
obtained from the shorter time-constant of the wave equation is 
surely far too exacting. What in effect has been done has been 
to take the frequency spectrum of an impulse of infinitely short 
rise time and of decay time-constant of 1/(6:073 x 10°)sec and 
equate it to the frequency spectrum of the surge, which has a 
rise time of the order of 1 microsec and a considerably longer 
decay time. The two terms that make up the equation to the 
wave surely should be taken together, and if this is done the 
frequency spectrum of the first term of eqn. (2) is found to be the 
predominant one. This term still represents a function which 
has an infinitely short rise time and a tail which approximately 
corresponds to the decay of the actual surge. The sharp rise of 
this function provides a more exacting condition to be satisfied 
than the complete function; i.e. its frequency spectrum contains 
significant terms of higher frequency than the complete function 
itself, so that a frequency spectrum up to 226kc/s is more than 
adequate in specifying the required response of any associated 
equipment. 

A further error which completely invalidates the frequency 
response tests carried out on the divider has been made in 
determining the upper limit of R,., which (from a correct 
evaluation of the author’s own figures) should be 96-7 Mc/s, 
not 9-67 Mc/s. 

- If the author’s arguments were correct the divider should have 
* Axep, A.: Monograph No. 153 M, November, 1955 (see 103 C, p. 186). 
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been tested to 30 Mc/s, which would be fatal for the operation of 
equipment far more complex than that described. 

The equipment designed and described should prove quite 
satisfactory for its purpose, but certainly not because of the 
theoretical analysis accompanying it. 

Mr. A. Aked (in reply): As Mr. Dewsnap observes, the upper 
limit of R,» should be 96-7 Mc/s and not 9-67 Mc/s as stated in 
the paper. This error makes three alterations necessary in the 
text; 96:7 Mc/s must be substituted for 9-67 Mc/s in Section 4, 
par. 3, and 100 Mc/s must be substituted for 10 Mc/s in Section 4, 
par. 4, and in Section 5, sentence 1. 

Eqn. (2) represents the ideal impulse wave, and any circuit 
required to record this wave faithfully would have to have a 
level response up to nearly 100 Mc/s. This is the frequency at 
which the amplitude of the spectrum of the wavefront component 
has fallen to 1% of its maximum value. The recording of this 
component is essential if the wavefront is to be recorded faithfully. 

The paper, however, was concerned with the measurement of 
the peak value of the wave, and therefore the range of frequencies 
over which the divider response had to be known was reduced. 
To determine the limits of this frequency range, the error pro- 
duced by neglecting the components in the spectrum above a 
given frequency was determined for each of the components of 
the ideal wave. As stated in the paper, for a cut-off frequency 
of 1 Mc/s the estimated value of the wavetail component at 
{ microsec differed by only 0-16% from its true value. 

At 10Mc/s the amplitude of the spectrum of the wavetail 
exponential is 9-6% of its maximum. If the components above 
10 Mc/s in this spectrum are neglected, the estimated value of the 
exponential at 1 microsec is 0:23% of its maximum while the 
true value is 0:16 %. 

Even with the high-frequency components of the ideal wave, 
only relatively small errors would be introduced by not knowing 
the divider response above 10 Mc/s. 

Section 11 explains how possible errors due to the peaking of 
the divider response above 3 Mc/s were shown to be negligible 
for the actual impulse waves used. 
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AN INVESTIGATION OF THE EDDY-CURRENT ANOMALY IN A 
LOW-SILICON SHEET STEEL 


By He ASPDEN, Eh. Ds B.Sc., Wh.Sc., Associate Member. 


(The paper was first received 9th February, and in revised form 16th April, 1956. 


SUMMARY 

The eddy-current anomaly effects in an 0-019in thick low-silicon 
sheet steel are investigated and analysed on the basis of the magnetic 
inhomogeneity arising from ferromagnetic domain structure. This 
particular steel was chosen because previous experimental work had 
shown that inherent time-lag effects in the magnetization process were 
small. However, in such a steel, flux waveform distortion arising from 
hysteresis phenomena adds to the anomaly effect, and a special experi- 
mental technique by which such distortion effects could be eliminated 
from the analysis was developed. This made it possible to test the 
steel, focusing attention upon the anomaly effect attributable to the 
magnetic inhomogeneity. The results obtained are interpreted in 
terms of a hypothetical domain configuration, and it is concluded 
that the magnetic inhomogeneity arising from ferromagnetic domain 
structure does account for the eddy-current anomaly, distortion and 
time-lag effects being of minor importance. 


LIST OF PRINCIPAL SYMBOLS 


B = Flux density, gauss. 
B,, = Amplitude of flux density, gauss. 
H = Magnetizing field strength, oersteds. 
H, = Demagnetizing field strength, oersteds. 
b = Half thickness of sheet steel, cm. 
w = Angular frequency of magnetization, rad/sec. 
(PSs Time, Ce, 
p = Resistivity of sheet material, ohm-cm. 
@ = Phase angle between maxima of B and #H, having a 
2 
theoretical value of a0 peLeus rad. 
Bpi0a10? 
je = Apparent differential permeability. 
ba = Actual differential permeability. 
bn = Maximum differential permeability. 


(1) INTRODUCTION 


When the eddy-current loss in an electrical sheet steel mag- 
netized at a power frequency is measured, it is invariably found 
to exceed that calculated from classical formulae. These formulae 
are based upon an assumed magnetic homogeneity, and this 
assumption is usually justified by ensuring that the sheet steel 
has been very well annealed. The anomaly is then accounted 
for in terms of effects attributable to flux waveform distortion 
arising from the non-linear character of magnetic hysteresis.! 
However, in recent years it has become apparent that in sheet 
steel the actual magnetic domain configuration does not support 
the assumption that the steel is magnetically homogeneous, and 
that this can lead to high anomaly factors.2 It has also been 
suggested that a time-lag effect in the magnetization process may 
well exist.2 This would lead to an extra loss having the same 
character as eddy-current loss and would therefore add to the 
anomaly effect. 

This recent work has left open the question whether flux 
waveform distortion contributes appreciably to the discrepancy 
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loss associated with the eddy-current anomaly. This is an 
important question, since distortion effects arising from the } 
well-known non-linear form of the hysteresis loop afford a most 
plausible qualitative explanation and therefore provide a 
generally accepted explanation for the anomaly. 

It is the object of the paper to consider the importance of such | 
distortion effects. It will be argued that they are much less | 
important than is generally believed, and to show this, a relatively- 
thick low-resistivity sheet steel, in which distortion effects should 
be relatively more important, was tested by a novel experimental 
technique by which distortion effects can be avoided and the — 
measurements directed solely to an investigation of the anomaly 
as it arises due to other causes. 

This particular steel is one in which evidence from other 
experimental work shows that the intrinsic time-lag effect in the 
magnetization process is small.2_ It would appear, therefore, that, 
by eliminating distortion effects, it is possible to study the 
anomaly as it arises almost wholly from magnetic inhomogeneity. 
A second and principal object of this work is therefore to analyse 
the results obtained with a view to assessing the nature of this 
inhomogeneity. 

A preliminary task is to assess the relative importance of the 
effects of flux waveform distortion in enhancing the apparent 
discrepancy between actual and theoretical eddy-current effects. 


(2) FLUX-WAVEFORM-DISTORTION EFFECTS 
(2.1) Brailsford’s Work on Flux Waveform Distortion 


Brailsford' has measured an actual loss anomaly factor of 1:5 
in a particular dynamo sheet steel having a thickness of 0-016in 
and a resistivity of 14 x 10-€ohm-cm. In a model experiment 
in which he simulated a sheet of thickness 0-021 in and resis- 
tivity 14 x 10-®ohm-cm, he found that the effects of flux 
waveform distortion on the actual eddy-current loss were 
negligible, but that, owing to this distortion, the hysteresis loss 
was increased sufficiently to cause an apparent extra eddy- 
current loss which would correspond to a loss anomaly factor 
of 1-18. Had the hysteresis loss of the material been greater 
he notes that, with the same degree of distortion, the observed 
anomalous loss would have been increased. The sheet simulated 
was both thick and of low resistivity, and these conditions are 
especially favourable to the promotion of flux and eddy-current 
waveform distortion. = 

In a high-quality sheet, which may have a resistivity of the — 
order of four times that in the steel considered by Brailsford, 
the theoretical eddy-current loss is smaller and the change in 
phase of the flux density across the sheet is reduced in pro- 
portion. The amplitude of the flux density within the sheet 
differs from that at the surface in proportion to the square of 
this phase change, and the change in amplitude of fiux density 
across the sheet will therefore be reduced more than in inverse 
proportion to an increase in resistivity. The hysteresis loss, 
depending as it does upon a power of maximum flux amplitude 
of 1-65 or so, will be changed in more than linear proportion to 
the change in the amplitude of the flux density across the sheet. 


[2] 
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Thus if the resistivity is, say, doubled, the phase change of the 
flux density across the sheet will be halved, the change in ampli- 
tude of the flux density across the sheet will be reduced to a 
quarter, and it is conceivable that the apparent increase in 
hysteresis loss due to flux waveform distortion will be reduced 
to a sixth or seventh of its original value. The calculated eddy- 
current loss will only be halved, so that the apparent anomaly 
due to flux waveform distortion will be considerably reduced. 

A similar argument can be applied to a decrease in thickness 
of the specimen, so that the degree of flux waveform distortion 
encountered in Brailsford’s model experiments which explained 
an anomaly factor of 1-18 in the thick low-resistivity sheet he 
used is no assurance that anomaly factors as high as 3, as have 
been observed in thin sheet of high resistivity, can be completely 
explained in terms of flux waveform distortion. However, it is 
to be noted that the model experiment does simulate a more 
magnetically homogeneous sheet than may in fact exist, and flux 
waveform distortion leading to increased hysteresis and eddy- 
current loss can result from such inhomogeneity. 


(2.2) Distortion in Thin High-Resistivity Sheet Steels 


Although thin high-resistivity sheet steels usually have high 
anomaly factors, the above considerations suggest that flux wave- 
form distortion in them is of little importance. However, it 
. 3hould be remembered that the actual shape of the hysteresis 
loop is a factor in determining this distortion, and many high- 
quality steels have a differential permeability over some parts 
of the loop which is very high, and can, in a magnetically homo- 
geneous sheet, lead to appreciable flux waveform distortion. 
If the sheet is not magnetically homogeneous, it can happen 
that this distortion is of no consequence at all. For example, it 
is becoming increasingly apparent that in some sheet steels the 
domain configuration is such that the magnetization process 
comprises, in effect, the motion of a single domain boundary 
wall about a mean position at the centre of the sheet.2,4 The 
material surrounding this wall has a very low effective per- 
meability and the magnetizing field is therefore more uniform 
across the sheet than might otherwise be expected. Furthermore, 
the mechanism of hysteresis is more intimately associated with 
the motion of the wall than effects within the surrounding 
material. Both these factors nullify an argument that the flux 
waveform is distorted across the section of the sheet. Another 
factor which tends to mitigate the effects of flux waveform 
distortion is a time-lag effect in the magnetization process. 
The effect of this time lag is to render the hysteresis loop more 
and more elliptical in shape as the frequency is increased. This 
corresponds to purely sinusoidal changes of field strength with 
purely sinusoidal changes of flux density, and harmonic effects 
do not therefore occur. 


(2.3) Distortion in Thick Low-Resistivity Sheet Steels 


Thick low-resistivity sheet steels usually have a low anomaly 
factor, and if they are magnetically homogeneous, flux-waveform- 
distortion effects may be expected to be important. Being 
relatively thick, these steels are more homogeneous magnetically 
than the thin steels previously considered. Furthermore, 
magnetic time-lag effects are known to be relatively unimportant 
in thick steels. This is readily explained as follows: the charac- 
‘eristic of an intrinsic time lag of the kind considered is that, 
in steels which are thick relative to the size of the ferromagnetic 
domains, the lag is independent of the thickness of the steel. 
The specific loss arising from the time lag is therefore independent 
>f the thickness of the sheet. The corresponding classical eddy- 
current loss increases as the square of this thickness, and it 
follows that the eddy-current-anomaly component attributable 
<o time lag decreases inversely as the square of the sheet thickness. 


Flux-waveform-distortion effects are therefore likely to be of 
importance in thick sheet steel, and it is of interest to test such a 
steel with a view to resolving the observed eddy-current effects 
into components attributable to flux waveform distortion and 
other causes such as magnetic inhomogeneity and magnetic 
time lag. 


(3) MEASUREMENT TECHNIQUE 
(3.1) General Principles of Measurement 


In order to carry out an experimental test which will avoid 
flux-waveform-distortion effects due to hysteresis phenomena, it 
is proposed to restrict the duration of the test so that a measure- 
ment is confined to such a small range of change of magnetization 
that it is reasonable to assume that the effective differential 
permeability is constant during the test period. 

In Fig. 1, a hysteresis loop A is shown. Over the range XY the 


8B 


Fig. 1.—Hysteresis loop showing a small range XY over which the 
differential permeability is substantially constant. 


differential permeability is fairly constant. It is this differential 
permeability which is effective in determining eddy-current 
action, and if this permeability is constant over the test range 
there should be no distortion of the eddy-current waveform, since, 
on a differential basis, the conditions are identical with those 
which would apply if the relationship between B and H had the 
form represented by the line OC, which is parallel to XY. 

The bearing of magnetic inhomogeneity on this should be 
considered. Only inhomogeneity across the width of the sheet 
is relevant to these considerations. It is convenient to assume 
that the hysteresis loop A shown in Fig. 1, which is that applicable 
to a test specimen as a whole, is composed of two component 
loops D and E applicable to different layers of the sheet specimen. 
The loops are shown in Fig. 2. The loop A results from the 
loops D and E by determining the mean of the flux density B 
of each loop D and E for a given field strength H. It is presumed 
that the different loops D and E apply to equal cross-sectional 
areas of the test specimen. Reconsidering the range XY of the 
loop A, it is evident that, if the differential permeability of this 
loop is constant over this range, it is very likely that it is con- 
stant over the corresponding field ranges of the loops D and E. 
Thus there should be no eddy-current distortion over the small 
test range in spite of the magnetic inhomogeneity, although, of 
course, this inhomogeneity will affect the eddy-current loss. 
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Fig. 2.—Formation of an effective hysteresis loop A from the hysteresis 
loops D and E. 


Applicable to different layers of a non-homogeneous electrical sheet steel. 


An electrical measurement can be made at a specific instant; 
there is no need to spread the measurement over a period of time. 
However, a range such as XY has been postulated because, in a 
magnetic test of the kind to be considered, eddy-current demag- 
netizing effects occur by which, at a particular instant, the field 
strength applicable to one layer of a sheet may be greater than 
that applicable to another layer. The range XY corresponds 
to a field range representing the demagnetizing field. Thus, 
for example, in a magnetically homogeneous sheet we may 
regard a measurement to be made at the instant when the 
surface layers of the sheet are at Y and a central layer is at X. 
The size of the range XY is fixed by the magnetic and electrical 
properties of the sheet and the test frequency. 

If the differential permeability is constant over the range XY, 
then since, at the instant at which the measurement is made, all 
of the sheet has a differential permeability which is independent 
of time, no distortion can occur. 

It is necessary to estimate the size of the range XY simply to 
ensure that the assumption based upon constant differential 
permeability is justified. For this purpose magnetic homo- 
geneity can be assumed if a reasonable factor of safety is allowed. 
It can be shown that the demagnetizing field at the centre of the 


sheet is as follows: 
& Qmrb ae 4 
p= p109 Dy; ( ) 


For a magnetization cycle in which the mean flux density within 
the sheet is given by 


BB ASyOl °° ia eset) 
eqn. (1) becomes 
27b2w 
A, = cam Ee COS COU), ae ee) 
or putting 
_ 4a bw 
iy p10 . . . ‘ . . (4) 
Bye: 
H,= Fr COS COL teen te) 


To assure linearity of the range XY, the smaller Ay, the 
better. It is zero when wt = 7/2, but this represents a condition 
in which a part of the sheet has passed the loop tip and X and Y 


—-— 


no longer define the limits of a range. The practical limit at | 


which H is a minimum occurs when Y is at the loop tip. The 
mean demagnetizing field may be shown to be Hy, and on the 


basis of eqn. (2) the flux density at the surface of the sheet can 
be shown to be B,, sin wt + 44H,, and that at the centre of the | 
sheet to be B,, sin wt — 44H. When Y is at the loop tip the / 
value of wt is such that B,, sin wt + #H, has its maximum | 


value. From eqn. (5), this is when 


° Bn sin wt + B,,0 cos wt) = 0 bea. (C5): 


The maximum value is B,,\/(1 + 6”), and wt is then approxi- | 
mately equal to 7/2 — 6. The position of X is determined by | 
the corresponding value of B,, sin wt — 44H,, which, from } 
eqn. (5), is B,, cos @ — 40B,, sin 8 or, approximately, B,,(1 — 67). | 


The value of XY is then given by the difference between 


B,,/( + 6) and B,,(1 — 67), which is approximately equal to ; 


36°B,,, 9 being assumed to be small. 


If 6 = 0-1 rad, the range XY is 1-5% of B,,. However, to | 
allow for magnetic inhomogeneity of a kind which would enhance | 
eddy-current effects, the range XY should be regarded as some- | 


what greater than this. 


The factor @ is easy to measure, and affords a convenient | 
theoretical expression which can readily be tested by experiment. © 


(3.2) Derivation of Data for Calculating Theoretical 
Eddy-Current Effect 


To derive the theoretical value of @ it is necessary to measure 
the differential permeability applicable for increasing flux density 


just before the instant when B = B,,. Provided that 6 is small 
and of the order of 0-1 rad, it is necessary that this differential % 


permeability should be constant over a range of only 2% or so 


of B,,. A preliminary measurement of the value and degree of ¢ 


constancy of 4 must therefore be made. 


The well-known method of reversals formed the basis of the | 


measurement technique for assessing yz from the static hysteresis 
loop. An intermediate magnetizing current is obtained by 
including a small series resistor in the magnetization circuit; 


a switch enables this resistor to be switched into and out of | 
circuit as required. In this way a magnetizing field close to its | 
maximum value is obtained and is changed to this value simply | 
by short-circuiting the resistor. During this switching operation, / 
and only then, a search coil having many turns is connected | 


to a fluxmeter. Thus a large fluxmeter reading is obtained 
for a small change of field strength over a range immediately 


prior to B,,. This leads to a very sensitive measurement of ju. | 
The resistance of the resistor determines the range of the test, | 
and by varying this resistance and measuring the different — 


values of 4, the degree of constancy of yw over the test range 
can be assessed. For all the results given it was found by this 
preliminary test that there was no noticeable variation of p. 
In these tests the range was chosen to be 3% of B,,, which, as 


will be seen, is ample to cover the theoretical range applicable 


under all test conditions. 

In Fig. 3 the measured values of w applicable to a particular 
low-silicon steel having a mean thickness of 0:019in and a 
mean resistivity of 17-5 x 10~¢° ohm-cm are shown as a function 
of B,,. Also shown is the relationship between @ and B,, derived 
theoretically from these values. 


It is necessary to compare this relationship with that repre- 
senting a direct measure of 0. 
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Fig. 3.—Relationship between the differential permeability 4 and the 
maximum flux density B,,. 


Applicable to a low-silicon sheet steel tested over a small range of magnetization 
es e By» and corresponding values of the angle 0 as given by eqn. (4) at a frequency 
fo} c/s. 


(3.3) Measurement of Actual Eddy-Current Effect 


6 may be measured by using a magnetization cycle of which 
the mean flux density is varying in a purely sinusoidal manner 
with respect to time. The angle @ then becomes a time interval, 
in effect, between the instant at which the fiux density at the 
surface of the sheet tested is a maximum and the instant at which 
the mean flux density within the sheet is a maximum. It is 
therefore necessary to measure the interval between the instants 
of maximum field strength at the surface of the sheet and maxi- 
mum fiux density within the sheet. This period was measured 
by advancing the phase of a signal having a 90° phase relation- 
ship with the mean flux density until a detector indicated that 
the field strength was a maximum when the signal was zero. 

For purely sinusoidal changes of mean flux density, the e.m.f. 
induced in a search coil lags 90° behind the flux density and 
is zero when the mean flux density is a maximum. It is neces- 
sary to advance the phase of this e.m.f. by an angle 6 which is 
such that the magnetizing current passes through a maximum 
when the advanced signal is zero. A uniformly magnetized 
closed magnetic circuit is necessary to ensure that the mag- 
netizing current is truly proportional to the magnetizing field. 

An oscilloscope was used to detect the instant at which the 
current maximum and e.m.f. zero occurred simultaneously. 
The e.m.f., which was a strong signal obtained by using a search 
coil having many turns, was applied directly after phase change 
to the X-plates of the oscilloscope. The peaks of the current 
waveform were chopped to produce a signal which, when ampli- 
fied, was applied to the Y-plates of the oscilloscope to provide a 
trace of pulse form on the oscilloscope screen. A phase adjust- 
ment was then made so that the pulse moved in the X-direction 
until it occupied a position which was the same whether or not 
the e.m.f. signal supplied to the X-plates was switched on or off. 

A schematic of a circuit used in these tests is shown in Fig. 4. 
The source of power E comprised a motor-generator set con- 
nected to a suitable filter circuit to provide an adjustable mag- 
netizing current over a frequency range of 20-60c/s, the output 
voltage having a very good sinusoidal form. The magnetizing 


Fig. 4.—Schematic of the apparatus used to measure @ as a function 
of B,, and frequency. 


current is passed through the magnetizing coil W, which 
embraces the test core T and through a resistor R; connected in 
series with the coil W. A search coil S having many turns also 
embraces the core T and is connected in series with a resistor Rp. 
The e.m.f. induced in the search coil is measured by a voltmeter 
V, and an RC circuit serves to advance the phase of this e.m.f. to 
an adjustable extent before it is supplied through the switch M 
to the X-plates of the oscilloscope O. Corresponding ends of 
R, and R, are connected together, and a signal, derived from 
the other ends of the resistors, is supplied to the amplifier A. 
This amplifier incorporates the necessary equipment for chopping 
the input signal, so that output pulses corresponding to the peaks 
of the input signal are obtained. 

It is customary in magnetic tests to have a secondary winding 
(search coil) having as few turns as possible, so that the effects 
of the secondary current are quite small. In the system shown 
in Fig. 4 the induced e.m.f. is required to displace the beam of 
a cathode-ray oscilloscope, and it must therefore be quite strong. 
However, whereas the possibility of amplification was considered, 
it was decided that the possible phase errors in an amplifier 
operating at frequencies less than 60c/s introduced more com- 
plication and doubt than would be entailed if a large secondary 
winding were used and the trouble arising from the secondary 
current were compensated. The search coil S was evenly 
distributed on the core T. The current in this coil caused the 
magnetizing field not to be proportional to the current in the 
coil W. For this reason a compensating resistor R, was used. 
This had a resistance which bore the same ratio to the resistance 
of R, as did the number of turns of S to the number of turns 
of W. The potential drops in R, and R, were therefore 
respectively proportional to the number of ampere-turns of 
W and S. The difference between these potential drops con- 
stitutes the input signal to the amplifier, and this is therefore 
proportional to the magnetizing m.m.f. and is a measure of the 
magnetizing field. The resistances of R; and R, must, of course, 
be small in comparison with the impedances of the main windings, 
so as not to lead to a distortion of the magnetizing waveform. 

The RC circuit was composed of standard units which were 
adjustable in small steps. This enabled a highly sensitive adjust- 
ment of the phase advance of the induced e.m.f. to be obtained. 
The overall sensitivity of the system was such that this angle 
could be measured to within 0:1°. The angle was obtained from 
a suitable locus diagram calculated on the basis of the values of 
the components of the RC circuit. This adjustment is made until 
there is no displacement of the pulse seen on the oscilloscope 
screen upon the switch M being opened or closed. The volt- 
meter V is used to measure B,,, in the usual way. 
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(3.4) Experimental Results 


In Fig. 5 measured values of 0, applicable to the steel to which 
the results shown in Fig. 3 apply, are presented as a function 
of B,,. A comparison of Figs. 3 and 5 shows that there is a 


16 
50 c/s 
- - 0-30 
40c/s 
12 
0:20 
° Ses 
ao 8 
oO (a) 
< 
a 
CS 
0-10 
4 
oO - 
fo) 2000 4000 6000 8000 10000 12000 \ 
Br» GAUSS 


Fig. 5.—Measured values of 0 as a function of B,,, with frequency as 
a parameter. 
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Fig. 6.—Anomaly factors applicable to the low-silicon sheet steel tested. 
The full line represents the measured anomaly factors applicable over the range XY. 

The broken line represents the mean loss anomaly factor applicable over the whole 

magnetization cycle. 

definite discrepancy between the results. In Fig. 6 the ratio of 

the measured and theoretical values of @ is shown for the 50c/s 

tests. 

These results are surprising, since the object of the experiments 
was to determine the importance of distortion effects, and 
by seeking to avoid such effects, it would be expected that the 
anomaly factor measured by these tests would be at least less, 
if not appreciably less, than is found by normal loss measure- 


ments. This is not the case. The broken curve in Fig. 6 shows 
the value of the loss anomaly factor as normally measured, 


(3.5) Error due to Demagnetizing Effects 


There is one factor which casts a little doubt on the accuracy 
of the above results, but it is not sufficient to remove the element 
of surprise from them. 

The theoretical value of 0 is based upon a measurement from 
the static hysteresis loop. Such a loop is influenced by the 
demagnetizing effect of air-gaps in the magnetic circuit, and 
such effects are of different consequence under cyclical con- 
ditions. It is the actual permeability in a steel which is effective 
in determining 9, not the permeability as reduced by the effect 
of air-gaps. 

Thus the value of jz used to derive the theoretical values of 8 
may well have been underestimated as a result of the action of 
ait-gaps. Small air-gap effects must have been present, since a 
Lloyd-Fisher square was used for the tests. To estimate the 
effects of these air-gaps is a somewhat fruitless task, and the 
alternative of using a single picture-frame specimen was pre- 
cluded by the need to have strong output signals and a pure 
sinusoidal flux waveform without introducing a miscellany of 
other possible sources of error. 

The answer was found by measuring the differential per- 
meability of the static hysteresis loop at B—O. Here the 
differential permeability is a maximum and is usually appreciably 
greater than the value of p used previously. The maximum 
possible effect which air-gaps could have would be to reduce 
an infinite actual differential permeability to the observed 
maximum differential permeability. The same air-gap effect 
upon the differential permeability , is to reduce it to 
Bal + Bal), Where p,, is the maximum differential per- 
meability at the point B =0. When the maximum possible 
air-gap effect is accounted for in this way, the full curve shown 
in Fig. 6 is displaced to the positions marked by the arrow-heads. 
Even this does not bring the anomaly factor measured near B,,, 
to a value less than the loss anomaly factor. Air-gap effects of 
this magnitude cannot, in fact, occur, but the analysis does show 
their, nature and how important they can be in these particular 
tests. 

The general result obtained is sufficient to indicate that there 
is no evidence that distortion plays an important part in the 
eddy-current anomaly. The anomaly must therefore be attri- 
buted to other causes, such as magnetic inhomogeneity. 


(4) ANALYSIS OF RESULTS 


The actual magnetic domain structure of the sheet steel tested 
has been regarded as accounting for a magnetic inhomogeneity 
sufficient to explain the anomaly factors shown in Fig. 6. This 
cannot be verified directly because, even though it may be 
possible to observe the actual domain structure in the steel, it 
is impossible to assess its mean effect, especially under dynamic 
magnetization conditions. 

However, various hypothetical domain structures may be 
considered, and the one selected which best satisfies the actual 
results obtained. This is not proof that such a domain structure 
exists, but the fact that the measured anomaly factors can be 
explained in terms of the domain pattern affords an acceptable 
basis for the explanation of the eddy-current anomaly. 

The particular results presented seem to be best explained by 
a hypothetical domain configuration of the form shown in Fig. 7. 
Here, there are three parallel domain boundaries XX, YY, ZZ. 
Parts of the sheet between adjacent boundaries and between a 
boundary and an adjacent surface of the sheet are assumed to 
be magnetized to saturation, in the directions indicated by the 
arrows. The thickness of the sheet is 2b, and the boundaries 
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Fig. 7.—Hypothetical domain configuration used as a basis for an 
explanation of the anomaly effects observed in the steel tested. 


aria, 


XX and ZZ are presumed to be distant 25/3 from the central 
boundary YY. The resultant flux density of the system is 
therefore zero. 

A resultant flux is established by displacing the boundaries by 
a magnetic field. If all three boundaries are displaced at an 
‘equal rate it may be shown that the anomaly factor is 1-15. 
If the boundaries XX and ZZ are displaced at an equal rate whilst 
the boundary YY remains still, it can be shown that the anomaly 
factor is 1-0, and if the boundary YY is presumed to move, 
whilst the boundaries XX and ZZ remain still, it can be shown 
that the anomaly factor is 3:0. These anomaly factors change 
-according to the displacement of the moving boundaries from 
their neutral positions. 

It is likely that, for rapid rates of flux change such as occur 
when the mean flux density passes through zero during a mag- 
netization cycle, the eddy-current demagnetizing effects will act 
to screen the boundary YY. The result is that a relatively low 
anomaly factor will be observed. For low rates of flux change, 
as occur over the range of test used in the above experiments, 
this screening effect will be small, and the boundary YY can be 
expected to move with the others. The mean flux density 
will then have the value B,,, and the boundaries XX and ZZ 
will be displaced to new positions, one having moved towards 
the centre of the sheet and the other being close to the surface 
and very likely more difficult to displace. Almost all the flux 
change therefore occurs near the centre of the sheet, and the 
anomaly factor may approach the value 3:0. 

The mean loss anomaly factor over a complete cycle of mag- 
netization can be expected to be appreciably less than 3-0. 


In support of the above hypothetical explanation it is to be 
noted that the anomaly factor has been measured at the instant 
when the mean flux density is zero during a cycle of magnetiza- 
tion, and has been found to have a value of 1-04 in the steel 
tested above.” This is consistent with the hypothetical domain 
pattern shown in Fig. 7. 


(5) CONCLUSIONS 


A method has been described by which the eddy-current 
anomaly in electrical sheet steel can be measured without 
involving flux-waveform-distortion effects. It has been shown 
that, instead of leading to a closer agreement with classical 
eddy-current theory as is to be expected from an elimination of 
distortion effects, higher anomaly factors were encountered. 
From this, it was apparent that the anomaly factor varied during 
a cycle of magnetization. The magnitudes of the anomaly factors 
measured were sufficient to show that distortion effects are 
relatively unimportant as a cause for the eddy-current anomaly, 
even though the particular steel tested was thick and had a low 
resistivity. It has been found possible to explain the observed 
variation of the eddy-current anomaly in terms of a hypothetical 
magnetic inhomogeneity arising from the domain configuration. 
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SUMMARY 


The frequency pulling of an oscillating magnetron is measured by 
inserting a reactor in the output feeder, which produces a reflection of 
constant magnitude but variable in phase; the frequency pulling is 
usually estimated on the assumption of constant v.s.w.r. in the feeder. 
In practice, when multiple reflected waves exist in the feeder the 
v.s.W.I. is not constant, but it is found that the amplitude/phase varia- 
tion of the resultant reflected wave is such that the locus of the voltage 
reflection coefficient is a circle in the Smith chart. An idealized 
equivalent circuit for the magnetron is assumed and the theoretical 
frequency pulling is estimated. The performance of a typical wave- 


guide system used in magnetron testing is examined with regard to the * 


possible variation in measured frequency pulling. 


LIST OF SYMBOLS 
f, = Frequency pulling of magnetron. 
Q,, = External Q-factor of magnetron. 
Ff = Frequency of oscillation. 
S = Voltage standing-wave ratio due to waveguide 


; 1 r : 
mismatcher = — where r is the corre- 
r 
sponding voltage reflection coefficient. 


—* + j2Q,.— = Admittance of magnetron resonant circuit. 


Qo = Internal Q-factor of magnetron. 
of/fo = Fractional frequency deviation expressed in 
terms of the resonant frequency, fo. 
G + jB = Admittance presented by waveguide load. 
R = Radius of frequency-pulling circle. 
Cej? = Radius vector to centre of frequency-pulling 
circle. 
A filfpo = Fractional variation in frequency pulling. 
A, = Wavelength in waveguide. 
Ao = Wavelength in free space. 
dA, = Change in guide wavelength corresponding to 
change in frequency df. 
n = Distance of mismatcher from magnetron in 
number of guide wavelengths. 


(1) INTRODUCTION 


The measurement of frequency pulling is an important feature 
in magnetron oscillation tests, and experiments with mismatched 
waveguide loads yield a class of data which is of interest to the 
magnetron designer and user.! In manufacture, the measure- 
ment of frequency pulling is carried out as a routine test. 

While the frequency of an oscillating magnetron is determined 
almost entirely by the resonant frequency of its anode resonator, 
the reactive impedance presented by the external load produces 
small changes in frequency which are inversely proportional to 
the external Q-factor. This situation arises when the output 
feeder or waveguide is mismatched, and the change in frequency 
depends upon the magnitude and phase of the reflected wave 
presented to the magnetron. If in terms of unit transmitted 
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voltage wave the amplitude of the reflected voltage wave is 
constant, but its phase is varied from 0 to 27 rad, the reactive 
component of the impedance presented to the magnetron varies 
in a cyclic manner and the frequency of the magnetron oscillates 
about the frequency obtained with a matched feeder. 


The frequency pulling of the magnetron, i.e. the difference — 


between the maximum and minimum frequencies observed, may 


be shown to be? 
f- -2ir} yo fl ) 
= = ——S ea ee! 
Po QO. eA Rie kOe iG ()) 
The frequency pulling figure (f.p.f.) is defined as the total 
frequency change obtained when |r| = 0-2 (or S = 0-666). 


f 
Epi 0-4 — 
e OQ 


x 


Therefore (2) 

It is assumed in the derivation of eqn. (1) that the voltage 
standing-wave ratio in the output feeder is constant. . This 
implies that the locus of the voltage reflection coefficient in the 
Smith chart, which is traced out when the phase of the reflected 
wave is varied from 0 to 277 rad, is a circle centred at the point 
1+ 0. The change in phase of the reflected wave with fre- 
quency, due to the change in electrical length of the feeder 
between the source of the reflected wave and the magnetron, is 
also neglected, but as is shown in Section 7.1, the correction to 
be applied to eqn. (1) is small when the feeder is short. 

In practice, the feeder and the termination used for oscillation 
tests consists of a short waveguide run comprising a mismatcher 
terminated by a water load. The mismatcher is arranged to 
produce a reflected wave which is variable in magnitude and 
phase. In the measurement of frequency pulling only the phase 
is varied, as previously described. However, owing to imperfec- 
tions in the mismatcher, or as a result of reflected waves which 


arise in other parts of the waveguide system, the magnitude of — 


the resultant reflected wave, in terms of unit incident wave, may 


not be independent of phase. In this case the value of |r| to be - 


used in eqn. (1) becomes uncertain. As an illustration, consider 
the behaviour of the waveguide system with two types of mis- 
matcher which are used for magnetron frequency-pulling tests, 


namely a travelling probe and a fixed probe preceded by a 
phase-shifter.? 


(1.1) Behaviour of the Waveguide System 


The travelling-probe mismatcher consists of a length of wave- 
guide having a dielectric probe projecting into the waveguide. 
The magnitude of the wave reflected by the mismatcher depends 
upon the penetration of the probe, and its phase is varied directly 
by traversing the probe along a slot cut in the wall of the wave- 
guide. Subsidiary reflected waves may be produced at the ends 
of this slot, or by the couplings at each end of the section of 
waveguide, so that the reflected wave presented to the input of 
the mismatcher is the resultant of several component waves. The 
phase differences between the subsidiary reflected waves and the 
main reflection due to the probe are determined by the position 
of the probe in the slot, and hence the magnitude of the resultant 
wave is found to depend upon the linear position of the probe. 


[8] 
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Fig. 1.—Circle diagram of voltage reflection coefficient for X-band 
travelling-probe mismatcher in lin x 4in rectangular waveguide. 


The performance of an X-band travelling-probe mismatcher 
when terminated with a matched load is shown in Fig. 1. The 
plot shows the locus of the complex voltage reflection coefficient 
resulting from a linear traverse of the probe; this locus is a circle 
known as the pulling circle, and it will be seen that the centre is 
displaced from the origin of the diagram. 

The size and position of this circle will also depend upon the 
reflection produced by the water load or by the reflections arising 
in the sections of waveguide preceding it, so that, in general, the 
pulling circle for the complete waveguide system will be off-centre 
in the Smith chart. 

The fixed-probe mismatcher produces a reflected wave in the 
same manner as the travelling-probe type, except that the phase 
of the reflected wave is varied by means of a phase-shifter pre- 
ceding the fixed probe. A well-known type of phase-shifter? 
consists of a length of waveguide having an internal wedge of 
insulating material which can be displaced transversely across 
the guide. Reflected waves are produced in the dielectric-filled 
section of the guide at the changes in the cross-section of the 
wedge, and these interfere when the wedge is moved across the 
guide, owing to the change in guide wavelength. 

In practice, the fixed-probe mismatcher described is superior 
to the travelling probe, since the reflected wave due to the phase- 
shifter can be made fairly small, with the result that the magnitude 
of the resultant reflected wave is almost independent of the setting 
of the phase-shifter. However, it is still necessary to consider 
reflections which arise in the length of guide between the mis- 
matcher and the magnetron. Generally, the pulling circle 
produced by the waveguide system will be off-centre in the Smith 
chart. 

The frequency pulling of the magnetron depends upon the 

position of the pulling circle in the Smith chart, observed at a 
plane in the feeder corresponding to the equivalent circuit of 
the magnetron. The position of sucha plane is usually unknown, 
and it varies with each particular magnetron. 
_ To obtain an estimate of the possible error in the measured 
frequency pulling we consider the theoretical frequency pulling 
which is obtained when the pulling circle is off-centre in the 
5mith chart, and the variation in frequency pulling which 
results from a rotation of the centre of the pulling circle; this is 
quivalent to a shift in the terminal plane of the magnetron. 
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The performance of a typical waveguide system used for 
magnetron tests is examined, and means for minimizing unwanted 
mismatches are discussed. 


(2) THEORETICAL FREQUENCY PULLING 


The magnetron is represented by a parallel resonant circuit, 
shown in Fig. 2, having shunt impedances which are related to 
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Fig. 2.—Equivalent circuit for magnetron and waveguide load. 


- the Q-factors, and an additional non-linear admittance g + jb, 


which is due to the electron stream;4 this circuit is valid at fre- 
quencies near to the resonant frequency, provided that other 
resonances are far removed. The admittance of this equivalent 
circuit, expressed in terms of the Q-factors and normalized to 
the characteristic admittance of the feeder, is 


or 4 20,7 +e +16, fet is) 


Q, 


If the feeder is mismatched so that the admittance presented 
to the magnetron is G + jB, the frequency shift fis given by 


bi 20. Be wer ena) 


Provided that 5b is constant,* the frequency pulling which 
occurs when the phase of the reflected wave is varied through 


27 rad is 
ie is 
A fe ta 20, 


Since the relationship between r and y is bilinear, it follows that 
the locus of y is also a circle and that the total change in suscep- 
tance is equal to the diameter of the circle in the admittance 
plane. Therefore 


(Ba Bye ee eae) 


h- BA Se ee 


where A is the radius of the admittance circle. 
Since the locus of r is a circle in the complex plane, we may put 


Tia) Celia REIOT bt ea ee) 


where Ce/¢ is the radius vector to the centre of the circle Re/® 
shown in Fig. 3. The phase angles ¢ and 6 are measured at the 


ee : 1 — 
terminals of the equivalent circuit. Since y = ie . 
dase), 28 Celt = Rees (8) 
ey, 


Eqn. (8) yields the equation of the admittance circle by elimi- 
nating 6 as follows: 
1—y ; 1—y : 
pa ine i) (7 es Ce-i#) Re 
G ay : a a 


* It is found experimentally that b is a function of g, so that b is only approximately 
constant. We omit this consideration here. 
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Fig. 3.—Circle diagram for voltage reflection coefficient r. 


where 7 is the conjugate of y. When this equation is multiplied 
out and equated to zero, an equation of the type given in Sec- 
tion 7.2 is obtained [eqn. (29)] having terms in yy, y and y, plus 
a constant. 

The factor of ¥ is 


(C2? — R? —1+4+2jCsin g) 


= 9 
is 1+C2—R2+2Csing ) 
and the constant term is 
ret (= C2 rR Oe 
Vie oe Eese (10) 


1 C2 R22 Cos 


Eliminating VV from the latter equation we find that the radius 
of the admittance circle is 
2R 


See i REG Gaal 


(11) 


The frequency pulling, from eqn. (7), is 


eh 2R 
ES OPN O22 Re eC LOSih 


(12) 


Eqn. (12) shows that the frequency pulling attains maxima and 


minima when cos 6 = — | and cos ¢ = 1, respectively, giving 
mesic 2R 
2R 
and Sf )min = 2 


OMe Gere. 


In both cases the centre of the circle in the Smith chart lies on the 
real axis, towards the point +joo when maximum frequency 
pulling occurs, and towards the point /0 when minimum frequency 
pulling occurs. 

If fo is the frequency pulling obtained when the circle is 
central in the Smith chart, then 


Teor. 


(14) 
This equation corresponds to eqn. (1). Therefore, the ratio 


Si lfp0 (fo being the value of frequency pulling obtained in the 
ideal case) is 


1 


4 CF 20058) . 


oe = 
fo 1 
ake 


(15) 
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and the fractional error in f, due to the circle being off-centre 
by an amount C is approximately 


Af, C(C + 2 cos'@) 


Dp 


i 1 — R2 


(16) 


provided that Af,/f,o is small. 
Neglecting the term —C? in the numerator, the maximum and 


minimum values of Af, /f,o are 
Af, => 

Soo 
The error in frequency pulling may be zero for a particular 


position of the r circle in the Smith chart. If ¢’ is the value of ) 
such that this error is zero, equating eqns. (12) and (14) gives 


C(C + 2cos 6) =0 
Therefore cos ¢’ = — C/2. 


ap (17) 


~ 1—R 


me , s& ; 
The latter equation gives ¢’ = + (| ae 3) provided that 


C is small. Thus, in this case the circle may lie in the Smith 
chart on either side of the real axis and slightly towards the 
point +joo. 
(2.1) Calibration of the Waveguide System 
The mismatch probe is inserted to produce a voltage reflection 
coefficient of the desired magnitude, and the phase is varied 
through all possible values by means of the phase changer. If 


S, and S, are the maximum and minimum voltage standing-wave 
ratios, both less than unity, 


iy, es 


=R+C 
1+ 8, BS 
1 —S5 
= R — 
and i+ Ss, C 


provided that R>C. This is so if the total change in the phase 
of the reflected wave is greater than arad, as the v.s.w.r. 
assumes allits values. (If the total phase change is zero, R < C; 
and if it is 7 rad, R = C.) 


srs 
h Ra a 
pes [SSE eS uy 
and C= Dies: 


ea OS, 


Thus, knowing S, and $5, the maximum error which is possible 
in a measurement of frequency pulling, due to unwanted mis- 
matches in the waveguide system, may be calculated from 
eqns. (13) or (17). 


(3) PERFORMANCE OF A TYPICAL WAVEGUIDE SYSTEM 
USED FOR MAGNETRON TESTING 

The v.s.w.r. produced by a waveguide system comprising a 
polythene-wedge water load, a mismatcher consisting of a 
Distrene rod penetrating the narrow face of the guide, a dielectric- 
slab phase-shifter and an H-plane bend, was measured using a 
low-power test bench. These components were assembled in the 
above order, and thin sheets of mica were used between the 
waveguide flanges at each end of the phase shifter to permit a 
higher pressure when testing magnetrons. The internal dimen- 
sions of the waveguide were 2-:37in by 1-12in. 

The variation in v.s.w.r. was from 0-97 to 0:90 without the 
Distrene rod inserted, and from 0-68 to 0:62 with the rod 
inserted, over the total range of phase-shift. Thus, from 
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eqn. (18), R=0-213 and C = 0-022, so that according to 
eqn. (17) the maximum error in the measurement of frequency 
pulling, due to unwanted mismatches in the waveguide system, 
would be +4:6%. 

An attempt was made to reduce this error, and the v.s.w.r. 
due to each component was measured separately, when terminated 
with a matched load. 

The residual reflection in each component, excluding the phase- 
shifter, was matched out using standard techniques, e.g. the 
reflection produced by the sheets of mica was compensated by an 
inductive iris in the plane of the sheet. The final v.s.w.r. pro- 
duced by each section of waveguide was better than 0-99, # 

The v.s.w.r. produced by the complete waveguide system was 
then 0-952-0-938 without the Distrene rod inserted, and 0:638- 
0-645 with the rod inserted over the total range of phase-shift. 
The circles of voltage reflection coefficient which were obtained 
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Fig. 4.—Circle diagram of voltage reflection coefficient for waveguide 
system. 


(a) Mismatch slug withdrawn; radial scale 0-0-05. 
(6) Mismatch slug inserted; radial scale 0-0-25. 


are shown in Fig. 4. The radial displacement of the circle 
obtained with the Distrene rod inserted is seen to be negligible. 
The inner circle, obtained with the rod withdrawn, showed that 
the residual mismatch due to the phase-shifter and bend was 
very small, since this circle encloses the origin. 

With this waveguide system, the frequency pulling of a pulsed 
magnetron was measured using a spectrometer display with 
1 Mc/s frequency markers. The magnetron peak current was 
chosen such that the frequency variation with current was zero. 
The frequency pulling with the Distrene rod inserted was 
6-8 Mc/s, and with the rod withdrawn was 0-8 Mc/s. 

Assuming the low-power calibration to hold, the ratio of 
pulling figures should be, from eqn. (1), 


0-216 
0-027(1 — 0-046) 


The ratio agrees well with the ratio of the measured frequency 


Oo 


‘pulling, i.e. 6°8/0°8 = 8°5. 


(4) CONCLUSIONS 


With the type of waveguide system described a variation of 
+5% in the measured value of frequency pulling is probable, 


the variation constituting the maximum error in the measurement 
due to the waveguide system. It depends upon the magnitude 
of subsidiary reflections relative to the reflection due to the 
mismatcher, and also the variation in v.s.w.r. produced by the 
mismatcher alone. When the unwanted reflections are mini- 
mized, the variation in frequency pulling depends only upon the 
variation in v.s.w.r. produced by the mismatcher. With the 
type of phase shifter described the error due to the waveguide 
system can, with care, be made as small as that involved in the 
measurement of frequency differences. 

It should be mentioned, however, that the characteristics of 
most types of water load are not sufficiently stable for the calibra- 
tions to hold exactly over long periods, and hence the average 
degree of accuracy attainable in the measurement is likely to be 
less than that indicated in the paper. 


(5) ACKNOWLEDGMENTS 
This investigation was carried out under a contract placed by 
the Department of Physical Research, Admiralty, and thanks are 
given to the Admiralty for permission to publish the paper. 
The author is also indebted to his colleagues in the B.T.-H. 
Research Laboratory for encouragement and assistance in this 
work, particularly Mr. T. H. B. Baker. 


(6) REFERENCES 


(1) CoLiins, G. B.: ‘Microwave Magnetrons’ (McGraw-Hill, 
New York, 1948), Chapter 7. 

(2) LYTHALL, B. W.: ‘Frequency Instability of Pulsed Trans- 
mitters with Long Waveguides’, Journal I.E.E., 1946, 93, 
Part IIA, p. 1081. 

(3) HALForD, G. J.: ‘A Wide-Band Waveguide Phase-Shifter’, 
Proceedings I.E.E., Paper No. 1466, May, 1953 (100, 
legewett JOU fo}, IL7A) 

(4) SLATER, J. C.: ‘Microwave Electronics’ (Van Nostrand, New 
York, 1950), Section 9.2. 


(7) APPENDICES 
(7.1) The Frequency Pulling with a Short Lossless Feeder 


In the derivation of eqn. (1) it is assumed that the source of 
reflection in the output feeder is sufficiently close to the magnetron 
for the change in phase of the reflected wave with frequency to be 
neglected. However, in a discussion of the influence of other 
properties of the feeder upon the measured frequency pulling it 
is desirable to estimate’ also the effect of the finite length of the 
feeder. 

It is assumed here, as in Section 2, that the frequency of the 
magnetron is determined only by the susceptance at a plane in 
the output feeder near the magnetron, which may be regarded as 
the location of the magnetron equivalent circuit. 

The behaviour of the magnetron can then be estimated when 
the reflected wave is produced at the far end of the feeder by 
calculating the susceptance at the near end. Because the 
derivation is approximate, the case of constant v.s.w.r. in the 
feeder only is considered. 

If the complex voltage reflection coefficient at the far end of 
the feeder is Re/®, the corresponding voltage reflection coefficient 
at the near end (the plane of the magnetron equivalent circuit) is 


(19) 


p= Rei(0- +) 


where / is the length of the feeder. 
If the frequency is changed slightly such that the new guide 


wavelength becomes Ag + dAg, then 
r= Reil 0 —- 4ren(1 - aed | (20) 


where n = IJAg. 


12 


The change in guide wavelength, dAg, and the change in fre- 
quency, df, are related as follows: 

dAg 

rg 


so that eqn. (20) becomes 


aed 
Anak 


r = Rei(y—4nn ee) | (21) 
where ys, which is the phase of the reflected wave observed at the 
near end, is substituted for 6 — 47n. 

The susceptance at the plane of the magnetron equivalent 
circuit can be found using eqn. (8), and the equation relating the 
frequency shift of the magnetron 6f and the phase of the reflected 
wave is 


lhe R(sin ys cos X — sin X cos x) (22) 
f QO, 1 + R? + 2R (cos cos X + sin X sin x) 
A : 
where X = 4rn “ voi 


If X is much less than unity, which is the case when the feeder 
is short, then putting cos X¥ = 1, and sin X = X, eqn. (22) becomes 
explicitly 


ees 1 
fo Os1 4p + (2 = G)Re0s ¥ 


Rsin ob (23) 


The frequency shift, 6f has a maximum value when 


cos = — (2-5 os 
7 (eens 


so that, substituting this value for cos ¢% in eqn. (23), the frequency 
pulling is found to be : 


2R 


>| ja 4+ R22 (22 a) | ) 


= (24) 
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This formula may be written, approximately, 


ah: ol 2B | Geiee eee | 75 
f - 0. ii "al! Q,.(1 — R2)2 (25) 
* which can obviously be expressed in terms of the frequency 
pulling, now designated f), given by eqn. (1). Thus 
Ngee 
fy =f;,(1 — nm E Pe) (26) 


In the practical case examined in Section 3 the length of wave- 
guide between the mismatcher and the magnetron was approxi- | 
mately four guide wavelengths, so that the correction term in | 
eqn. (26) is 0-019, since Ag/Ay = 12°55, f/f = 0-001 84, and 
OV 2a4: 


Thus, in this instance the correction which has to be applied | 


to the frequency pulling, as given by eqn. (1), is only —2%. 
This would be less than the experimental error involved in the 
measurement. 


(7.2) The Equation of a Circle in the Complex Plane 
The equation of a circle in the x, y plane is 


x2 + y2 4+ 92 4 f2 — A? —2ex —2fy =0. (27) 


where g and f are the x and y co-ordinates of the centre of the 
circle and A is the radius of the circle. 

Let z = x + jy bea point in the complex plane and V = g + jf 
be the centre of the circle in the complex plane. 


Then x=iz24+ZDandg=HV+0V) 


Va ae (28) 


x? YP sa. 27 gee? SV 


-2,f= 5-9) 


where Z is the conjugate of z and V is the conjugate of V. 
Substituting for x, y, g, and f from eqn. (28), in eqn. (27) we 
find that the equation of the circle in the complex plane is 


zi—-zV—zV+ VV—A2=0 (29) — 


621.372.512 


Monograph No. 189 R 
Aug. 1956 


A METHOD FOR THE APPROXIMATE DETERMINATION OF THE IMPULSE RESPONSE 
OF A NUMBER OF IDENTICAL CIRCUITS IN CASCADE 


By K. F. SANDER, M.A., 


Ph.D., Associate Member. 


(The paper was first received 18th February, and in revised form 23rd April, 1956. It was published as an INSTITUTION MONOGRAPH 
in August, 1956.) 


SUMMARY 


The method of steepest descents is applied to evaluate the impulse 
response of a number of identical buffered circuits in cascade. It is 
shown that exact results may be obtained by analogue computing. 
Approximate analytical expressions are obtained for various values of 
time, including the period of build-up. These are tested against two 
networks for which exact evaluation is possible. A cruder approxi- 
mation valid near the build-up time is applied to predict suitable 
parameters for video-frequency compensating networks. These again 
are checked with known results. 


LIST OF PRINCIPAL SYMBOLS 


p = € + jw, variable of Laplace transform. 
z =x + jy, reduced variable of the form p/w. 


: 


ia General complex variables. 
t = Time. 
7 = Reduced time of form wot. 
G(p) = Gain function of an amplifier. 
Ps. 75 = Zeros and poles of G. 
X(p) = Log G(p) = « + JB. 
A,(t) = Impulse response of n stages. 


_ pt ae = Z 


F, = Value of F at a col. 


Op == al 

A= sT)n. 
a, = X{/2 (dashes denote differentiation). 
Xp = Xe /6. 


pe = r2l3023[(30e.)423 
J\(x) = Bessel function. 
.Ai(x) = Airy function. 
hy) 
h(x) 
I(x) = Gamma function. 


\ = Modified Hankel function of order one-third. 


Various symbols, including some of those above, are used as 
-constants or parameters in places where no confusion may be 
caused, and are defined in such places. 


(1) INTRODUCTION 


The problem of determining the transient response of a 
network is usually simple in theory but difficult in practice, in 
all except the simplest cases. Numerical methods of evaluating 
the integrals obtained are available, although these are liable to 
be tedious when large phase shifts are involved. Several examples 

-of numerical methods are given in Reference 1. The develop- 
ment of general analytical expressions is necessary to establish 
the more detailed relationships between gain/frequency curves 
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and transient response. The use, for this purpose, of the phy- 
sically unrealizable example of a square pass band associated 
with linear phase shift is unsatisfactory. A cascade of identical 
circuits is a comparatively simple form of network for which 
analytical results may be derived, and, apart from the general 
importance of the results, it is also a case of practical importance, 
particularly in connection with wide-band amplifiers. 

Work on multi-stage circuits has been comparatively small. 
That most similar to the present paper is due to Carson,” who 
obtained approximate expressions valid for very long filters 
occurring in long-distance transmission, covering some hundreds 
of loaded sections. Eaglesfield? obtained expressions for cas- 
caded single-tuned circuits. Both of these results were obtained 
in the terms of envelopes of a carrier waveform. 

In the present paper the technique of transformation of contour 
integrals by the method of steepest descents is used to obtain 
approximate expressions for the impulse response when the 
circuits have a more general form. Particular cases are examined 
in detail to obtain estimates of error. 

It may be that the use of modern electronic computing machines 
affords the best method for numerical evaluation of the transient 
response of large numbers of stages. The differential equations 
are of simple form, although simultaneous, and repeated solu- 
tions with the output derived from the preceding stage of com- 
putation would be very simple to programme. No work appears 
to have been done on these lines. 


(2) THE IMPULSE RESPONSE OF CASCADED AMPLIFIER 
STAGES 


(2.1) Formulation of the Problem 


The simplest problem of many stages of a given circuit is 
that occurring in a multi-stage amplifier without feedback. 
Here the voltage transfer ratio between the inputs of consecutive 
stages is independent of the number of stages, in contrast to the 
problem of a filter with a finite number of stages. The analysis 
developed below produces expressions for the response of a 
multi-stage amplifier of this character in the form of an asymp- 
totic expansion valid for a large number of stages. In certain 
practical cases of wide-band amplifiers as many as twenty stages 
are used, and a suitable expansion can be expected to give a 
reasonably accurate answer. 

If a circuit is such that the ratio of the Laplace transforms of 
the output and input voltages is given by G(p) the response to a 
unit impulse is given by the inversion integral 


1 c+joo 
AG) = =| G(p)e"dp See ee hae. A) 
27] ; 
c—jo 
where all singularities of G(p) lie to the left of the contour. 
For a real amplifying stage, stray capacitances will ensure that 


response to a sine wave decreases as frequency increases, and 
in fact G(p) ~ Go/pN for sufficiently large values of p. For a 


[13] 
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finite number of elements it will be possible to write G(p) in 
the form 


I a Py) Go 
G = Go, erie de 


where N = N, — Nj. 

p, and q, are the zeros and poles of G(p) and will either be 
real negative numbers or occur in complex conjugate pairs of 
negative real part. 

For many purposes it is more convenient to introduce the 
logarithmic gain, defined as 


MN N2 
X(p) = log G(p) = »2 LOS APA) ae »» log(p—4q,) (© 


In terms of x, the impulse response A(‘) becomes 


1 c+jo 
At) = 55 | ePt+XP)dp tig Tepe (3)} 


c—jo 


If circuits are cascaded in the manner mentioned earlier, the 
impulse response of n stages is 


c-+joo c+joo 
A,(t) = == Al eP'G"(p)dp = way | ent . @) 


c—joo 


If G is a rational function of the type considered, it is per- 
missible to distort the contour so long as all singularities lie to 
its left. It is also permissible to complete it with a large semi- 
circle in the left half-plane. If the contour is made a circle on 
the origin outside all singularities and G is expanded in power 
series of 1/p, the impulse response for small values of ¢ is given 
by the equation 

paN-1 
~ n 
Sh = OSG ay 

Hence the response per unit gain will not become appreciable 

until times of the order of magnitude of ” are reached. 


(2.2) Evaluation in Terms of Real Frequencies 


The problem is therefore to evaluate the integral, eqn. (4), 
for large values of ¢ and n, t being measured in some unit con- 
venient for the network. Taking the contour along the real 
frequency axis and writing y(jw) = a(w) + iB), eqn. (4) 
becomes 


AlCt) = al exp {jot + nfo) + jB(w)]$deo 
0 


foe) 


1 
= =| é” cos (wt + nB)dw 
0 


Numerical integration is possible, but tedious because of the 
rapid oscillations of the integrand. To obtain an approximate 
analytical expression, a method devised by Kelvin may be used. 
A modern enunciation of this method is given by Watson.4 
This is the method employed by Carson,? referred to above. 
A more powerful tool, known as the method of steepest descent, 
can be used to transform the integral, eqn. (4), into a form more 
suited for computation and approximation. 


(2.3) Application of the Method of Steepest Descent 
The integral of eqn. (4) may be written 


c+jo 
A,t)= ri e"F)dp 
ao 
= z Sime 
The method of steepest descent, described in various text 
books,5:6 consists in changing the contour of integration into 
one upon which .4(F) is constant, and #(F) has a maximum at 
one point of the contour, decreasing as rapidly as possible 
away from this point. In particular cases it may be necessary 
to reform the contour into several portions, each having a 
maximum point. Because of the nature of the surface obtained 
by plotting ALF(p)] against real and imaginary parts of p, these 
maximum points are called cols, and their positions are deter- 
mined by the equation dF/dp = 0. 
Assuming that a suitable contour can be found, the contri- 
bution of the part near one col is 


( e"F dp = erie iv [ enlo—ddp 


where F 


where F = ¢ + jis, and the suffix c denotes values at the col. 
The quantity 4 — ¢, is always negative, and hence the integrand 
may be written e~”°. For a given value of o, the parts of the 
contour away from the col contribute less to the value of the 
integral as n becomes larger. Hence an estimate of the integral 
can be obtained in terms of the behaviour near the col. 

The work which follows is closely parallel to that of Watson 
on Bessel functions.7 


(2.4) Parallel RC Stages 


In order to decide whether the method can be applied to the 
type of function involved in eqn. (4), it is profitable to consider 
simple cases; the simplest possible is that of a valve with 
resistive anode load shunted by capacitance. 

Hes 
H G(p) =s/C x) | 
ere (p) =el @ + Re 


= Go(pRC + 1)“ 


c+joo 


Aye saat 
aaj (pRC + 1"? 
c—jo 
c+joo 
= Ge -1 e2(t/RC) d 
2nj RC | @ +1 cy 
c—jo 
This can be evaluated pe and gives 
YALA) = —t/RC 
es RC Se aale) * 
Mirae == iI 
G qn-ti 
A 
AT) = RC GOD! pie FF) ssl aay gs 


To apply the method of steepest descent, eqn. (5) is written in. 
the form 
ce -+7j 00 


RCG5"A Sete | honk, 

A Ga pe Bash edz nace meee 
= 

where F=—+X=—-— lg(z+ 1) (8) 
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Fig. 1.—Relief map of a\= — log(z + |. 


—— ¢ = AF) = constant. 
—-—-—-— Lines of steepest ascent or descent. 


A relief plot of the surface &(F) is shown in Fig. 1. The 
position of the col is given by the equation dF/dz = 0, which on 
substitution from eqn. (8) gives 


1 
tere eta Ss (0) 
where A has been written for z7/n. Also 
F,=1—A+loga 
é ae \ (10) 


o =1—ACZz+1) + logAz +1) j 


The contour through the point z = z, is given by the equation 
4(F) =0, and is of the form shown in Fig. 1, tending asympto- 
tically to the lines y = + m/A as x > — 00. Theconsiderations 
of Section 2.1 show that the contour c + joo may be replaced 
by this contour, C. 
Hence we may write 
enFe {- 
RCG,"A,(7) = | E— "dz (11) 
TT] le 


It may be observed that there is nothing approximate about 
this expression, and that given a method of finding the contour 
and o, it is ideal for numerical computation. This matter will 
be again referred to in Section 3. To obtain an approximate 
expression for the result of the integration, the procedure is to 
change the variable of integration to a, when the range of inte- 
gration is zero to infinity. To do this dz/do must be found. 
o is known as a function of z from eqns. (10), and hence as a 
function of € = z — z,. Since o vanishes for ¢ = 0, expansion 
for o in powers of ¢ may be obtained. This series may be 
inverted to give ¢ in terms of o, which will by symmetry be a 
*wo-valued function. If the two values of z are z, z;, eqn. (11) 
zan be written 


ic) 


peas ©) do (12) 


do do 


enFe 
RCG5"A,(7) = 5 | & 
0 


with the integrand known, as a function of o. It is shown, in 


Reference 7, that if a term-by-term integration is carried out, 
an asymptotic series> is obtained. 

The algebra of the process outlined above is performed in 
Section 12.1, and yields the result 

1 1 
ROG *A,l7) ~ Fores eter it ( I- te. ;) (13) 
The application of Stirling’s approximation to (n — 1)! in the 
exact expression of eqn. (6) yields an identical expression. It is 
evident, therefore, that the method gives a correct answer to the 
problem. 

For any form of network which has a pole on the real-fre- 
quency axis, the general ideas follow very closely on those for 
the single pole. To consider the effects of under-damped systems, 
another ideal problem must be chosen. Two poles at conjugate 
complex points form a suitable configuration to bring out the 
salient features. 


(2.5) The Case of Two Poles 


In terms of a reduced variable z of the type considered in 
Section 2.4, the network function may be chosen to be 


X = — log (z? + 1) 


This has singularities at the points +7. Although this is phy- 
sically unrealizable as it stands, the effect of the damping dis- 
placing the singularities to +j — « is merely to multiply the 
impulse response by e—%‘, so that no generality is lost by taking 
the expression of eqn. (14). 

The impulse response is 


(14) 


c+jao 


1 1 
A, (7) i Ca iy dz (15) 
c—jo 
This can be evaluated exactly, giving 
qT T\ 2-1/2 
A,(7) = a (5) Jn —1)2(7) . (16) 


Since this case requires different treatment from that in 
Section 2.4, only a general discussion of the type of integral 
obtained by the application of the method of steepest descent’ 
is given in this Section. 

In Fig. 2 are shown, for different values of 7/m, contours of 
&(F) constant and lines of steepest descent and ascent for 
F =72z/n — log(z2 +1). Solution of the equation F’ =0 


5 Leseenbor | 1 
shows that for 7/n < 1, cols exist at the points i ae a & — 1), 
of which the one with the positive sign is relevant to the contour 
a 1 
integration. Fort/n>1 the cols appear at points 7 ate inl (1 2 ) : 


which lie on the unit circle. This is in contrast to the case of 
Section 2.4, where a col always existed on the X-axis. For a 
col to exist on the real axis, t/n = — X’ must be satisfied. In 
Section 2.4, —X’ increases from 0 to +-0O as x changes from 
+cooto —1. In the present case X’ has a minimum value of —1 
occurring at x = 1, and hence cols on the real axis are possible 
only for t/n <1. 

The contours in this case are either like that of Section 2.4 
or consist of two sections, as shown in Fig. 2(c), which are 
mirror images in the X-axis. 

From these results, the contours likely to be obtained for a 
more general network can be considered. 


(2.6) A General Network 


Although it is difficult to draw a completely general picture 
for any distribution of poles and zeros, the distribution of 
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(a) 


400 
Tin SMALL 


(6) ae 
Tin CRITICAL 


. (¢) — <3 
Tin LARGE 


Fig. 2.—Approximate contours for F = = — log (z2 + 1). 


A(F) = constant. 
—-—- Contour. 
— — — — Other lines of steepest ascent or descent. 


relevant cols and the appropriate contours is clear for t/n either 
small or large. In the former case there will be a col on the 
real axis a long way from the centre of the pole-zero distribution, 
and a contour of the type discussed in Section 2.4 will exist. 
When 7/7 is large there will be a col in the immediate neighbour- 
hood of each pole, with contours of the type illustrated in 
Fig. 2(c) for each pole. 

The mode of change from one pattern to the other must be 
studied for each distribution. One common case is very like 
that of the two poles in Section 2.5, i.e. when a minimum of 
dx|dz exists along the positive real axis. This will always be 
true if no pole exists on the real axis. 

It is evident that two cases need be considered from which to 
build up the response once the contour behaviour is known. 
These are (a) a path passing over a single col on the real axis, 
and (b) two segments of a path each relating to a col of a 
conjugate complex pair. On each path or segment the real 
part of Az + X will increase from negative infinity through a 
maximum back to negative infinity. Expressions for the contour 
integral of eqn. (4) appropriate to each of these cases will now 
be obtained. 


(2.6.1) Single Col on the Real Axis. 


The path to be considered is shown as C’ in Fig. 3. As before, 
let F=Az +X, and o=F,—F. Along C’, o will be real, 
and for each value there will be two points z; and z, on the 


Fig. 3.—Contours of the inversion integral. 


contour, one in the lower half-plane and the other in the upper. 
Hence the contour integral becomes 


2 


enke 
=) eto} 
A ACs ) aj fe 


0 


dz dz, . 
CE 18) & 
do ae de (18) } 


(2.6.2) Cols of a Conjugate Complex Pair. 

The segments of the path are now ABC, DEF in Fig. 3. Ifo | 
denote F, — F and F,’ — F for the lower and upper half-planes | 
respectively, then for each value of o on the contour four values 
of z will exist. Let these be z,, 2, 23, 7, in AB, BC, DE, EF 
respectively. By symmetry F,= F7*, z; = 24*, Zz) =23*. Hence 
the contour integral becomes 


nF, gnFY 

Aa) = — | & "dz + =| emtodz 

: 2a} ‘ABC ga DEF 
oo) oe) 
ene dz, dz, enki?’ dz ah 
= __ fat (Loy (i ee f= Ed Soe 20 ( pee ay 
=| a do ok 5s 2uj fe ds da/)°° 

0 


ioe) 
1 dz, dz, 
ee nF i’ —no = 
ao c | ta ds do )ee| 
0 


(2.6.3) Response Associated with Type of Contour. 


Consider the form of eqn. (18). F, is real, and as A changes 
will increase steadily as long as the col exists on the real axis, 
The value of the integral would also be expected to change 
slowly. Hence the impulse response would be expected to 
increase slowly as long as it is described by an integral of this 
form. Once the form of eqn. (19) applies, however, rapid 
variations can be expected, since it is required to find the 
imaginary part of an expression containing exp (nF;). Hence 
the value of A when the form of contour changes assumes 
importance as a criterion for the time when oscillations of the 
impulse response can be expected. For the case when a minimum 
of dX/dz occurs in the real axis, this critical value of A is the 
greatest value for which the equation 


dX 


(19) | 


(20) 


has a real root. This will occur at the largest positive real 
root of d?X/dz? = 0. In cases when a pole exists on the real 
axis, there will still be a value of A for which the contour changes 
from one passing over a single col to two or more separate 
contours passing over cols at conjugate complex positions or 
on the real axis. In such cases the critical value of A is no 
longer determined by a simple condition. 

In order to obtain approximate expressions, three regions of 
values of A must be considered separately: \<1,A > 1 andr 
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near the critical value. It is to be expected that the point of 
change-over from one form to the other will occur at a distance 
from the origin of the order of the distance of the singularities 
from the origin. Hence the critical value of A will be of the 
order of unity. 


(3) POSSIBILITY OF EXACT EVALUATION OF THE IMPULSE 
RESPONSE BY ANALOGUE COMPUTING 


The impulse response as given by eqns. (18) and (19) is exact, 
and, as mentioned earlier, is in the most suitable form for 
numerical integration. The difficulty in evaluation is that both 
the contour of integration and the functions change with each 
value of the time taken. It is quite possible to obtain the data 
necessary for computation by means of the electrolytic-tank 
realization of the electrostatic analogy.8 This analogue has been 
used by Boothroyd et al.9 to obtain transient responses, but their 
method is easily applicable only to the case of simple poles, 
and not when cascaded networks are considered. 

The data to be determined before computation are 


(a) The position of the relevant col or cols for each value of time. 
(6) The values of the real and imaginary parts of F at the col. 
(c) The variation of the real part of F along the contour. 


Once this information has been obtained for a given network, 
te numerical evaluation of eqns. (18) and (19) has to be done, 
but this is easy because of the nature of the integrand. If the 
impulse response for one case only is required the method is 
laborious, but if several values of n are required it is possible 
that labour would be saved. It may be observed that the inte- 
grand considered in Section 2.2 decreases as an inverse power 
of w, whereas in eqns. (18) and (19) the decrease is exponential. 


(4) ASYMPTOTIC EXPRESSIONS FOR THE IMPULSE 
RESPONSE 


(4.1) Times for which A is much less than the Critical 
Value 


For values of 4 less than critical, the position of the col is 
on the real axis, and the contour is like that in Section 2.4. The 
network function X may be expanded in the form 


X= —N(logz+1+3+...) 


With the aid of this expansion the equation A +X’ =0 can 
be formulated, and a solution for the position of the col obtained 
in the form of a series in powers of A/N. From this point the 
method of solution follows exactly as in Section 2.4. The first 
term of the series obtained gives 

qnN—-1e— Ait 


A,{7) ~~ (21) 


1 
(nN — 1)! 


in which the factorial has been written in place of an expression 
essentially equal to it for large values of nN. The series is in 
ascending powers of A/N and is therefore useless unless A/N is 
small; i.e. since N is a small integer, it fails for A near the critical 
value. It therefore describes the slow build-up, and, of course, 
the result is familiar. 


(4,2) Times for which is much greater than the Critical Value 


For values of A greater than critical the configuration is as 
é scribed in Section 2.6.2, leading to eqn. (19). The process 
© finding the functions in the integrand is done by taking an 


expansion for G valid in the neighbourhood of a pole at z,, 
near which a col will lie. This expansion is 


G, 


ign a 


G= 


[lia (22) + ae = 2). 


The first term of the result obtained is 


A ( ) 2|G,|" N—lotx,} ( + ih G,) 

AG Gy. €™1 cos (ry + narg G; 

This again is what is to be expected. The contribution to 

the impulse response of each pair of poles is a damped oscillation 
of frequency and decay given by the position of the pole. 

Neither of these two results is new, but they serve to show 

that the method can give valid results. Interest centres chiefly 

in the rate of build-up when the response is becoming appreciable 

and in the subsequent behaviour. All this occurs in the range 

of X near the critical value. 


(22) 


(4.3) Times for which A is near the Critical Value 


The present paper deals only with the case when the critical 
value is determined by the vanishing of the second derivative of X. 
It will appear that information on the response in this neighbour- 
hood is difficult to obtain by the methods of Sections 4.1 and 4.2, 
and better results are obtained by the method given in Section 5. 
The value of the response at the critical value of A can be simply 
obtained in the form of an asymptotic expansion. The process 
differs slightly from the previous ones, since at the critical point 
the second derivative of X vanishes. 

The result obtained is 


enFo 6 1/3 
A pay lh Fe 
(To) 27/3 ae) Gas Xv 7 6 \213 
gre ar) BOYES Le | 


0-4473 Xv 0-0685 | 
~w EnFo , isi 
(nXy V3 X65" (nx 2/3 


where the suffix 0 denotes values at the critical point. 

It may be observed that, since the critical point occurs for the 
greatest zero of X” other than infinity, there must be a maximum 
of X” between the critical point and infinity on the real p axis. 
At this maximum X’” will vanish, and hence at the critical point 
Xo” will be opposite in sign to X’” as p> + 00. Hence Xy” 
will be positive. For values of m about 10, these two terms give 
results accurate to within about 1 % in normal cases. 

Further investigation by these methods is difficult. A series 
valid for A different from the critical value by less than n!/3 can 
be obtained, but this is not of any practical use. A less rigorous 
method, again essentially as described by Watson,’ which gives 
results identical to the previous results in the appropriate ranges 
of A, can also give information of value about the behaviour in 
the interesting region. This is described in Section 5. It has the 
disadvantage that whereas operations given in the previous 
Sections produce results by a definite known process, so that 
errors can be estimated, the method to be described can only be 
tested by taking examples for which exact solutions are known. 


(23) 


(5) AN APPROXIMATE METHOD 
This method depends on the fact, mentioned in Section 2.3, 
that the chief contribution to the integrals of eqns. (18) and (19) 
comes from a region near the col over which the contour passes. 
The larger the value of n, the more restricted is this region. 
Hence an approximation to the required integral should be 
obtained by taking as integrand a function approximating to 
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the actual integrand near the col, and integrating it over a 
contour the same as the actual contour near the col. Any 
result obtained by this process must be checked against the 
known results expressed by eqns. (21), (22) and (23). 

An obvious choice for the approximating function is the first 
terms of the power series expansion of o about the col, i.e. 


ox G=— Ee -22- Zee. . OM) 
Eqns. (18) and (19) may be written in the form 
(25) 


eke e 
A,{7) a Inj e_"dz 
C 


A,(r) ~b oon | nds) Or a6) 


(e 


The contour in both cases is one for which a is real and positive. 
Hence an approximation to the integral parts should be obtained 


é—"8dz, C’ being a contour on which @ is 
CG 
real and positive. The investigation falls into two parts, A 
greater and less than Ap, the critical value. 


by evaluating 


(5.1) Times for which A is less than the Critical Value 
The function G can be written 


C= a a5 


Where 0 =-7—2.,,.a, =X, /2,.¢)—X~ |G. Lhe yalucs otsa, 
and «, are real and positive in some region with A < Ag, although 
a eventually becomes negative. By previous considerations the 
single col lies on the real axis. 

Using the result obtained in Section 12.2, the approximate 
expression for A,(7) becomes, from eqn. (25), 


(27) 


1 ; 
A,(z) = Graz: [exp (nF, + 2.3/2)] Ai(q) (28) 
aRchmine = n2 1304 : ; : ; 
in which pp = Blaqy and Ai(u) is an Airy function. For 


small values of 7 it may be shown that eqn. (28) reduces to 
eqn. (21), and for the critical value to the first term of eqn. (23). 


(5.2) Times for which , is greater than the Critical Value 


The function @ is as in eqn. (27), but ~, and «, are now com- 
plex. In Section 12.3 it is shown that the contribution to Aa) 
due to one pair of poles is given by 


exp (nF, + 33/2) 
k(3na,)1/3 


Wii al h,( »| Ley) 
n2/3q2 
(Bac)4/3 


and h,( — p) is a modified Hankel function. 

It may be shown that this function gives the first terms of the 
approximations for the critical point and for 7 large, as were 
obtained previously. 


where K = 1216e—in/6, yy = 


(5.3) Practical Use of the Results of Sections 5.1 and 5.2 


The approximations will evidently be only of use when n is 
large enough to make the region near each col the only one of 
importance in the evaluation of the integrals. It is difficult to 
obtain a close estimate of the errors involved by analytical means, 


and it seems easiest to resort to particular cases which can be | 
evaluated exactly. Two of these have been used as check } 
problems. They are (a) the Wheeler!® coupling network, which } 
involves the characteristic impedance of a low-pass filter, and 
hence an infinite number of components, and (6) the case of | 
two poles discussed in Section 2.5. These will be considered 3 
in detail in the following Sections. 


(6) EVALUATION OF PROBLEMS WITH KNOWN 
SOLUTIONS 


(6.1) The Wheeler Coupling Network 
In essence the Wheeler circuit is shown in Fig. 4. 


If the j 


v2. 


Fig. 4.—Circuit for Wheeler coupling network. 


characteristic impedance at zero frequency is Ro, the impedance | 
Z in the anode circuit of the pentode is given by 


2 
ave +1) 


1 
zy Pe 


and, since w9CRy = 1, 


| aL By ah p? 
ZG & Hye) 
Hence, when normalized, G = [z + +/(z* + 1)]7! 
For n stages of this network, the impulse response is given by 


c+jo0 


E27 
ane = [z+ V2 + pp” 


c—jo 


Reference to a table of Laplace transforms shows that this gives : 
i 
Aa) = IAAT) (30) } 


In Fig. 5 the lines are calculated from eqn. (30), for n = 6, 10 | 


0-4 


= 
a © 
-0-2 
-0-4 — 
Fig. 5.—Impulse responses for circuit shown in Fig. 4. 
Exact. 


© Approximate. 
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nd 20, and the points are those obtained from eqns. (28) 
nd (29). 

The greatest error occurs for n = 6, as expected. The errors 
or n = 10 appear to be less than for n = 20, which is slightly 
inexpected. However, even though the errors are expected to 
end to zero as n becomes very large, there is no guarantee that 
he approach is monotonic. Apart from those for n = 6, the 
rrors are of the order of 10° of maximum excursion. 


(6.2) Coupling Circuit Characterized by Two Poles 


This type of circuit has been briefly discussed in Section 2.5. 
\ circuit which can have this type of network function for 
uitable component values is shown in Fig. 6. To obtain a 


Fig. 6.—Coupling circuit characterized by two poles. 


salistic impulse response the poles have been taken at the 
oimts —1+j7. The network function G then becomes 
[(z + 1)? + 1]~!, normalized to unity gain at low frequencies. 
Aodifications to eqns. (15) and (16) then give the exact impulse 
=sponse as 

2/7 


Vn 12 
A,(7) = ae é~73,_ 127) 


‘his is plotted in full lines in Fig. 7, for three values of n over 
anges dictated by the tables available. 


An (1) 


-O:1 


Fig. 7.—Impulse responses for circuit shown in Fig. 6. 


Exact. 
x © Approximate. 


The results of calculations from eqns. (28) and (29) are shown 
; tne points in Fig. 7. It will be observed that relatively large 
‘ers occur on the initial slope, but that after the maximum 
approximation is very good, even for n = 6. The error 
sz the first peak is mathematically due to the neglect of the 
sarth derivative of X. This neglect might be expected to lead 
- ¥a0st serious errors near the critical point, since the second 
“-vative vanishes at this point. This error is absent in the 


case of Section 6.1, where the fourth derivative at the critical 
point is zero. It will be found that insertion of the second term 
of eqn. (23) gives a much higher degree of accuracy. It is 
possible that a correcting term could be found for use in such 
cases. Notwithstanding the absolute error, the height of the 
first maximum is given to within about 2°%, although slightly 
displaced in time. The response after the maximum is given 
virtually exactly by the approximate expression for 2 > 10. 


(7) A FURTHER APPROXIMATION VALID FOR LARGE 
VALUES OF n 

In this Section a simplified version of the results of Section 5 
is presented, which might be expected to yield results in the 
neighbourhood of the critical point. 

In eqn. (29) the quantities F,, 4, and «, can be regarded as 
functions of A. It can be shown that as A is varied near the 
critical point, both j!/2 and the position of the col may be deter- 
mined in the form of a power series in (A — Ay)"/2. Hence F, 
can also be expressed in a power series. If derivatives higher 
than the third at the critical point are neglected, it is found that 


1/2 
rena =i az) “Q= Mle Oo eG 
0 
> . 1/3 
p= — 135) A—Dg) + OLA A371. 62) 
0 
nF, + 33/2 = nFy + n(A — Ap)zZ + OLA — Ay)71- G3) 


An approximate expression for that part of A,(7) due to 
one pair of cols only, valid for A — Ap small, is obtained by 
substituting these values in eqn. (29). Retaining only the 
lowest terms it is found that 


1/3 1/3 
A(t) = eee Mae oO atin m20( 2) Os 1» |! 
0 0 
(34) 


Since the argument of the Hankel function is real, this is more 
conveniently expressed by means of the Airy function in the 
form 


1/3 DENS, 
A, (7) ~ enFo+nzo(A—Ao) co Ai |- n2/3 (5 =) (A = | 
0 
(35) 


It can also be shown that this same equation applies to the 
case A< Ao. A graph of the Airy function for real argument is 
shown in Fig. 8. 


Fig. 8.—Curve of Ai(— x). 
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It is evident that, for example, the first zero of this term is 
determined by the argument of the Airy function reaching a 
certain value. As n increases, \ — Ag will decrease to maintain 
this fixed value, i.e. AX — Ag will decrease as n~2/3 for points in 
the neighbourhood of the build-up. Hence the expansion, 
eqn. (35), should give an approximation for sufficiently large 
values of n. Since, however, the terms decrease as n71/3, it 
needs a very large value of n to obtain high accuracy. It is 
nevertheless worth while investigating some of the results to be 
obtained from eqn. (35), since its form is much simpler than the 
more accurate expression (29). In assessing results obtained, 
it is important to realize that only the value of a function and its 
first three derivatives at a single point are required. This is 
meagre information compared, for example, with that contained 
in a gain/frequency curve. 


(7.1) The First Zero of the Impulse Response 


If, near the critical point, the contour of the integral passes 
over one pair of cols only, as will be usual for a certain range 
of A, eqn. (35) is a complete expression for the impulse response. 
The first zero will correspond to the first zero of the Airy function, 
which occurs when its argument is —2°34. Hence the time of 
the first zero is given approximately by 


eae ES 
A — Ay = 2-34n-28(*2-) 


ores 7 = ny + 1:86(nx4")"/3 CS) 


The form of this expression can be compared with that 
obtained in the two particular cases described in Section 6. 
In Section 6.1 the zeros of the impulse response are those of 
J,(7), and in Section 6.2 those of J,_4/2(7). It is known"! that 
the first zero of the Bessel function J\(x) is given approximately 
by 


v + 1:8557v1/3 + O@—1/3)_. (37) 
For both cases Ay = X5’ = 1, whence 
7=n+1-86nl/3 (38) 


This is accurate within O(n—1/3) for Section 6.1, putting v =n 
in eqn. (37), but for Section 6.2 eqn. (37) gives 


rT =n—4$+41-8557(n — $13 


i.e. the error in eqn. (38) is O(1) and not O(n-1/3), However, 
for n = 10 the error is less than 4%. 

A further test of the accuracy of eqn. (36) has been made by 
comparison with results obtained for inductance-compensated 
pentodes (Fig. 9) by Bedford and Fredendall.!* In that paper 


Fig. 9.—The inductance-compensated amplifier. 


the response to a step function was calculated for a number of 
different compensation conditions for numbers of stages up to 
64. The first maximum of this response corresponds to the first 
zero of the impulse response. The parameters of the circuit 
required to make the approximate calculations are evaluated in 
Section 12.4. Two sets of comparison have been made, one for 
circuit parameters giving a large overshoot by the time 64 stages 


have been reached, and the other for parameters giving only a 
small overshoot. The results obtained are shown in Table 1. 


Table 1 


Time oF First ZERO OF IMPULSE RESPONSE (UNITS OF 27RC) 


Number of stages 


32 


6:38 | Calculated from eqn. 
) 


6:35 | Bedford and Freden- 
dall 


Calculated from eqn. | ; 
(36) 


7:33 | Bedford and Freden- 
dall 


The agreement between the two sets of results is remarkable. » 
The differences are, in fact, less than the errors in reading the 
results from the curves in Bedford and Fredendall’s paper. 


- It therefore appears that eqn. (36) is a good guide to the position | 


of the first maximum in the response to a step function of this 
type of video-amplifier compensation circuit. 


(7.2) Estimation of Circuit Values for a Given Small Overshoot( 
in the Response to a Step Function 


Eqn. (35) can be used to get an idea of the type of response to!) 
be expected for a step input. If attention is restricted to the!) 
type of circuits considered in Section 7.1, this equation is a} 
complete approximation, since only two cols will be involved. | 

If in eqn. (35) the argument of the Airy function is denoted by 
—x, we have f 


2 \173 VORB | 
AXz):-= (a) e"Fo exp | x20( 2) ai —x) (G9)i 
0 


x = n23 (gn) A =),) 


where 


: : ; 1/3 . 
As n varies, there will be an ‘amplitude factor’ = enFo' 
n i 
: : : : ; se) , 
which will primarily depend on Fo for its behaviour, and a] 
mXo" 
2 


‘form factor’ exp | =20( 
always positive; the signs of Fy and zg depend on the circuit. | 


1/3 
) | The coefficient X;” is} 


-If Zo is positive, the maxima of eqn. (39) will tend to move up/ 


towards the zeros of Ai(—x), and the successive maxima and! 
minima of eqn. (39) will increase. In terms of response to a step, : 
which will be the integral of eqn. (39), this means that the rings! 
will tend to increase in amplitude, and that the falling part? 
between maximum and minimum will be steeper than the rising 
part. If Fo is positive a further increase will take place on} 
account of the amplitude factor. If Fo is negative, as n is increased! 
indefinitely the rings will be reduced in amplitude but the form! 
will be unchanged, since n increases more rapidly than n1/3, Tf 
Zo is negative, successive maxima and minima of the impulse 
response will decrease in amplitude, and the maxima will tend 
to move backwards away from the following zero. In terms of 
the response to a step, the rings will die away. The amplitude 
factor again comes in to determine scale. 

An estimate of the ring may be simply obtained. If the gain’ 
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has been normalized to unity at low frequencies, the final value 
of the response to a step will be unity. The difference between 
the first maximum and minimum of the step response will be 
given by the integral of eqn. (39) with respect to r between the 
first and second zeros of Ai(— x). Since an approximate 
answer only is required—and usually it will be required that the 
difference be small—refined integration is not called for. An 
estimate may be made by regarding A,{7) as parabolic and taking 
an approximate peak height given by its value at the minimum 
of Ai(— x). Reference to Fig. 8 shows that the first and second 
zeros of Ai( — x) are 2:34 and 4-09, and that its first minimum 
is at —3:25, magnitude —0-42. Hence the difference between 
first and second ring in the step response is 


T2 X2 
- asi 1/3 
I A,(r)dr = err | exp Ee (2) Jaic — x)dx 


v1 xy 


we 


1/3 
— e%Fo% exp E 325(— ) | << O2AD e175 


“ny 1/3 
— texp Ee + 3:32(2-) | 


This expression represents the ratio of difference to final ampli- 
tude. If this ratio is to be restricted, as in a video amplifier, to, 
say, 5%, an equation is obtained which can be used to determine 
a suitable value for a parameter determining Fy and z). The 
results obtained by this procedure have been investigated for 
two cases, the inductance-compensated amplifier, and the circuit 
considered in Section 6.2. 


2 


le 


(40) 


(7.2.1) Estimation of Suitable Parameter Values for Good Step 
Response in Inductance-Compensated Amplifier. 


The values given in Table 3 (Section 12.4) enable the expression 
on the right-hand side of eqn. (40) to be calculated. The results 
for 32 stages are as follows: 


gee Lei) 
Peak-to-peak ring 0:001 


1-66 


1-55 1-45 
0-06 ‘0 


0-5 
The results obtained from Reference 12 give 


K 1-61 osu 
> Peak-to-peak ring 0-07 0-35 


1-41 
LS 


_ Comparison of these two sets of results shows that the esti- 
mated values are too high by a factor of between two and three 
crimes. The approximation made to the integral in eqn. (40) 
will be in excess for negative exponents, since the peak height 
will not reach the value inserted to obtain eqn. (40). Also the 
shape will not be parabolic. However, if a compensation circuit 
s being investigated, the peak-to-peak ring will be required to 
Se small, and an error of this type is not serious. The value of 
Sarameter would not be required accurately, since stray capaci- 
‘ances, for example, could not be known precisely. 

As n is altered, the ring would alter slowly, since in this 
nstance the dominant contribution in eqn. (40) comes from the 
erm 

3 -3z9(nXg‘/2)1/3 


n this case zy and Fy change sign together, so a case of rings 
¥ small total amplitude would not be possible. 


7.1.2) Estimation of Location of One Pair of Poles for Good Step 
Response. 

The usual parameter of the circuit of Section 6.2 is the value 

% the feedback resistance between the anodes. If, however, 


this resistance is fixed and the anode loads are varied together, 
the network function may be reduced to 


a2 + 1 
a Crs So 
with « as the variable parameter. 
The impulse response of n oe of this type is 
(a2 + Die i G es 1207) (42) 
os 2) Jnr 


With this choice of G(z) it may be shown that 
1/3 
nFy + 3:32 Ce ) 
13 
=n[l — 0 + log (a? +1) — log 2] +3-30 — «)(5) (43) 


From the results of Section 7.2.1 it might be anticipated that 
estimates of ring produced from this equation would be in excess 
of actual. With 10 stages and a = 1-3, eqns. (43) and (40) lead 
to an estimate of 10%. The calculated response is shown in 
Fig. 10, and exact evaluation of area between the first and second 


(es) 


-0O-74—— 


Fig. 10.—Impulse response of 10 stages each of transfer function 
2:69 
(z+1°3)2+1° 


Exact. 
x Approximate, from eqn. (35). 


zeros gives a figure of 2-5%. Values of a of 1-2 and 1°4 give 
estimates of 16° and 5% respectively. The estimates are once 
again too high by a few times, but the magnitude of the parameter 
a obtained would be of practical value. 

Also on Fig. 10 is plotted the approximation to the impulse 
response for « = 1-3, given by eqn. (35). It will be seen that 
the first maximum is about 20% too low and the minimum con- 
siderably too high, so that, apart from errors produced by the 
crude method of integration, the actual approximation is itself 
not very good. However, if values to within 20% only are 
required, which is often quite adequate from a practical stand- 
point, eqn. (35) can be used to give the salient features of delay 
time, time of rise and ring of the response to a step input. 


(8) THE IDEAL LOW-PASS AMPLIFIER 


A cascade of the Wheeler circuits of Section 6.1 approximates 
to the case of constant gain in the pass band with great attenua- 
tion outside. In the limit, it becomes the ideal case with zero 
gain outside the pass band. It is therefore of interest to see 
what the above approximations give for this case. Since a 
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large number of circuits is to be considered, eqn. (35) will serve 


as an adequate approximation. In this case zy) = 0, Agar 
Xo =1, Fo = 0. Hence eqn. (35) gives 
Sales 2\ 113 
A(t) (=) Ail Ee G) (7 — n) | (44) 


The maximum of the Airy function, from Fig. 8, is about 0:54. 
Hence the maximum slope of the step response decreases as 
n—1/3, : 

The amplitude difference between first maximum and _ first 
minimum is 


J Ai( — x)dx 


between its first and second zeros. The response to a step input 
is therefore of the usual type, with delay proportional to n, a 
maximum slope decreasing as n—'/3 and a ring of constant 
amplitude. 

(9) CONCLUSIONS 


Analytical expressions have been obtained which are approxi- 
mations to the impulse response of many stages in cascade. 
The expressions given in Section 5 have been shown to give 
useful results for only a small number of stages in two particular 
cases. The simpler but less accurate expressions in Section 7 
have been shown to be applicable to certain types of problem. 
These apply only to the particular pole-zero distributions 
which have the critical value of A determined by X” =0. A 
similar approximation for more complicated cases can probably 
be obtained. 

Apart from their possible use in obtaining numerical answers, 
the approximations may be useful in a semi-quantitative 
description of the transient response of circuits. 
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(12) APPENDICES 


(12.1) Method of Calculation to obtain Results given in 
Section 2.4 


point z, and the series is then inverted. This can be done by) 
evaluating the derivatives of o at z, or in this case by expanding} 


, 1 
the logarithm. Put z + 1 — es C; then 


1 
o=1—A(E+5) + log Ql + 1) 
A202 A3L3NAL 
SD» Soha 
from which AC = +j(o)ll2 + ao + bo3/l2 4+... 


and by substitution it may be shown that 
os 
AL = + 7Q0)2 — Vo x Megan +... 


The two values of z are given by the plus and minus signs.{ 
Let z, have the plus sign. Then 


2/2 3/2 
2 — 2 =YI(L) = ae (oi ae 


and 


d _iv2 ay Ph I 1/2 
ig 2 Z1) > (0 Gx a= ere! .) 


We therefore have 
ame [ya 1 ; 
—n a lore ea eal Wp ee ill Ps 3 
RCG5"A,(7) = | — (o coll? + )de 
0 


It can be shown that the series may be integrated term by 
term to yield an asymptotic series. Hence 


RCG)"A,(7) ~ ~ so] Pe /2= APG/2n-¥2 i | 
eno 1 


T oon im 3 ) 


Substituting for F,, 


1 i 1 
RCG="4 (Gq) as ee loe eo eee 
oA) ~ 58 a Tem! at: ) 


7 


EN acme a eee | 
aR Ome eee isan 


which is eqn. (13). : 
Stirling’s asymptotic expression!3 for (x) is 


Te) ~ eax 2V/(2n) (1 +. = +.. .) 
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Hence 
1 1 


elt 
@—D! Ta) ~ V@n 
By using this in eqn. (6), eqn. (13) is obtained. 


mntt2(4 = an 4: =) 


(12.2) Method of Calculation to obtain Results given in 
Section 5.1 


The contour C may be determined directly by sketching the 
curve Satisfying the equation 


JF (c) =0 
For «, greater and less than zero it is found that | 
woei™/3 
J, = i E—nsdz = | exp (ma, C? + nla,|C3)dG*. (45) 
Cc’ De ITS 
if the variable is changed to w, defined by 
ik Ww ay 
Gale)93 3a (46) 
it is found that | 
w? 23/2 
na, 6? + nla,|C3 = ea 5 — pw (47) 
n2l3ot 
where = Glaape (48) 
jC 13 
2312) (°° 
Hence Ue Sena!) ew 3—uwdy (49) 
(3n|cc|)4/3 cog IT!3 


This integral can be evaluated in terms of modified Hankel 
‘unctions or Airy functions. The two relevant definitions are!4 


PRE 
hy() == | otter (50) 
ad, 
ke cog IT3 
h,(z) =F] e2t+8/3qt (51) 
— 10.0) 


n which k = 121/6¢—ir/6 


Che Airy function Ai(z) is connected with these by the relation 


ince). (52) 


: 1 1 
Ai(z) = apt ESTA ya 


dence eqn. (49) becomes 


(2 3/2 a 
__ exp(3yu | ay 


1 Gnleg|) 13 


es _ »| 
(53) 


't may be observed that since «, changes sign between the 
Ttical point and infinity on the real axis, it must vanish at 
ome point, and hence must become infinite at this point. 
Jsing the asymptotic expansion!4 for Ai(j:) it may be shown 
het at the point for which a, = 0 


i=(2) (54) 
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(12.3) Method of Calculation to obtain Results given in 
Section 5.2 


It is required to evaluate the integral 
In= i exp (nx, 0? + nx,l3)al 


over a contour for which the exponent is real and negative. 
Since «, and «, are now complex the determination of the 
appropriate contour is more difficult than in Section 12.2. 


(55) 


—-Cc= noe, C2 =F na, C3 (56) 
First, change the variable to t defined by 
3 
‘ = itn (57) 
This corresponds to a rotation of the axes in the ¢-plane. It is 
then found that 
Bin Se aS 58 
o Gan) Pa eee (58) 
3 
= pll22 +5 ‘ (59) 
A translation of axes by change to a variable w, defined by 
w=t+ pila , (60) 
gives — 6 = $y3/2 — pw t+ w/3 . (61) 


To determine the contours it is easiest to take eqn. (59), since 
the col is at the origin in the t-plane. 

Investigation of the equation .%(G) = 0 leads to the series of 
contours in the t-plane shown diagrammatically in Fig. 11, in 


t-PLANE 


= (a) 


3 
Fig. 11.—Contours of f(x + jy)t2 + 5 | = 


(a) 3x2 > y2; x,y > 0. (6) 3x2 <2; x,y> 


For x < 0 diagrams are reversed about — = 0. 
For y < 0 diagrams are reyersed about 7 = 0. 
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which p1/2 = x + jy. For x negative the diagrams are reversed 
about the 7 axis, and for y negative about the € axis. All the 
contours other than those asymptotic to 7 = — y/3 are, for 
large values of € and 7, straight lines of slope ++/3. Considera- 
tion of the expression for Z(G) ~ #(#3/3) for large values of |t| 
shows that this can only be negative for points whose arguments 
are within the ranges 77/6 to 77/2, —7/6 to —7/2, 5/6 to 77/6. 

It is simple to determine the values of x and y for A near Ao 
by expanding the various quantities in a series of powers of 
(A — Ao)1/2. It is found that 


my 16 
pll2 x jnll3 (=) Qa (62) 


In the neighbourhood of the critical point, therefore, p1/2 is 
positive imaginary. Hence, referring to Fig. 11(b), 3x* < y?, 
y > 0, and whatever the sign of x the appropriate contour is 
(—oo, 00 e/r/3), This is a complete designation, since there are 
no singularities in the finite part of the plane. This is also the 
contour in the w-plane. It will be assumed that this is the contour 
valid for values of A giving cols away from the critical point, 
unless detailed analysis in particular cases shows otherwise. 
Eqn. (55) therefore becomes 


ot 
1 2 w3 
b= Grape | SP Gh ey tg) ae 
— oo 
_ expGp?”) ja 
= Gnaz)iB var — ») ste tees ge (Hi (63) 


(12.4) The Inductance-Compensated Video-Amplifier 


The schematic circuit is shown in Fig. 9. The gain is given by 


(64) 


g G = oo ee) 


If reduced variables | 
Zs —-, I paced ee 


are used, and the gain is normalized to be unity at low fre 
quencies, it is found that 


X =logm(l + z)—log(m+2z+27) . . (4 


to zero, an equation may be set up between z and m for detei}: 
mining the critical point. The nature of the equation obtaine}. 
makes it easier to specify the critical point z) and then find th) 
value of m which satisfies the equation. Two sets of result) 
have been computed, one for two specific values of m used b] 
Bedford and Fredendall,!? and the other for a range of position), 
of the critical point. These are given Tables 2 and 3. a) 
parameter used in Reference 12 is K =m'/2, and the ti 
variable t/27RC = mr/27. 


Table 2 
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0-5000 
00-3864 


1-1484 
—0-0543 
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| SUMMARY 

Unwanted modes in cylindrical cavity resonators operating in the 
in mode may be suppressed by inserting a ring of lossy material in a 
ooyve cut at the junction between an end wall and the cylindrical wall. 
is groove does not affect the Hoi, mode but may suppress the others 
lif the groove dimensions are correctly chosen. An analysis of the 

fiectiveness of this method is given and is confirmed by measurements 
fin the 3cm band of wavelengths. 


i 


LIST OF SYMBOLS 
a = Radius of cavity. 
r = Inner radius of groove. 
w =a —r = width of groove. 
c = Length of cavity. 
d = Depth of groove. 
Ay = Wavelength 


; 


of a plane wave of angu- 
: Bo = Phase-change coefficient lar frequency w, in free 
i Yo = Wave admittance space. 
| k = Turns ratio of ideal transformer | in equivalent 
} B = Susceptance } circuit. 
|p, $, z = Cylindrical co-ordinates. 
Bry, = Phase-change coefficient 
Yim = Wave admittance 
LE m(Ps gp) = Transverse electric field primed, they refer to 
) A,, = Amplitude E),, modes. 
Im = mth root (excluding zero) of J;(x) = 0. 
Xim —= mth root (excluding zero) of J,(X) = 0. 
Vg = &, + j8,, propagation coefficient 
«, = Attenuation coefficient 
8, = Phase-change coefficient 
Y, = Wave admittance 
C = Amplitude 
€, [t, = Relative permittivity and permeability of material 
filling the groove. 
u = Decay factor. 
| Qy = Unloaded Q-factor of cylindrical cavity. 
| O,ad = Q-factor resulting from losses in the coupling holes. 
Q, = Q-factor resulting from losses in the groove. 
QO = Q-factor of cavity-groove combination. 
d(x) = Dirac delta function. 
v, = Neumann’s number; v9 = 1: v,= 2 if 140. 
by = Blk? ¥,; K = BRck?¥e/Bin Yin 
pe (Xin Fe L)fv,0?. 
Sin fn = Parameters defined by eqns. (40) and (41). 
S}, S; = Series defined by eqns. (62) and (63). 


The M.K.S. system of units is used. 


unprimed, these quanti- 
ties refer to H,,, modes; 


i 


of H,, coaxial 
mode in the 
groove. 


(1) INTRODUCTION 


A cavity resonator has an infinite number of modes of oscilla- 
tion, each one typified by its resonant frequency and field 
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distribution. In general, the resonant frequencies are quite 
separate, but occasionally two different modes may occur at 
the same frequency or at two very nearly equal frequencies. In 
such a situation the properties of the modes, in particular their 
Q-factors, may be quite different from those when the modes 
are widely separated in frequency. Certain applications of 
cavities, e.g. echo boxes, require a mode with as high a Q-factor 
as possible, and it has been shown by Kinzer and Wilson! that the 
most suitable cavity for such a purpose is a circular cylinder 
operating in an Ho,;,, mode. The range of frequency for which 
such a resonator may be used is restricted by the occurrence of 
other modes at the same frequency as the Ho,,, when the cavity 
is tuned. Methods for the elimination of these other unwanted 
modes are therefore of considerable practical importance because 
they permit the possible frequency range of the Ho,,, cavity to be 
extended. 

Three methods are known for the suppression of unwanted 
modes, namely: 


(a) selection of the cavity dimensions, 

(6) design of the coupling between the external waveguide and 
the cavity to avoid the excitation of these modes, and 

(c) insertion of lossy material at a position in the cavity where 
it will damp out the unwanted modes without materially affecting 
the wanted mode. 


The first of these has been fully described by Wilson et al.? 
and is commonly used by cavity designers. An example of the 
second method has been described by Bleaney et al.,? and leads 
to a considerable increase in the usable frequency range. In 
principle, more complicated coupling systems suppressing many 
modes can be designed but lead to constructional problems. 
Further, although the external guide may not couple to an 
unwanted mode, departures from the ideal cylindrical shape may 
lead to cross-coupling within the cavity between this mode and 
the desired one, leading to a drop in the Q-factor of the desired 
mode.4;5 The third possibility has been suggested by several 
workers, and a commonly used example is the elimination of 
the E,,,, mode by lossy material on the rear surface of the tuning 
plunger of an Ho;, resonator. In the present paper, a similar 
method is investigated theoretically and experimentally to deter- 
mine what degree of suppression can be achieved. 


(2) USE OF A LOSSY GROOVE IN THE CAVITY END 
WALL 


(2.1) Resonance Condition 


The lossy material must be introduced into the cavity in such a 
position that it does not affect the wanted mode. A convenient 
method of doing this is to cut a groove along a line of current 
flow for this mode on the cavity wall and to fill it with the lossy 
material. The current for the wanted mode does not flow across 
the groove and so is only slightly affected by its presence provided 
that its width is not too great. Any modes which have lines of 
current flow crossing the groove are considerably modified and 
will be suppressed to an extent depending on the groove dimen- 
sions and the nature of the filling. 


ip? | 
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This technique has been investigated for an Hj, resonator, the 
position selected for the groove being at the junction between the 
end wall and the cylindrical wall, as in Fig. 1. This groove 


GROOVE FILLED 
WITH LOSSY MATERIAL 


SECTION 
BB 


SECTION | 
ON AA | ON 


1 
REGION I 
(CYLINDRICAL) : 
\ 
‘ 


(COAXIAL 


Fig. 1.—Sketch of the groove and cavity. 


intersects the lines of current flow for all the cavity modes except 
those of Hp,,, type. The performance of the groove can be 
most easily discussed with the help of an equivalent circuit, 
which can be deduced from the nature of the fields in the modified 
cavity. The cavity-groove combination can be regarded as a 
junction between a circular waveguide and a coaxial waveguide. 
If the frequency is near the resonant frequency of the H,,,,, mode 
for the perfect cylinder, the most important contributions to the 
fields in region I, the circular waveguide, arise from a pair of 
H,,, circular waveguide modes travelling in opposite directions. 
These waves can be represented by a transmission line, L,, having 
the same phase-change coefficient, which is short-circuited at 
Z = c corresponding to the end wall of the cavity (Fig. 2). Since 


a 
TU : 


—— ¢ — be oJ 


Fig. 2.—Equivalent circuit for the cavity-groove combination. 


L; is a transmission line representing the principal waveguide mode in the cylinder, 
Lz is a transmission line representing the coaxial mode in the groove, 

T is a coupling transformer of turns ratio k, 

B is a susceptance corresponding to evanescent modes in the cavity and the groove. 


the cavity is axially symmetrical, all fields, both in region I and in 
region II, must have the same angular periodicity as the Hynn 
mode. For narrow grooves, the only possible propagating mode 
is then the H,, coaxial mode, and this can also be represented by 
a length of transmission line, L,, having the propagation coeffi- 
cient of the H,, mode and being short-circuited at z = — d, d 
being the depth of the groove. Since the groove is usually filled 
with lossy material, the propagation coefficients yz and the wave 
admittance Y, for this mode are in general both complex. The 
imaginary part of Y, is sufficiently small to be neglected, and in 
the remainder of the paper Y, will be assumed to be purely real. 

The two modes are coupled together at the junction plane, 
z = 0, and in the equivalent circuit this coupling takes the form 
of an ideal transformer of turns ratio k, provided that both 
transmission lines have characteristic admittances equal to the 
wave admittances of the corresponding waveguide modes. 
Other modes will be excited in both the cavity and the groove, 
but with exceptions to be discussed later these modes will be 
evanescent. They can be lumped together and represented in 
the circuit by the susceptance B. The parameters k and B can 
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be calculated from the field distributions in the cavity and th} 


groove. 
The condition that the circuit of Fig. 2 be resonant is: 


TV jm COt (Bim) = JB + k* Y, coth (7,4) 


in which the only unknown is the frequency. The quantitie), 
Bims Ber Yims Ye: B and k are all functions of frequency, whicl|) 
makes it virtually impossible to solve eqn. (1) exactly. In thi, 
case in question, however, the resonant frequency of the modifie« f 
cavity will differ only slightly from that of the perfect cylindrica F 
cavity, and the equation can then be used to determine the shif|: 
in the resonant frequency caused by the groove. It is mori 
convenient to work with wavelengths, and if Ag is the free-spac; 
wavelength for resonance of the H,,,,, mode in the ideal cylindrica}, 
cavity, 

(2arJXo)” = (B9,,)? Xtal > 


69,.¢ = am 


and X,,, is the mth root other than zero of J; (x) = 0. 

Suppose now that the effect of the groove is to change thi 
resonant wavelength to Ay + 5A, where SA is much less than Ag} 
The term cot (f,,,¢), Which is infinite for the value of f,,, giver! 
by eqn. (3), will change very rapidly with dA and to a good) 
approximation is given by 


cot (Bic) = 1/c5B (4) 


where 58 is the change in f,,, corresponding to the change 6/} 
in the resonant wavelength. Now from eqn. (2), 


277\2 5A 
Bim OB ar tes G- 5 


The other wavelength-dependent terms in eqn. (1) will changé 
very much less near Ay and can be evaluated at A» withou} 
significant error. The shift dA is therefore given by 


Bee 8A 


where {y has been written for 277/Ao. 
The wave admittances are given by 


Yim = BimYolBo - 


Y, ra Be Yol4,Bo 


Yo being the admittance of a plane wave in free space, and p} 
the relative permeability of the material in the groove. LEgn. (8) 
is correct to the order of approximation already mentioned, i.e} 
neglecting the imaginary part of 1. 


J Pin Xo os ke BoB 
Ge) ~ Ero oa — 

Eqn. (9) has been derived in this Section by physical arguments} 
and the quantities k and B are as yet undetermined. A mor 
rigorous analysis is given in Section 7.1 and leads to a simila 
equation (44) justifying the present argument. Further, com: 
parison with this equation gives values for k and B. 


where 


= jB + k*Y, coth (y,d) 


o 


(2.2) The Effect of the Groove on the Q-factor 


When the groove is filled with a lossy material, the right-hand 
side of eqn. (9) is complex, so that the calculated value of 8A ha: 
an imaginary part, i.e. free oscillations in the cavity can only 
occur for complex frequencies. The time-dependence of thi 
field is then of the type exp (jwt — ut), u, the imaginary part o 
the frequency, being interpreted as a decay factor. This decay 
factor is related to the Q-factor by the equation 


Q, = w/2u 
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vhere the symbol Q, has been used to emphasize that this 
)-factor is solely due to the losses in the groove. There will be 
ther losses due to the wall conductivity of the main cavity and 
he coupling to the waveguides and these will cause the Q-factor 
f the mode being considered to be Qo, say, when the groove is 
ibsent. From the usual result for combining Q-factors, it 
ollows that the effective Q-factor for the cavity-groove combina- 
ion is Q, given by 

OE WO 1/0: dt) 


The value of Q, may be calculated from eqn. (9), but before 
his is done it will be helpful to discuss quantitatively the results 
0 be expected. The assumption that the right-hand side of 
qn. (1) can be evaluated at the resonant frequency for the ideal 
ylindrical cavity will again be made. The feature of major 
mterest then is the variation of the Q-factor due to the groove as 
he depth d of the filling is varied. The term k? Y, coth (y,d) is 
he admittance of the groove transformed to the right of the ideal 
ransformer in the equivalent circuit of Fig. 2 and can be written 


k2Y, coth (yd) = kK? Y,(g + jb) (12) 


vnere g and b are respectively the normalized conductance and 
usceptance of the short-circuited length of line corresponding 
othe groove. If this expression is substituted in eqn. (6), there 
; obtained after a little rearrangement 


Ag _ [= B —PY,b + JY, 8 Rc 


oA Bin bg al 
The corresponding frequency shift is dw, where 
one A a [B+ Yb — jk? ¥.8)Boc_ (14) 
bw oA Bia Lin 


nd if dw is written as 6 + je, 5, e both being real, the imaginary 
art is found to be 


Wok 
as 15 
-~KiG= by)? £2] > 
yhere bo = Bik Y, (16) 
nd K = Bock* Y.1B im Yim (17) 


Since g must always be positive, € is positive, confirming that 
ne resonant frequency for the cavity-groove combination has a 
Ositive imaginary part. The quantity uw in eqn. (10) is equal 
9 ¢, and if 6 is assumed to be much less than w, the Q-factor 
ecomes 

_ K[@ + bo) +87] 


QO, a (18) 


The only terms in this equation which depend on the groove 
epth d are b and g, and the problem now is to determine what 
alue d makes Q, a minimum, this corresponding to the maxi- 
tum degree of suppression that can be achieved. The terms 5 
nd g vary with d in a fairly complicated manner, and the answer 
;most easily obtained by using a Smith chart to show the varia- 
on. This is done in Fig. 3, where the curve OALM .. . shows 
1¢ locus of the admittance, starting from the point 0, correspond- 
to the short-circuit at d =0. Eqn. (18) shows that Q, can 
ver be less than Kg/2, so that the smallest possible value of 
} would arise for the point A, provided that by were zero. If, 
owever, by is not zero, the term K(b + bo)?/g exerts an influence, 
si since b is changing much more rapidly near L than is g, it 
years that a very good approximation to the minimum value 
i Q, is obtained at the point L, for which b is equal to —bp. 
« dis increased further, a set of minima will occur for the series 
points M, N,..., which are spaced at approximately half- 


Fig. 3.—Locus of the normalized admittance of the groove as the depth 
varies, sketched on a Smith chart. 


wavelength intervals ind. The diagram shows, however, that the 
values of g at these minima become larger as d increases. The 
conclusion is therefore that the greatest suppression of the mode 
will occur for the point L, i.e. when d has the smallest value that 
makes b equal to —bg with g less than unity. This restriction 
excludes point X, for which 5 is also equal to —bo. 

The form of eqn. (18) suggests that complete suppression of 
the mode could be achieved by arranging (6 + bo) and g both 
to be zero, which could in principle by done by a loss-free _ 
groove. This is, of course, at variance with physical ideas, and 
the reason for the discrepancy lies in the assumption that the 
resonant frequency of the cavity-groove combination differs only 
slightly from that of the ideal cavity. Reference to eqn. (14) 
shows that when (6 + bo) and g both tend to zero, dw tends to 
infinity, so that the assumptions on which eqn. (18) is based are 
no longer valid. Further, when the real part of dw becomes 
appreciable it may be necessary to allow for the frequency varia- 
tion of both the terms B and Y,coth(y,d). It is evident from 
the general circuit shown in Fig. 2 that the cavity-groove com- 
bination can be regarded as a pair of coupled circuits, and if d 
approaches the value to make the groove resonant at nearly the 
same frequency as the cavity itself, two resonances will occur. 
This is shown analytically by the frequency shift becoming double- 
valued; experimental confirmation is discussed in Section 3.2. 
Tn practical applications of the method the losses of the material 
in the groove will suffice to prevent double resonances occurring. 

The optimum length for d is given approximately by the con- 
dition that (6 + bo) should be zero, so that, if By is the real 


part of y,, 
B+ k*Y, cot (B,d) =0 (19) 


provided that the attenuation given by the imaginary part of 
y, is much less than £,. When bg is zero, d is a quarter of the 
wavelength of the mode in the groove (corresponding to point A 
in Fig. 3) and d is less than or greater than a quarter-wavelength 
when bo is negative or positive respectively. If the groove is 
designed for the greatest mode suppression, d will never exceed 
half the wavelength. 

When the depth is adjusted to its optimum point, the value of 
Q, is Kg/2 and is therefore dependent on K. From eqn. (17) and 
the results in Section 7.2, K may be written 

acB 6 YF im 


WBim Vie 
F,,, being tabulated in Table 2. The factors which vary appreci- 
able with mode type are F,,,, Bj, and Y;,,, the latter being 
proportional to f;,,, so that 


Ke Fiml Pn 


(20) 


(21) 
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At resonance, eqn. (3) is satisfied, giving 


K« F,,,[n (22) 


The modes which are most easily suppressed are those with 
small values of K, and it follows from eqn. (22) and Table 2 
that modes with large values of / and n and small values of m 
are the most easily dealt with. 


(3) EXPERIMENTAL RESULTS 


(3.1) The Design of a Cavity 


Experiments have been carried out in the 3cm band of wave- 
lengths to confirm the conclusions of Section 2. For simplicity, 
it was decided to use a cavity of fixed dimensions, since in a 
tunable cavity the gap between the plunger and the cylindrical 
wall would have an unknown effect on the higher-order modes 
whose suppression it was desired to investigate. The principal 
considerations affecting the choice of dimensions were that as 
many modes as possible were desired in the frequency range 
available from the oscillator, but that these modes should be 
reasonably well separated in frequency. Inspection of the cavity 
mode chart? showed that a length of 7-11cm and a diameter 
of 5-64cm were suitable; these give seven H modes and five 
E modes within the wavelength range 3-01-3:34cm. The 
H modes are Ho135 Hy4 Hy215 H14, H333, Har and H442. Two 
diametrically opposite 4in holes, drilled in the cylindrical wall 
3cm from one end plate, couple to rectangular waveguides 
positioned with their longer sides parallel to the cavity axis. 
The waveguides are recessed into the cavity walls to keep the 
thickness of the wall containing the coupling holes reasonably 
small. This arrangement couples the waveguides to any of the 
H modes but avoids direct excitation of the E modes. 
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Fig. 4.—Arrangement of end-plate, permitting the depth of the groove 
to be varied. 


A special end-plate was constructed as shown in Fig. 4 having 
a groove of width 2mm positioned to give the arrangement 
already shown in Fig. 1. A circular liner can be moved within 
this groove by a micrometer head to enable any required depth 
of groove to be obtained. 


(3.2) Experiments on the Empty Groove 


When the groove is empty, losses can be neglected and the 
only effect of the groove is then to change the resonant wave- 
length. The shift in resonant wavelength was plotted as a 
function of the groove depth; a typical curve, that for the 
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Fig. 5.—Change in the resonant wavelength of the H432 mode cause) 
by an empty groove. 
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H412 mode, is shown in Fig. 5. The other modes, excluding thi 
Ho13, Showed similar behaviour except that there were qui} 
marked differences in the magnitudes of the frequency shif 
These differences arise from changes in the transformer turt}) 
ratio (Fig. 2), which is a measure of the effectiveness of tia 
coupling between the main cavity and the groove. The curvio 
for the Ho,3 mode in Fig. 6 shows that changes in the groows 
depth do not affect the resonant frequency, confirming that tk)- 
presence of the groove does not materially change the operatirjs 
conditions for this mode. In Figs. 5 and 6 negative values of } 
correspond to the groove plunger extending into the main cavit: iF 
2 f 


6 -O4 


-02 ° 0-2 0-4 O-6 os 


Fig. 6.—Change in the resonant wavelength of the Ho13 mode causel 
by an empty groove. | 
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For all modes except the Ho;3 there is a very rapid change di 
resonant frequency near a critical depth and this is accompanie} 
by a reduction in the strength of the signal transmitted through 
the cavity. At this critical depth a second resonance is detecte!” 
at a shorter wavelength, and the strength of this resonand: 
increases with further increase in the groove depth. From tty 
argument given in Section 2.2 this critical depth is the one whicl)’ 
makes the total susceptance, b + bo, zero; in principle, therefor!= 
the susceptance, by, can be deduced by inserting in eqn. (1H. 
the experimentally determined values of d and Bz, tead froi} 
curves such as that in Fig. 5. A difficulty arises in that for son 
of the modes two resonances exist over a finite range of valu’ 
of the groove depth, so that no unique value for the critical dept! 
can be obtained. A procedure which leads to a fuller undeb. 
standing of why this should happen, and which also gives estimat|” 
for the transformer turns ratio, is to plot 1/5A against B, cot (Ba ) 
Eqn. (9) shows that this should give a straight line with slo p 
k*cB3/Ao BF, (Ye being equal to JP, and ¢, being unity for th 
empty groove) and intersecting the B, cot (8,d) axis at the val 
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) Fig. 7.—Curve of 1/dA against 8, cot (Bgd) for the H313 mode. 
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E PoB/k2 Yo, i.e. Bebo. Straight lines of this type are obtained from 
the results for the H313, H4,2 and H4,; modes as in Fig. 7, showing 
}) the line for the H3,; mode. The values of k? and B/k? Y, can be 
| deduced from these experimental results and are shown in Table 1 
(together with the theoretical values calculated by the method 
ji discussed in Section 7.2. 

Table 1 


COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 
FOR Empty GROOVES 


Mode 


H4i2  Hirg Haig Hia 


8-8 
9-5 


k2 from experiment. . : : 15 
k2 from theory a , , 17 
| B/k2 Yo from experiment. . : 
| B/k2 Yo from theory 


193 
—0:09 


The theoretical results for the H3,3, H4,; and H4;. modes 
involve the use of a number of approximations, so that the agree- 
‘ment with the experimental values cannot be expected to be 
‘particularly good. Nevertheless, the agreement is adequate to 
‘confirm that the equivalent circuit in Fig. 2 can represent the 
behaviour of the cavity-groove combination. 

_ When 1/8A is plotted against 6, cot (8,d) for the Hy,4 and 
'H3;4 modes, the points do not lie on a straight line as predicted 
byegn. (9). The results for the Hi14 mode are shown in Fig. 8, 
1 where it is seen that instead of a single line there are two separate 
» curves, one for each of the resonances on either side of the critical 
depth. The reason for this behaviour is that the E,;; mode 
‘resonates at a frequency just above that for the H,,;4 mode and 
‘its contribution to the susceptance B varies sufficiently rapidly 
Wwith frequency to invalidate the assumption that B can be 
considered constant over the range of frequencies for which the 
‘Hy;4 mode is investigated. Since B is not a constant, it is no 
(longer possible to determine a unique value for it either experi- 
Y mentally or theoretically; the equivalent circuit in Fig. 2 may 
) be modified to meet this situation by including a resonant circuit 
49 represent the E,;3 mode, but, because of the computational 
Jabour involved, it has not been considered necessary to seek 
1 detailed numerical agreement between theory and experiment. 
Even when the equivalent circuit is modified, the transformer 
| terns ratio retains its significance and can be calculated as before. 
The experimental value can be deduced from the straight portions 
)% the curves in Fig. 8, and, as can be seen from Table 1, the 
‘areement between theory and experiment is not much worse 
lian for the other modes. The H,,4 mode shows similar 
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1/5A, em! 


A cot(@d), cm"! | 
Fig. 8.—Curve of 1/dA against By, cot (Bed) for the Hi14 mode. 


behaviour because of the close proximity of the resonant fre- 
quency of the Ey; mode. 

The frequency shifts for the H,.,; mode are extremely small 
except near the critical depth of the groove, and it is impossible 
to draw the line 1/dA against B, cot (B,d) with any accuracy. 
No experimental value for k? is therefore available, but B/k? Yo 
can be deduced from the experimental results by reading the 
critical depth, d, directly from Fig. 9, in which the transmission 
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Fig. 9.—Transmission loss for the H121 mode caused by an empty 
groove. 


loss is plotted against d, and then using eqn. (19). In the calcula- 
tion of the theoretical value of B/k* Yo for this mode, the simple 
expression of eqn. (76) cannot be used, since the H,; mode in 
the main cavity is not evanescent; a modification similar to that 
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discussed in the previous paragraph is then required to enable 
the calculation to be completed. 


(3.3) Suppression by a Lossy Groove 


In Section 2.1 it was shown that the ease with which a mode 
can be suppressed depends on the coupling between the main 
cavity and the groove, for which both experimental and theo- 
retical values have been derived in Section 3.3. The most difficult 
mode to suppress in the cavity in question is the H,,,, the other 
modes all being relatively easy to eliminate. Experiments have 
been carried out using as the lossy material a mixture of iron 
powder and a cold-setting plastic,® having the values 4-267 —1:1° 
and 1-:14/ —8-6°, for the complex relative permittivity and 
permeability respectively. Measurements were made on the 
H,>, mode and the H3,3; mode, the latter being so strongly 
attenuated near the depth of groove for maximum suppression 
that observations could be made only for groove depths well 
removed from the critical value. The observed drop in signal 
level for the H3,3; mode at these depths agreed quite well with 
values calculated from the above properties of the lossy material. 
For a detailed comparison of theoretical and experimental 
results, it suffices to consider the H,;2; mode. 

When the groove is filled with lossy material it changes the 
resonant frequency and Q-factor of the resonant mode; the 
former has been adequately dealt with in Section 3.2, so attention 
can be focused on the latter. The simplest method of determining 
the change in Q-factor is to measure the change in the insertion 
loss of the cavity, this also providing a direct check on the actual 
degree of mode suppression. In the absence of the lossy groove, 
the loss for transmission through the cavity is given in decibels by 


Lo = 20 logig 1 + Q,cal Qo) (23) 


where Q,,, is the Q-factor arising from the coupling of the 
cavity to the external waveguides. Similarly, when the lossy 
groove is present, the transmission loss in decibels is 


TL, = 20 logig 1 + QyaglQ) . (24) 


QO being defined by eqn. (11). For cavities which are only loosely 
coupled to the waveguides, Q,,., is much larger than Qo, so that 
the unit factor in the brackets of both eqn. (23) and eqn. (24) can 
be neglected. Subtraction of Ly from L, and insertion of the 
expression for Q then gives the additional loss caused by the 
groove as 


L, = L,— Lo = 20 logyy (1 + Qo/Q,) 
The value of Q, can be calculated from the constants of the 
material filling the groove by using eqns. (16)-(18). 

The experimental results for the H,,,; mode are shown in 
Fig. 10, in which the loss caused by the groove is plotted against 
its depth. The general form of the curve is in agreement with 
the predictions of Section 3.3, a series of values of L, for maxi- 
mum suppression occurring at approximately half-wavelength 
intervals. The wavelength of the H,9 coaxial mode in the groove, 
calculated from the material constants given above, is 1-48cm, 
when the free-space wavelength has the value 3:24cm corre- 
sponding to the H,,; resonance. The two depths which give 
maximum suppression differ by approximately 0-75cm, in good 
agreement with the half-wavelength value, 0-74cm. The first 
depth for maximum suppression is given by eqn. (19), and 
calculation using the above value for dr, and the value from the 
experiments on the empty groove for ite Yo (see Table 1) gives 
d = 0:39cm as compared with 0:42cm from Fig. 10. 

The loss at the first depth for maximum suppression is con- 
siderably greater than that for the second, again in agreement 
with the discussion in Section 3.3. The theoretical value for 
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Fig. 10.—Transmission loss for the H121 mode caused by a completel bi 
filled groove. ; 
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Q, at a point of maximum suppression is Kg/2, where K aj) 
calculated from eqn. (17) is 9:7 x 104 for the H;2,; mode. Th) 
points for maximum suppression occur so nearly at the depth! 
equal to odd multiples of A ,[4 that g can be taken as tanh (%d by 
without introducing much error. The attenuation coefficient fol i 
the H;, mode in the groove, «,, is found from the loss angles Op ip 


the material to be 0: 36 Ge The only remaining quantit® : 


of L, for the first two points of maximum suppression are found i 
from eqn. (25) by inserting the above values, to be 11-5 ang 
6-0dB respectively. These are in quite reasonable agreemen}ii 
with the experimental values shown in Fig. 10. 
As a further check on the theory, measurements were carried 
out on the arrangement shown in Fig. 114, in which the groovdo 


and the back plunger. 
very pronounced peaks of the loss L,, are seen to occur for certait) 


The results are shown in Fig. 11s, wheel f 
values of the total depth (d; + dy). These peaks recur at interval) 
of half the wavelength measured in the empty groove and shovi) 
equal values of L,, since the loss is largely concentrated in thi 
lossy material. Changes in dy serve to tune the susceptanc s 
term associated with the filled section of the groove, the inpul 
admittance of the complete groove then being a pure conductance}. 
The shorter the length of the lossy section, the smaller will be thi 

conductance and the greater the suppression of the mode. Thif, 
is confirmed by the curves in Fig. 11s. The limiting case occur}; 
when no lossy material is used, the curve for this case bein) 
shown in Fig. 9. Normally a double resonance would appear, a) 
discussed earlier, but the H;; mode is so loosely coupled to th!: 
groove that this does not happen. The empty groove in this casi) 
is more effective.in suppressing the mode than a lossy groove) 
Comparison of the curves in Figs. 9, 10 and 11B shows that thi! 
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Fig. 118.—Transmission loss for the Hi21 mode caused by a partially 
filled groove. 
O d =0:4cem 
@ dj =0-2cm 
x dy =0-1cm 


peaks of L, become sharper as the loss in the groove is reduced, 
which means that the design of the suppression system becomes 
more critical. 


(4) GENERAL DISCUSSION 


The theoretical and experimental results given in the paper 
tshow that the effectiveness of a lossy groove in suppressing 
junwanted modes in a cylindrical cavity resonator can be predicted 
‘reasonably accurately with the help of the equivalent circuit 
lshown in Fig. 2. The essential principle of the method is that 
‘the depth of the groove is selected to tune the susceptance arising 
ifrom the evanescent fields excited in the cavity; the drop in 
Q-factor under this condition is then more marked the smaller 
the total loss associated with the groove. If the groove loss 
ibecomes too small, however, the original resonance is split and 
the two resulting peaks may not be adequately suppressed. This 
isuggests that the loss in the groove should always be made 
‘sufficiently great to prevent the double resonance. The more 
nearly this limiting condition is approached, the more critical 
{becomes the groove depth for maximum suppression. 

The ease with which the amplitude of an unwanted mode can 
/be reduced depends on the magnitude of the coupling between 
ithe cylindrical cavity and the groove. Modes of H,,,,, type have 
(relatively tight coupling between the cavity and the groove if 
| the indices /and 7 are large while m is small and can be suppressed 
‘Quite easily. For such modes no special care need be taken in 
‘making the groove depth have its optimum value. Modes with 
‘ssaall values of / and n, such as the H,;2 considered in the last 
p-ragraph, can be reduced in amplitude only if the depth is made 
the correct value. It follows, in general, that only one such mode 
ean be effectively dealt with if the groove is to be completely filled 
w th a single material. The use of an arrangement such as that 
ip Fig. 11a gives an extra degree of freedom in the design and 
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therefore allows two modes to be suppressed. In principle, a 
succession of layers of materials of different electrical constants 
suffices for any number of modes, but practical considerations 
make such an arrangement of doubtful value. An alternative is 
to use grooves at different positions in the cavity, e.g. in the side 
walls, and to design each groove to suppress one particular mode. 
The analysis given here could be modified to provide theoretical 
results for other positions of the groove. 

The complexity of these suggestions for dealing with several 
modes leads to the conclusion that the most useful application 
of the lossy-groove technique is as a complement to the suppres- 
sion achieved by the appropriate choice of coupling holes. The 
modes which are most easily reduced by the lossy groove are in 
fact those which cannot readily be eliminated by the coupling 
system, unless this becomes very complicated. 
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(7) APPENDICES 


(7.1) Theoretical Treatment 


The effect of the groove on the resonances of the main cavity 
may be calculated by finding what field distributions satisfy the 
boundary conditions for the structure shown in Fig. 1. Since 
this structure has axial symmetry, the angular dependence of the 
fields must be the same in both the main cavity and the groove. 
It may therefore be assumed that for modes having / cycles in 
the angular direction the field components E, and Hy are pro- 
portional to cos (Jf) and the components Ey and H, are propor- 
tional to sin (/¢). The field in the main cavity must consist of 
a set of H,,, and E,,, modes, each mode giving a standing-wave 
pattern such that E, and Ey vanish on the end wall z=, The 
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properties of these modes are well known, and the complete fields 
can be written in the form’ 


Ej = aa Ree sin [Binn(Z sy c)]E,,(p, ) 


+ Ay, sin [Binz — 


OE, S$ 


H} = jay = {4n Yim cos [Pike = o)E,,(p, ?) 
my + Aj, Yin COS [Bim(Z — DJEm(Ps Pf 


where E/ and Hi! are respectively the electric and magnetic fields 
transverse to the axis in the main cavity, i.e. region I of Fig. 1, 
is a unit vector in the direction of the cavity axis, A,,, is the ampli- 
tude of the H,,,, mode, f;,,, Yj are respectively the "phase- change 
coefficient and wave admittance of the H,,, mode, and E,,(p, ) 
is a vector describing the variation of the transverse electric field 
of the H,,, mode with p and ¢. The last four quantities when 
primed refer to the E,,, mode. Detailed expressions for the 
vector functions Z,, and E;, are available in Reference 7; these 


m 
functions satisfy the orthonormal relations: 


(27) 


E,, .E,ds = | E,,. E,dS = &m —n) 
: : 


(28) 
| E,,. E,dS = 


where S is the waveguide cross-section and d(x) is the Dirac delta 
function. The wave admittances, Y,,,, satisfy eqn. (7) and the 
admittances Y;,,, the equation 


a ee = Bo Yo! Bim 


The fields in the groove (region II) may be written as series 
similar in form to those in eqns. (26) and (27), there being one 
term for each possible mode; the dominant mode is the H),, 
and since the groove width, w, is small compared to the radius a, 
the fields for it can be approximated by” 


E}! = Csinh [y,(z + d)] cos (4) po 
Hi! = — Y,C cosh [y,(z + d)] cos (/d)napo 


(29) 


(30) 
G31) 


where C is an amplitude constant. To the same order of 


approximation 
vz = Cla)? — <8 - 


while Y, is given by eqn. (8). 
On the plane z = 0, the transverse electric and magnetic fields 
must be continuous in the region of the groove, i.e. 


(32) 


(eh Cay Bel , (33) 
forz=Oandr<p<a 


Ae (34) 


Further, on the end wall in the plane z = 0 the transverse electric 
field must vanish, i.e. 


EE) == 0 for z= 0 and:0 <"p=r. (35) 


From the conditions on the electric field in the plane z = 0 
and the orthonormal relations of eqn. (28), the constants Ay 
and A, can all be expressed in terms of C, with the results that 


Am Sit (BigC) = ~ Csinh (v4) | E,,(p,4)-p0 Cos (Ip)d5(36) 
ie 


Ay, sin (67,0) = — Csinh (v4) | E;,(p,4).e9 cos (Id)dS (37) 
eS 


. . ‘ 
where 5S’ is the cross-section of the groove. These equation|)> 


can be written in the form 
Am SiN (Bj) = 
Ain Sin (Bie) = 


Cf, sinh (yd) 
Cf, sinh (y,d) 


giving: 


= (vj) '!2 a bs aa 
Frm (Xp = aarcemtl Ji(Ximplade . . (aC) . 
a al ) 
= ~~ | JSiXmelap4 (41 
Jn a oD XimPl pap 


If the values for the constants A,,,, 4’, are inserted in eqn. (27) 
and the result used in eqn. (34), there results | 


Lm YimE mp, ?) cot (Bim) age Vin Em P> ?) cot (Bie) | 
= — Y, cot (yd) cos (lh) go 


Ms 


m 


I 


This equation ought to be satisfied for all values of p between (1) 
and a, but in view of the approximation made by neglecting ala 
except the dominant mode in region II, it can only hold exactl); 6% 
at one point. A more complete aes may be made using 


the best approximation to the final Re trie namely the conditio# [ 
which gives the resonant frequencies, is obtained by taking thé a 
scalar product of both sides of eqn. (42) and the vector cos (ID)e » 
and then integrating over the cross-section of the groove. 
gives 


j os Un Yim COt (Bie) + Sn? Vim COt (Bime)] 


= Y, coth (76) | cos? (ip)dS . (43) 


The only unknown in eqn. (43) is the frequency, and the 
possible roots, which form an infinite set, give the resonance 
of the cavity-groove combination. When d is zero, coth (yd } 
tends to infinity, and the roots then correspond to the frequencie: in 
for which any term cot (8;,,¢) is infinite, i.e. the H,,,,, modes of: 
the cylindrical cavity, and for which cot (B mC) is infinite, i.e. the | 
Eimn Modes. For a lossy-groove filling, the roots become com { 
plex and give the resonant frequencies and Q-factors as discusseci 


appreciable error at the resonant frequency of this mode in the) 
ideal cavity. The shift in the resonant wavelength is therefore)! 
given by 

=e Yim'Pim'Xo 


cBOOA 


= Taw Y, coth (y,d) 


=) Sy Jin Yim COt (Bim) —I PRES: 2 Yi, Cot (Biel 


(44. 
where the dash on the first summation indicates the omissior ~ 


of the term for m equal to m’ and the integral i in eqn. (43) has 
been evaluated assuming, as before, that w is much less than a! 
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_ This equation is similar in form to eqn. (6) and comparison of 
corresponding terms gives 


and f2.B=— Dy Jin Yim COt (Bie) — 


sum is unsuited for numerical calculations. 


k? = naw|(f,_)* 
s fn ¥ i cot (Bim) 


The unknown parameters in the equivalent circuit shown in 
Fig. 2 are thus expressed in terms of the parameters of the modes 
in the cavity. 


(45) 


(46) 


(7.2) Evaluation of the Constants of the Equivalent Circuit 


A necessary preliminary to the evaluation of k and B is the 
calculation of the integrals definining f,, and f’. Each of these 
can be expressed exactly as a sum of Bessel functions, but this 
Accordingly, 


_ approximate values are obtained oh the assumption that w, the 


width of the groove, is much less than a. This means that the 


_ radius p can be taken as having the constant value a in,the range 


from r to a. 


The expression for f7, can then be immediately 


- calculated, thus 


(ya)1l2 
4314. 1(Xim) sa) 30% mp |@)dp 


ay)", (Xjnb 4) 
Xml (Xin) 
Tim) = 0 


For large values of X;,,,, these Bessel functions can be replaced 


a 


(47) 


since 


_ by their asymptotic expansions; a more convenient approxima- 


tion in the present case is to observe that the variation of a 
_ Bessel function with respect to its argument is similar over a 


small range to that of a sine or cosine function. 
_ near the value Xj,,, the Bessel function J,(x) is given to a very 
_ good approximation by 


In particular, 


T(x) = Ty(Xigp) Si. (% — Xi) - (48) 


which ensures both that J,(X;,,) is zero and that J;(x) has its 


_ correct value at x equal to Xj,,,. 


Substitution into eqn. (47) gives 
ay, 7) 112 
Xim 

The corresponding approximation for f,,, is obtained by starting 
with the expression similar to eqn. (55) which applies near a root 


(49) 


f=- sin (Xj,,W/@) 


_ of J}(x) = 0, namely: 


J,(x) — Ji (Xin) cos (x +7 Xim) 5 (50) 
IQ, 7) 1/2 | p 
Then, fei ke. | cos |Xm(2 - 1) |e 
__ al(yr)'!2 sin (X,,w/a) (51) 


Xim(Xfn 


The transformer turns ratio is only required for small values 
of m and then the Bessel function is virtually constant across the 
width of the groove. This is equivalent to the approximation 
XimWla < 1, giving 


— [2172 


= = Se aie — 1)12 (52) 
and = aX}, — 1)Jwv;l? (53) 
ie. = GWE. (54) 


*here Fy, = (X?, — 17)/v,l? and is tabulated in Table 2. 
Vor. 104, Part C. 
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Table 2 


VALUES OF Fi, 


The susceptance B is evaluated by inserting the expressions for 
Sf, and f/, in eqn. (46). All terms except the first few in each 
series correspond to evanescent modes for which 8,,, becomes 
imaginary. For reasonably large values of ma good approxima- 
tion to f,,, is then found from eqn. (2) to be 


B lm 


Further, cot (8;,,,c) becomes —jcoth (X;,,,c/a), which can be 
replaced by —j for large values of m. The mth term of the first 
series can therefore be approximated as follows: 


a IXtmla@ (55) 


Yomav,l? sin? (X;,,w]a) 
BoXimXFn ot [2) 


Since X,, is much larger than /? for all except small values of m, 
the / can be omitted from the denominator, giving 


mth term ~ (56) 


mth term ~ zrav;l? Yo sin? (X;,,W/a)/BoX},, - (57) 
Similarly the mth term of the second series reduces to 
—Bo Yoatyy7 sin? (Xj,W/a) (Xin)? (58) 


The susceptance B can therefore be evaluated from the 
expression 


perc ak M al?Bi_ COt (BryC) Sin? (X,,W/a) 

Gy BoXfn(Xfn — !) 
PEE Siler E) 2 ¥ Boa cot (B;,,0) sin? Xin¥l@) 
ei esres eae | BimXih 

Sg) f 
Fees 2sin enle) 

— Poa Se (59) 

Po nt Xia 


where M and M’ are respectively the numbers of propagating 
H and E modes. The term for m’ is to be excluded from the 
first sum. 

In the two infinite series the Bessel function roots may be 
approximated by 


21 — 3 
Xin = (™ bS \n (60) 
21 —1 
Xi, = (m at —-)7 (61) 
These two series are then closely related to 
ue sin? | (m We =>) awa 
Sia) = as x ee ae (62) 
mES| (m joy A dake! 
z 
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sin? | (m + = ea | 


and = S(w/a) = — > (63) 
G2 ast (m+ 2 3 
4 
It is easily verified that 
in? [(2/ 1 
S14 ola) = Sy(wfa) — = is ; ae wl 
and S)(wla) = S$). (w/a) . (65) 


so that only S,Qv/a) and S>(w/a) need be evaluated. To the 
order of approximation implied by eqns. (60) and (61), 


sin? (X;,,W/a) 


ae hy x3 = Si+2m(wla) (66) 


o sin? (X;,,W/a) 
i | 
For small values of w/a, the series S,(w/a) can be evaluated to | 


a reasonable degree of accuracy by the Euler—-Maclaurin formula? | 
with the result 


S;(w/a) ~ ee ey 


- Si omwla) = Siyom41la) (67) 
m=M’+1 H 


4 135 
{loe. [a/(2l+ Iw] + 1-97 Toya T OT4 ip 


The simplest application of eqn. (66) is to an Hj,,mode with ) 

no propagating E,,, modes, when 
BS Me 

N?Yo (Bow) 


| wp 


[!75 5.201) — (Boa)?S4.,0ela)] . (69) } 
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SUMMARY 


Hall effect and radiation pressure are shown to be different mani- 
festations of the same basic phenomenon, and their relationship is 
deduced for a plane wave transmitted through a slab of material of 
given electrical characteristics. In particular, the contributions to these 


_ effects of both the conduction and displacement components of current 
_ in the material are examined, and it is shown that the latter can bea 
_ significant supplementary factor at ultra-high frequencies. 


_ performance with a transmission type of instrument. 


Both Hall effect and radiation pressure have been used for microwave 
power measurement, and some aspects of these applications are dis- 
cussed in the light of the present analysis. To permit a better assess- 
ment of the Hall-effect-wattmeter problem, numerical calculations have 
been made at 4000 Mc/s for n-type germanium and silicon showing 
that a high-resistivity material is necessary to achieve a satisfactory 
Similar com- 


putations for polythene predict that a measurable Hall effect arising 
from displacement current in this material should exist, and it is sug- 


gested that observations based on that effect might offer a new approach 
in further exploration of the properties of dielectrics. 


LIST OF PRINCIPAL SYMBOLS 


E,, H, = Resultant electric and magnetic field 
components at x = s. 

E,,, E, = Components of electric field in the 
directions x and y. 

E,, or E,, Eg or Ez = Electric field of the Hall effect arising 
from conduction and displacement 
currents respectively. 

Eo, Hy = Incident electric and magnetic field 
components at x = 0 just inside the 
slab. 

hes fg. = Mechanical force accompanying radia- 
tion pressure in the direction x and 
arising from conduction and dis- 
placement currents respectively. 

H* = Complex conjugate of H,. 

H,, B, = Magnetic field strength and magnetic 
flux density respectively in the 
direction z. 

Ly = Total current and current density 
respectively in the direction y. 


Jycs Jyq = Conduction and displacement current 
densities respectively in the direc- 
tion y. 
N, = Number of mobile carriers per unit 
volume. 
N, = Number of electric dipoles per unit 
volume. 


Ptav) = Pecav) + Pd (av) = Time average of the resultant radia- 
tion pressure per unit area. 

Po Petar) = Radiation pressure per unit area 
arising from conduction current, 
and time average of corresponding 
quantity. 


‘ Correspondence on Monographs is invited for consideration with a view to 
publication. $ : ; : 
é Professor Barlow is Pender Professor of Electrical Engineering at University College, 
© ondon. 


Pa> Pa(qv) = Radiation pressure per unit area 
arising from displacement current, 
and time average of corresponding 
quantity. 

P, = Power density at x = s. 
P, = Power density at x = 0. 
dc = Charge on each mobile carrier. 
9q = Charge per pole of each electric dipole. 
#R, = ‘Hall coefficient’ associated with con- 
duction current. 


#4 = ‘Hall coefficient’ associated with dis- 
placement current. 
s = Thickness in the direction x of slab of 


the medium of interest. 
Var) = Veary + Var) = Time average of the resultant Hall 
e.m.f. 

V.. Vecqry = Hall e.m.f. arising from conduction 
current, and time average of corre- 
sponding quantity. 

Va, Vac) = Hall e.m.f. arising from displacement 
current, and time average of corre- 
sponding quantity. 

xX, y, Z = Cartesian co-ordinates. 
Z =|Z| /& = Intrinsic impedance of the slab. 
Z,= IZ|7¢ = Load impedance. 
« = Attenuation coefficient. 
B = Phase-change coefficient. 
y = |y| 7% = Propagation coefficient. 
€, = Relative permittivity. 
Eg, [4g = Permittivity and permeability, respec- 
tively, of free space. 

p=|pel /9 = Voltage reflection coefficients at x = s. 

0, €, 4 = Conductivity, permittivity and per- 
meability, respectively, of the 
medium of interest. 


(1) INTRODUCTION 

As long ago as 1880, Hall! found that the streamlines of an 
electric current in a metallic conductor were distorted when the 
conductor was placed in an external magnetic field. This dis- 
tortion arises from an electric field set up at right angles to the 
current and to the magnetic field. The effect is well known in 
conductors and semi-conductors, both for steady and low- 
frequency alternating currents.” In these circumstances, calcula- 
tions have naturally been based upon the interaction of the 
external magnetic field with a current depending upon the elec- 
trical conductivity of the medium. So far as the author is 
aware, no account has been taken of displacement current, and, 
indeed, it is only at very high frequencies in non-metallic media 
that contributions from such currents can be significant. 
Donovan? has recently developed a theory, neglecting displace- 
ment currents, of the high-frequency Hall effect in metals arising 
from a constant independently applied magnetic field. The 
problem treated in the present paper is quite different, because 
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it concerns the effect produced solely by the field components of 
a high-frequency electromagnetic wave. 

It is the purpose here to examine theoretically on a purely 
classical basis the possibilities in the development of a Hall effect 
at high frequencies in media for which displacement currents 
might be expected to make a finite contribution. In this analysis 
it will be apparent that radiation pressure is just another mani- 
festation of the same basic phenomenon and that the two effects 
are therefore intimately related to one another. Both effects 
have been used for microwave power measurement, and some of 
the factors that determine their relative merits for this purpose 
are discussed. 


(2) BASIC PRINCIPLES 
Using Cartesian co-ordinates (Fig. 1), suppose a current J, 
flows at right angles to a magnetic field of density B,; then the 
mechanical force on the current is given by 


f, = BI, . 


per unit length of the current path. 
This force acts on the electric charges, which in moving under 
the influence of the electric field applied along the y-axis, con- 


(1) 


Fig. 1.—Co-ordinate system. 


stitute the current. The whole of the force f,, must be transferred 
to the material medium associated with these charges, and in that 
process the current streamlines will be pushed sideways in the 
direction x, setting up a secondary electric field, E,. This 
mechanism is well established and it enables us on the one hand 
to calculate the force on the conductors of an electric motor and 
on the other to evaluate the radiation pressure when an electro- 
magnetic wave is incident on a surface. The secondary electric 
field E,, which is inherent in the mechanism, represents the 
so-called ‘Hall effect’ and, as has been pointed out,4 radiation 
pressure is really dependent on the existence of a Hall effect. 
J. J. Thomson calculated the radiation pressure on a metallic 
conductor using the relation (1), the current being induced in the 
surface by the electromagnetic wave. The resuit has been 
verified by Nichols and Hull> for light waves and by Cullen® for 
microwaves. 

For semi-conductors and imperfect dielectrics in which dis- 
placement currents as well as conduction currents exist, it is to 
be expected that a mechanical force, f,, and a corresponding 
secondary electric field, E,, will be produced to operate upon the 


movable charges representing both components of the current in 
the material medium. Some of these charges will be mobile, 
passing from one molecule to another under the action of the 
primary applied electric field, while others will be associated with 
electric dipoles and will suffer only local displacement. 

To simplify the problem we shall confine attention to media in 
which the movable charges are overwhelmingly electrons; thus 
n-type semi-conductors would be included and so would good 
high-frequency dielectrics like polythene, in which it is known 
that the positive charges associated with the atomic nuclei have } 
so large an inertia that they are unable to respond to rapidly 
alternating forces and take no appreciable part in the support of 
a displacement current. Substances which include polar mole- 
cules would not comply with the requirements postulated, but 
an extension of the treatment could be made to meet their case. 


(3) ELEMENTARY THEORY ! 

We shall assume a plane wave propagated in air or a vacuum 
and incident in the direction x on the medium of interest, whose |> 
surface lies in the yz-plane at x = 0 (see Fig. 2). The field | 
components of the wave are E, and H,, to which the following | 
relationships apply: 


i 

” dEy 
> Lf == 2 f 
ox Ta ee aly 2) f 
Bee (3) 


The total current density, J, = J,, + Jyg, includes both the’ 
conductivity and displacement components. 

In considering the mechanical forces and associated electric }: 
fields arising from the interaction of these two component currents |i 
with the magnetic field of the wave, it must be recognized that #1} 
the mechanism is concerned in the one case with mobile charges } 
and in the other with bound charges. It is therefore appropriate }) 
to deal with each current separately and subsequently to combine 
their effects. Thus, with reference to Fig. 2 for an elemental} 
volume dx, dy, dz of the medium, the mechanical force df,, on} 
the conductivity component of current (J,,dxdz) in the } 
element over the length dy is | 


Mag = BA Jyedxdz)dy . 


where Jo = GE, 


the material medium can contribute in this respect, otherwise we} ~ 
should have a force of the same kind in a vacuum. 


Therefore dfg = BLT, qdxdz)dy . 
where ee ee oe ) 


charges in the medium and is associated with an electric field E,,, 
so that we can write 


Ufo = mg,N,E,,dxdydz 


where mm is a factor to take into account the fact that the electric 
force on the individual charges differs from the applied field.) 
Similarly, since f,,, acts on electric dipoles and is associated with 
an electric field E,,, we have 


Dig = NqgNgE,gdxdydz . . . . 


where n is a factor corresponding to m for the mobile charges.!) 
Dropping the co-ordinate subscripts and combining eqns. (3), (4),) | 
(5) and (8) gives © i 


mq,N,E, = pHoE 
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CURRENT J y.dx.dz 
(OUT OF PAPER ) 


MEDIUM 

OF g,e€ANDp 
(SURROUNDING 
MEDIUM OF g=0 
€ =€, AND p=.) 


eae 


Fig. 2.—Hall-effect electric field and radiation pressure for an elementary volume of the medium. 


(a) Element of medium. 
(6) Element of medium. 
(c) Resultant magnetic field distribution. 


i ead, again from eqns. (3), (6), (7) and (9), we get 
0E 
ngqagNagEq — el G = + O (11) 


Thus the electric field of the Hall effect arising from the con- 
| ductivity of the medium is, from egn. (10), 


E.= (5 
© \mq.N- 


and the corresponding electric field arising from displacement in 
| the material medium is, from eqn. (11), 


(12) 


wy.) MHOE == ANGE . 


0E 
Eee eed (exe) = Wale eH (13 
< (ax) G cas of ake sag0) ot (13) 


where (14) 


g =( 
mq.N. 


a Ge) 


For semi-conductors m = 8/37 and for n-type germanium, in 
which electrons far outnumber holes as mobile carriers, we there- 
fore have 


(15) 
| 


y 
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8q.N. 
in accordance with established theory. 


As a rough approximation we get the value of m from the 
_Clausius—Mossotti relation as 


oS 


Por the radiation pressure, representing the force per unit surface 
area, we use eqns. (8) and (9), giving 


1 
dp. = mq,N,E,dx = z E,dx (16) 
4K, 
1 
ard dpa => nggN gE gdx = = E,dx (17) 


R 


(4) CALCULATION OF THE HIGH-FREQUENCY HALL E.M.F. 
AND THE CORRESPONDING RADIATION PRESSURE 
FOR A MEDIUM OF FINITE THICKNESS 


For a slab of the medium of thickness s in the x-direction 
(Fig. 3) the Hall e.m.f.’s arising from conduction and displace- 
ment currents respectively are 


S Ss 
Ve -| E.dx = Apo! EHdx (18) 
0 0 
AY 
and Va =| E,dx = Bypele, — of Ae = dx (19) 
0 
-2YS 
RESULTANT FIELD _{Ey=E “+p dlttpe i% 
cae AT X= él aakeaesy H Ms) “pe 2YS) 
-YS 
RESULTANT FIELD _JEs=E,€ ve 
oS AT X=S He=Hoe (1p) 


SLAB PA MEDIUM 
rE: ‘MPEDANCE Z 


| 
POWER POWER R, =fRe(EsHe) 
p=t Re(E,H*) O~— - — -—— - —"- —— - = 
‘a2 At 
ra 


Fig. 3.—Field components, impedances, reflection coefficients and 


power densities in the path of the wave. 
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The corresponding radiation pressures per unit surface area are, 


from egns. (16) and (17), 
Pc 


VIZ, 
=Vi/2q . 


(20) 
(21) 


It is clear therefore that the Hall coefficients #2, and Z, are 
given by the ratio between the relevant Hall e.m.f. and the 
accompanying radiation pressure. 

Assuming that the field components within the slab vary with 
distance x according to the function e+ Y* 


y = |yle =a + JB =~V/[jwplo + jwe)] 


we can write for the resultant field components at any point 
between x = Oandx =s 


E= Eo[e-** ae pe—v@s—x)] 


and Pa 


where (22) 


(23) 


and H = Hyle—* — pe~VR@s—] . (24) 
so that the intrinsic impedance of the medium under consideration 
is given by 

Nhe ave = WA ee (25) 
and the voltage reflection coefficient at the surface where x = s 
has the value p. 


The components of the resultant field at x = s are 
E, = Ege—“5(1 + p) | 
H, ad Hye—*s(1 ar) f 


giving an impedance beyond that point, representing the load, as 


and (26) 


Z, = |Z,\e* = E,/H, (27) 
—Z 
Th = (plo == 
us p = |ple Z4Z (28) 


Assuming that the field varies sinusoidally in time, so that 
Ey = |£o|e4* and from eqn. (25), Hy = |Ho|e/@'—), we can use 
eqns. (23) and (24) to carry out the integrations of eqns. (18) 
and (19) to yield 


_ #,po|Eo||Holei@er—® 


arising jointly from conduction and displacement currents is 
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In employing the Hall effect or the accompanying radiation 
pressure to measure power we require the average value in time 
evaluated for each element of length dx and then integrated over 
the total thickness s. This procedure is required in recognition 
of the fact that there is a progressive change in the phase of E with 
respect to H as x increases. 


Hence V tax) = Aguc | SRe(H*E)dx (31) 
0 
AY 
dE 
and Vien) = Paeole, — 1) | Re (aS ax (32) 
0 


where Re denotes the real part of the quantity in parentheses, 
and the calculation is based on maximum values in time of the 
field components. 

Applying eqns. (23) and (24) to the solution of eqns. (31) and 
(32) gives 


i 
iL 
\ 
li 
i 


| 
| 


f 


29 
B | 


i 


Se 


as Rwo| E|| Hol B mah ox 2o—2as i 
Vecavy = > aye al é xe |p| é ) | ) 
\ { 
2a| ple 28 I: 
+ agra 6 — cos (28s — 4)] (33) ) 
and | 
Vaca) = a (Ce — 1) = [ple Vf 
+ 2|ple—25[cos 8 — cos (2Bs — ay} (34))) 
+] 
The total Hall e.m.f. therefore has an average value in time of | 0: 
Via) = Vecary + Vacavy (35) 


In the same way the time average of the radiation pressure 


V cao) Bs Vay F 
K, Ry 


Pav) = Peavy + Pacav) = 


V. 5 (1 — e—275)(1 — p2e—2¥s) (29) We are particularly interested in interpreting eqns. (35) and 36% 
x in relation to the impedance, Z,, of the load and the field at 
pe Bui Ons) that point. 
Gee dbI@Eg(E, — ea | Hp|ei(20 (1 — e-2"9(1 — pre-2¥9 The power density at x = s and dissipated by the load is 
(30) |E,|2 cos ¢ 
Po Re ES) ee 
S 2 e( dees) 2|Z,| 
2 2|Z,|e 2/(1 + |p|* — 2|p|? cos 26) 2|Z,e~ 25, — |p|*) cos § — 2Ip| sin § sin 6] 
with 


we can rewrite eqns. (33) and (34) as 


# po 
Vecav) -| 3 | 


1 


1 : : : 
and Vz. = hae BC = = (2le| sin 6)(sin 8 sin 28s + cos 8 cos 2Bs — cos 8) 
i (1 — |p|?) cos § — 2|p| sin § sin 6 


2 


a=ly|sind and B =|y| cos 8 


1 1 
xe — DG — |p|?e~25) cos 6 — —(2|p| sin 8)(sin 6 sin 28s + cos 8 cos 2Bs — cos 8) 


(1 — |p|?) cos § — 2p] sin § sin 8 rs! 


Ie 


Ss 


[ee 
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putting 


sin 2Bs = 2Bs, COS 2Bs ~ 1, (62% — 1) ~ 2as and ¢—2%5 ~ | 


| so that Ven) = (A,pas)(P,) . (41) 
_ giving the kind of direct relationship between Hall e.m.f. and 
| power which we require to establish as closely as possible. It is 


/ also of interest to determine the input power density, P;, at 
li x = 0, and this is found to be 


| When as < 1 and Bs < 1 we can simplify expression (39) by 
: 
! 


i 


\P 
ca —|p|?e~ 4%5)cos 8 —(2|p|sin 5)(sin cos 28s—cos@ sin ae 


(1 — |p|?) cos § — 2|p|sin § sin 8 
Aihee 25 tet we (42) 


_ The power lost in passing through unit area of the medium con- 
. eerned is (P, — P,). 


: 


0 NUMERICAL VALUES FOR 1-TYPE GERMANIUM, n-TYPE 
SILICON AND POLYTHENE 
In order to examine the behaviour of different media expected 
_to exhibit Hall effect and radiation pressure under the conditions 
postulated, a number of calculations have been made for a fre- 
auency of 4000 Mc/s using the expressions deduced. 


(5.1) n-Type Germanium 
The germanium is considered to have the following constants: 


Resistivity = 26 ohm-cm (o = 3-85 mhos/m). 
e,— 16 
[L = Mo = 477 X 1077 henry/m 


| From these figures we find 


a = 163 nepers/m 
B = 372rad/m 
|y| = 406 per metre 
|Z| = 77-8 ohms 
0. =123 72 


Taking the density of germanium as 5-3 and using Avogadro’s 
‘number Ny = 6 x 1073 we estimate that this semi-conductor 
/contains about 4:5 x 1025 molecules per cubic metre; and 
since the structure suggests four electric dipoles per mole- 
cule, each with the electronic charge 1:6 x 10719 coulomb, 
iwe have Z#, = 1/nq,N, with n~ (e,+2)/3 =6 giving By 
+= 5-8 x 10-9m3/coulomb. 

_ From independent measurements we know that #, = 7:4 
_ x 10-3m3/coulomb corresponding to N, = 107! electrons per 
cubic metre. Applying these numerical values to calculate the 
‘quantity in the first square bracket of each of the eqns. (39) and 


(40) we find 
(ee) i 79 10-8 


| Bane = | = {292s 10-14 


2 
It is therefore clear that, since the remaining parts of eqns. (39) 
yas id (40) cannot be very different in magnitude, the contribution 


sand 


Po Vaav) tO Viqy is relatively insignificant in this case and can be 
‘ueglected. it must, however, be emphasized that this result 


depends on the comparatively small value of Z, which the above 
‘c’mputation yields. If#, proved, in fact, to be somewhat larger 
than the value calculated, the displacement contribution to V4, 


'y ould no longer be negligible. 


ea the figures given as correct we can determine 
V caw) = Vey av) from eqns. (37) and (39) for a given thickness s of 
the slab, a Bes load impedance Z, = |Z,|e/# and a given electric 


field |E,|. Eqn. (28) relates the Teflection coefficient p to the 
load impedance Z,. The curves in Fig. 4 show values of 
i a Sir 0-6 aT ic 2 i= 
|e 7. + T | ms <=" tS 
4 + ta_o-5 | 
7 >|5 
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Fig. 4.—Hall e.m.f., V(qv), for a given electric field strength E, and 
different load impedances Zs = |Z,| L$ p for 26 ohm-cm n-type 
germanium at 4000 Mc/s. 

@ |All = 8772sS:— 0-05 car 
(b) |Zs| = 3770, S = 0-1cm. 


(©) |Zs| = 38-90, S = 0-05cm. 
(d) |Zs| = 77-80, S = 0-1cm 
(e) |Zs| = 38:92, S = 0-1cm 


V avyl|E,|? for different load impedances, and it will be observed 
that there is a substantial departure from the ideal form repre- 
sented by cos ¢. Not only are the curves asymmetrical about 
the unity-power-factor axis, but they are also lifted up so that 
at a phase angle of 90° there is a positive intercept which is a 
measure of the-loss in the slab under these conditions. For a 
power of 10 watts/cm? consumed by a load Z, = 38-97 0° ohms 
with s=O-lcem, Fig. 4 gives Vi,,/|E,? =0-5 x 10-1? and 
hence Vin, = 3°89 pV. 

Fig. 5 lenohasies the inaccuracy that would arise if germanium 
were applied in this way to form a transmission type of wattmeter 
with the power passing through the slab. For satisfactory 
operation V/,,)/P, should remain constant for all values of Z,, 


p 


-80 -60 -40 749) 


¢, DEG 


Fig. 5.—Hall e.m.f., Via, fora given power Ps dissipated in loads of 
different impedances, Z; = |Zs| LP for 26 ohm-cm z-type ger- 
manium at 4000 Mc/s. 


(a) |Zs| = 38:92, S = 0:05cm. 
(b) |Zs| = 377Q, S = 0-0Scem. 
(c) |Zs| = 5Q, S = O-1cm. 

(d) |Zs| = 38-90, S = 0-1cm. 
(e) |Zs| = 77:80, S = 0-1cm. 
(f) |Zs| = 377Q, S = 0-1cm. 
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Fig. 6.—Hall e.m.f., V(qx), for a given power input, P;, and loads of 
different impedances, Z; = |Z! Ld for 26 ohm-cm n-type ger- 
manium at 4000 Mc/s. 

(a) |Zs| = 3772, S = 0-05em. 
(b) |Zs| = 38-90, S = 0-05cm. 
(ce) |Zs| = 5Q, S = 0-1cm. 

(d) |Zs| = 3772, S = 0-1cm. 
(e) |Zs| = 77-8Q, S = 0-1cm. 
(f) |Zs| = 38:92, S=0-1cm. 


in both magnitude and phase. The error depends very much on 
the losses in the slab, which are accentuated when |Z,| and s are 
increased. Fig. 6 shows the same family of curves as Fig. 5, 
but calculated in relation to the power input. It is of interest 
to plot the power on both sides of the slab for a given electric 
field strength, and by taking the difference to determine the power 
lost in the slab. This has been done for various load impedances, 
and the result is given in Fig. 7. 
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Fig. 7.—Power input, P;, and power dissipated, Ps, in the load, fora 
given electric field, E;, and different load impedances, Z; = |Zs| 7 ¢, 
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Fig. 8.—Radiation pressure arising from conduction, Pe(av)s displace- 
ment, Pd(av), and from total, pcay), currents, for a given power, 


P,, dissipated in a load of various phase angles, ¢, for 26 ohm-cm)- 
n-type germanium at 4000 Mc/s. 


|Zs| = 3772, S = 0-1em., 
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(5.2) n-Type Silicon 

The intrinsic resistivity of silicon is 63600 ohm-cm, and as a) 
semi-conductor it has been produced with resistivities as high as 
1000 ohm-cm or more. For power measurement by means of © 
the Hall effect a high-resistivity medium has obvious advantages, |: 
and calculations have therefore been made for silicon as follows: 


Resistivity = 500 ohm-cm (o = 0-2 mho/m) 
e, = 12 
[L = fy = 40 X 1077 henry/m 


At 4000 Mc/s these figures yield 


a = 10-9 nepers/m 
B = 290rad/m 
|| = 290 per metre 
|Z| = 108-8 ohms 
O== 22152 


with an estimated 2, = 6-2 x 10~2m3/coulomb and an Z, of| 
the same order as the value obtained for germanium. Employing)» 
these figures to evaluate Viq,,/|E,|? and Vigy/P, for silicon wel 
get Figs. 9 and 10 respectively. It is clear that with this materia he 
used in a Hall-effect wattmeter of the transmission type there is) 


a great improvement in performance and the ideal conditions) 


for 26 ohm-cm n-type germanium at 4000 Mc/s. 


(a) (Pi — Ps)/|Es|? for |Zs| = 38-92, S = 0-1cm. 
(b) Ps/|Es|2 for |Zs| = 77:-8Q, S = 0-1cm. 


(c) Pi/|Es|? for |Zs| = 77-8Q, S = 0-1cm. 
(d) Ps/|Es|2 for |Zs| = 38-9Q, S = 0-1cm 
(e) P;/|Es|2 for |Z-| = 38-90, S = 0-05cm. 
(f) Py/|Es|? for |Zs| = 38-92, S = 0-1cm 


The two components of radiation pressure arising from the 
conduction and displacement currents are approximately of the 
same order of magnitude, their values being plotted in Fig. 8. 
Peavy Must always be positive, since with a finite loss in the slab, 
power will be absorbed whatever the nature of the load. On 
the other hand, pgqy), which is dependent upon displacement 
current, may be either positive or negative in accordance with 
the condition that this pressure will be exerted in such a way as 
to tend to reduce the energy stored in the field. 
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Fig. oy pre Vg) a a es electric field, E;, and differen of 
oad impedances, = , for 500 ohm-cm n- ilicor 

A rOno erie is s| LD: n-type silico) . 

(a) |Zs| = 3770, S = 0-1em. 

(b) |Zs| = 38-9Q, S = 0-1cm. 
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Fig. 10.—Hall e.m.f., Via», for a given power, Ps, dissipated in loads 
of different impedances, Z, = |Z,/ VAS for 500 ohm-cm n-type 
silicon at 4000 Mc/s. 7 


(a) |Zs| = 38:92, S = 0-1cm. Ss 
(6) |Zs| = 3770, S = 0-1cm. 
(5.3) Polythene 


) Assuming for polythene o/we =0:0005 or o =2°55 
» x 10-4mho/m with e, = 2:3 and w = Up = 47 X 1077 henry/m 
, we find at 4000 Mc/s 


| 


aN 


/An estimate of the value of #,is 5:8 x 10~8m3/coulomb, and 
in spite of the small value of o the mobility of the carriers 
i responsible for the conductivity of this material must be so much 
. smaller as to make &, negligible. 

H With polythene we are therefore concerned only with a dis- 
placement current contribution to the Hall e.m.f. and to the 
‘radiation pressure. In Fig. 11 curve (a) gives predicted values 
of this Hall e.m.f. When Z, = 377 \67-5° and s = 0-1cm we 
find Vian, = Vicar) = 2°7 X 10-9 E, /?, so that for |E,| = 30kV/cm, 
Vg) = 0°24 uN, which might be just measurable in spite of the 
‘high impedance of the source. It is possible to increase Vig) 
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-11.—Hall e.m.f., Va(ax), arising from the displacement component 
of the current for a given power, Ps, dissipated in a load of various 
phase angles, ¢, at 4000 Mc/s. 

(a) Polythene: ¢ = 2:3, o/we = 0:0005. 
|Zs| = 377Q and S = 0-1cm. 


(b) Germanium: 26 ohm-cm, n-type. 
|Zs| = 377Q and S = 0-1cm. 


to rather more than a microvolt by increasing s and making 
28s = 90°, but unfortunately this also increases the impedance 
of the source, so that no advantage may be gained. The corre- 
sponding displacement-current Hall effect for germanium is also 
shown in Fig. 11 for comparison. 

As would be expected, the radiation pressure experienced by 
polythene is considerably smaller than for the semi-conductors in 
similar circumstances. The slab will tend to move in such a 
way as to make the stored energy in it a minimum, and conse- 
quently the pressure may be either positive or negative, as 
indicated in Fig. 12. 
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Fig. 12.—Radiation pressure, pg(av), arising from the displacement 
current for a given power, Ps, dissipated in a load of various 
phase angles, ¢, for polythene at 4000 Mc/s. 


|Zs| = 377Q, S = 0-1cm. 
€r = 2:3, o/me = 0-0005. 


(6) COMMENTS ON THE THEORY IN ITS APPLICATION TO 
MICROWAVE POWER MEASUREMENTS 

All the calculations have been made for a plane wave. Larger 
values of Hall effect and radiation pressure at high frequencies 
could be obtained by suitable disposition of the slab when placed 
in a waveguide. 

It is important to notice that the Hall e.m.f. does not depend 
upon the area of the surface presented to the incident wave, 
and there is nothing to be gained by increasing this area. Thus, 
with a semi-conductor a slab extending over a very small part of 
the wavefront is sufficient for the purpose and less likely to cause 
serious disturbance of the field distribution. On the other hand, 
the longitudinal dimension s is important in determining the 
Hall e.m.f. built up by this means. It is inherent in the trans- 
mission system that this e.m.f. is a measure of the power dissi- 
pated in the slab as well as of the power absorbed by the load. 

The medium of the slab from which the Hall e.m.f. is derived 
must therefore be of high resistivity for accurate measurements of 
power transmitted through it. Of the semi-conductors, silicon 
can be much superior to germanium for this purpose. The 
effect of large losses in the slab is to flatten the curve of Hall 
e.m.f. against phase angle of the load, to lift it up above the 
horizontal axis and to make it asymmetrical (see Fig. 4). For 
a given |Z,| and |Z| the value of |p| from eqn. (28) is found to 
depend upon cos (¢ — 8) in such a way that, since 0° <6 < 45°, 
the reflection coefficient must be larger for negative phase angles, 
¢, than for positive ones. Thus, with a larger proportion of the 
power thrown back when ¢ is negative, we find correspondingly 
smaller values of Viiqyy. 

The alternative arrangement employing a resonant cavity 
containing a slab of semi-conductor and excited from the wave 
carrying the power8 is not nearly so exacting in the choice of a 
satisfactory medium for the slab. In general, for the transmis- 
sion type of wattmeter s should be small so that as < 1, but 
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provided that this condition is satisfied, the larger the value of s 
the larger is the Hall e.m.f. obtained. Moreover, by suitable 
adjustment of Ss, more favourable operating conditions can be 
established. Eqn. (33) for V.(q), representing the Hall e.m.f. 
arising from the conductivity of the medium, contains as a 
multiplier [R,o/|y|], and if 6, is the mobility of the current 
carriers in the medium, we have, from eqn. (14), #.o = b,/m. 


ly| = V(wpo)[1 + (wefo)?] 4 


and if b, can be considered constant, the value of V.(q,, in so far 
as it depends upon this multiplier, would be expected to fall 
with increase of frequency. To achieve a large Hall e.m.f. when 
o > we (such as is normally the case with germanium) we clearly 
require the material to have the highest possible ratio of mobility 
to conductivity. It is equally important to have a low con- 
ductivity from the aspect of the losses in the medium, and therein 
lies the particular advantage of silicon. 

Radiation pressure on a semi-conductor like germanium differs 
in magnitude very little from the corresponding pressure on a 
metal surface. What the semi-conductor loses by the reduced 
conduction current it gains from displacement current, and the 
two components of pressure are, unlike the corresponding Hall 
e.m.f.’s, of the same order of magnitude. The expression for the 
radiation pressure exerted on a metal surface takes a much 
simpler form, namely 


Pav) = 2Prv/(Hoeo)(1 = 


But 


=) 


and gives Piqy) a little less than 1 dyne/watt. In all cases the 
radiation pressure for a uniform power density is directly pro- 
portional to the surface area presented to the incident wave. 

In considering the contributions made by conductivity and 
displacement currents in n-type semi-conductors we dealt with 
these two factors as operating quite independently. The separate 
identity of mobile carriers in such material cannot, in fact, be 
maintained, and therefore it is possible that N, and Ny, are in 
some way interdependent, although this should not affect the 
validity of the argument given. 

Eqn. (34) shows that, as one would expect, Vz(q,) increases with 
frequency and is zero when e, = 1. 

The close relationship between high-frequency Hall effect and 
radiation pressure offers the possibility of a valuable tool for 
further exploration of the basic characteristics of semi-conductors 
and dielectrics. If arrangements could be made to measure 
Viav) and Prqy) at the same time, values of #, and ZH, would 
immediately emerge. In fact, the technique described by Cullen7 
for the absolute calibration of a radiation-pressure wattmeter 
should be applicable to the equivalent Hall-effect instrument if 
provision is made for a small movement of the semi-conductor 
element, associating the mechanical forces on it with the Hall 
e.m.f. in it. These are matters for further research. 


(7) CONCLUSIONS | 


The theory presented demonstrates clearly the close lin} 
between high-frequency Hall effect and radiation pressure. Ig 
predicts an equivalent Hall e.m.f. in a dielectric and suggests tha) » 
observations based on this effect might offer a new approach ii); 
further exploration of the properties of such media. Attentioi) 


is called to the possibility of simultaneous observations of Ha’) 


the Hall e.m.f. 

The theory should also be of value in helping to elucidate th 
behaviour of calibrated microwave wattemeters employing th) 
Hall effect in semi-conductors.8 
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SUMMARY 


The problem considered is that in which vertically polarized waves 
are propagated across a single straight-line discontinuity in the electrical 
_ properties of a smooth flat earth, the discontinuity being such as 
_ might occur at a (rather idealized) coastline. It is further specialized 
' by the assumption that one of the media (e.g. sea) has infinite con- 


_ ductivity, and this is replaced by an infinitely thin, perfectly conducting 
half-plane lying in the interface of the air and the land meédium, the 
_ latter now being taken to fill completely the region below the interface. 


With this model a method of solution is proposed which is a union 


of ray theory and rigorous diffraction theory. The presence of the 
_jand is accounted for by the introduction of a suitable image field and 
the problem thereby reduced to one in which two fields are incident 
spon a perfectly conducting sheet situated in free space. The technique 
i is illustrated by application to the case of a three-dimensional plane 
wave, and this solution forms the basis for the later work. 


When the transmitter is at a finite distance from the coastline the 


solution can be obtained by expressing the incident field as an angular 
spectrum of plane waves the propagation of which has already been 
‘studied. This procedure is first applied to the two-dimensional 


problem of a line source and the results are shown to be in close agree- 
ment with previous work on the subject. On examination, however, 
the solution is found to be made up of the field of the actual transmitter 
diffracted at the coastline, together with the diffracted field arising 
from an image transmitter of strength equal to the Fresnel reflection 
coefficient appropriate to a particular angle of incidence, and this 
suggests an even more elementary way of tackling the problem. For 
any type of transmitter all that is now required is the solution of the 
corresponding Sommerfeld diffraction problem, and with this new 
approach the case of a point source is treated. The result is almost 
identical with that found by resolution into plane waves. Moreover, 
a comparison with the solution for a line source shows that the factor 


' by which the free-space field must be multiplied to give the total field 
‘ is of the same form for both transmitters, the factor for a point source 
' being obtainable from that for a line source by replacing each two- 
dimensional distance by the corresponding three-dimensional one. 
In particular this justifies the application to each radial separately of 
: the formulae for normal incidence on the coastline and enables the 


analytical difficulties associated with three-dimensional propagation 
to be avoided. 

The nature of the field is then studied with particular reference to 
the rapid changes of intensity and phase just beyond the coastline; the 


_ former is generally termed the ‘recovery effect’, whilst the latter gives 
rise to the phenomenon of coastal refraction. The use of height-gain 
| factors is considered and it is shown that, for sufficiently small eleva- 


tions of transmitter and receiver, the factors appropriate to homo- 
geneous earths may be applied. Several numerical examples are given. 


(1) INTRODUCTION 
The theory of ground-wave propagation over a homogeneous 
‘mooth earth has been given adequate mathematical treatment 
=y anumber of workers, and as a result the solutions which have 
“een obtained are, in general, universally accepted. In practice, 
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however, the earth’s crust is far from homogeneous and it is 
frequently essential that this fact be taken into account. Even if 
the only inhomogeneities to be admitted are variations in the 
electrical properties of an earth which is otherwise smooth and 
flat, the problem remaining is still one of great complexity, and 
not until recent times have theoretical attacks upon it met with 
any success. All have been under certain idealizing assumptions, 
two extreme cases being capable of treatment: 

(a) One is that in which the changes in earth constants are irregular 
and ill-defined; some average value of the constants can then be 
inserted into the solution appropriate to a homogeneous earth, or 
alternatively a purely statistical theory can be developed (e.g. see 
Reference 1); 

(b) The other is that in which there is a single boundary, such as 
a coastline, dividing the earth into two regions each of which is 
homogeneous. 

It is this last case which will be considered here, and the problem 
is therefore the determination of the field strength and phase over 
a smooth flat earth possessing a single discontinuity in electrical 
properties. 

Several empirical methods have been proposed to enable the 
field strength to be deduced from the attenuation curves for a 
homogeneous earth. The most important of these is due to 
Millington, and has some theoretical backing in that it is 
designed to satisfy the reciprocity condition and to take into 
account the ‘geometric mean’ formula of Eckersley.? It yields 
results in good agreement with experiment over a wide range of 
frequencies and predicts the rather startling changes in field 
strength which can occur just beyond a boundary, whilst more 
recent work* suggests that it may also be applicable to phase. 

The first successful attempt to provide a full analytic solution 
of the problem was made by Griinberg>© and was aimed 
primarily at a study of the deviation of a plane wave incident on 
a coastline. By using approximate boundary conditions at the 
air—land interface (the sea was assumed perfectly conducting) an 
integral equation was obtained from which it was established 
that the original direction of propagation is restored at large 
distances from the coast. 

Griinberg’s work was generalized by Feinberg in a series of 
papers of which the third’ treats this topic, but with the added 
complication of a transmitter at a finite distance. The analysis 
is so manipulated that an assumed value may reasonably be 
substituted for the unknown field component under the integral 
sign, and the problem is thus reduced to one of integration. A 
related treatment has been given by Furutsu,’ who derived an 
inhomogeneous integral equation for the single-component Hertz 
vector representing the total field of a vertical dipole in the 
presence of the two media. The equation is solved by successive 
substitution of the solutions for earths composed of each medium 
separately, and the final solution then appears as a series of terms 
involving multiple integrals over known functions, only the first 
few terms being evaluated. Aono and Muramatsu? have pro- 
vided experimental confirmation of the results. 

The solutions produced by this last method are analogous to 
those of Clemmow,!® who considered the two-dimensional case 


[43 ] 
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of a line-source transmitter parallel to the coastline. Although 
the problem is thereby limited in scope, it now becomes capable 
of exact solution in closed form. In the first part of the paper 
one medium is taken to be perfectly conducting. The problem 
is initially solved for an incident plane wave by expressing the 
scattered field as an angular spectrum, and this leads to a pair 
of dual integral equations which are handled using complex 
variable techniques. For a line source the solution is obtained 
by integrating that for a plane wave. In the second part of the 
paper the restriction that one medium be perfectly conducting is 
waived, and an integral equation formulation then follows by 
adopting approximate boundary conditions at the earth’s surface. 

With all the above methods the analysis is both extensive and 
complicated, even though the solutions themselves reduce to quite 
simple forms in many of the cases of practical interest. This fact 
suggests that an alternative approach might be possible whereby 
the sacrifice of a little rigour would allow the most important 
results to be derived in a manner which would enable the under- 
lying physical mechanism to be more clearly understood. The 
present paper is directed towards that goal, and it is believed that 
the simplicity attained compensates for any loss of accuracy. 

An idealized type of discontinuity is assumed in which a 
straight-line boundary separates two media, one of which is 
perfectly conducting. The incident field is a plane or cylindrical 
wave, or a dipole field, and whilst the first of these is merely a 
particular case of the other two and obtainable from them by 
taking the transmitter off to infinity, it is in many ways the most 
fundamental. It is treated in Section 3 and serves to illustrate 
the method and to indicate its limitations. The solution for a 
transmitter at a finite distance can be found by integrating that 
for a plane wave with respect to its angle of incidence: this is 
done for a line source in Section 4 and a comparison with 
Clemmow’s exact result!® confirms the adequacy of the present 
technique. When the expression for the field is examined, 
however, its form is seen to imply that any transmitter can be 
dealt with by a process entirely equivalent to that for a plane 
wave and employing only the solution of the appropriate Sommer- 
feld diffraction problem. This is the crux of the method and is 
described in Section 4.4. The application to a point source is 
carried out in Section 5 and provides results of considerable 
practical significance. Moreover, oblique incidence on the 
boundary can now be considered, leading to a study of coastal 
refraction, but the interpretation of the solution in this light is 
reserved for a subsequent paper. 


(2) THE MODEL FOR THE IDEALIZED PROBLEM 

The problem considered is that in which vertically polarized 
waves are propagated across a straight-line discontinuity in the 
electrical properties of a smooth flat earth. The situation is 
further specialized by the assumption that one of the media 
(medium 2) has infinite conductivity and this is replaced by an 
infinitely thin, perfectly conducting half-plane lying in the inter- 
face of the air (regarded as free space) and medium 1, the latter 
being taken to fill completely the region below the interface (see 
Fig. 1). Such a model, of course, is a valid representation of the 
physical problem only as regards the determination of the field 
above the earth’s surface and attention will be confined to this 
region. 

The assumption of perfect conductivity for an earth constituent 
may sometimes be justified, sea water, for example, often 
fulfilling the condition to an adequate degree of accuracy. For 
this reason media 1 and 2 will be referred to as land and sea 
respectively, but whilst consideration will be given primarily to 
an investigation of the behaviour of the field near to a coastline, 
the solutions obtained are appropriate to any mixed-path problem 
in which the above assumptions may be supposed satisfied: 
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Fig. 1.—The model of the idealized problem. 


Furthermore, under most practical conditions the radiation{i 
penetrates negligibly into the ground, so that the results provided it 
by the model of Fig. 1 are not likely to be significantly different)” 
from those produced by a more realistic model in which medium 2); 
has a finite depth. Indeed Hdller!! has attempted to assess the | » 
effect of the boundary condition at the land—-sea interface and B 
has concluded that it may be neglected. rt 

For the purposes of the analysis a necessary feature of the!) | 
problem is the straightness of the coastline, but in any practical): 
application of the solution this restriction may be relaxed. The! 


mitter and receiver. The ellipse has axes 1 ytd +1) and BI 
I/y/ yd ae 1), where d is the distance from the transmitter to 


(3) THE SOLUTION FOR AN INCIDENT PLANE WAVE 
The approximate method is here described and illustrated by) 
application to the case of a three-dimensional plane wave incident») 
upon the model (Section 3.2). An examination of the degree to! > 
which this solution satisfies the conditions of the problem then)’ 


enables us to assess the accuracy of the technique (Section 3.3). he 


(3.1) The Method 


An appreciation of the method can best be obtained from a! 
study of the solution for the diffraction of a plane wave by a) 
perfectly conducting helt Dis in free space. 


the sheet is coincident with the z-axis neh will Wiss represent thet 
coastline. Polar co-ordinates (r, 0) are also introduced and are) 
such that x = rcos 6, y= rsin 0. | 

If the incident field (denoted by superscript i) is a two-) 
dimensional H-polarized wave (i.e. one whose only component 
of magnetic vector is parallel to the z-axis) and if* 


Ht = e/yrcos(0—«) | 


where « is the angle of incidence, then 


EsTl4 
fel ges Ais cos (0—@)F[ —4/(2yr) cos 4(8 — «)] | 
+ efvreos (0+ a)F[ —4/(2yr) cos (8 + «$s 


(see, for example, Clemmow!3), and the other non-zero field i 
components are given by 


jZ dH, 
Veto ane 


Beat 
y ox i 


EL. = — 


x 


* Rationalized M.K.S. units are used and a time factor ¢/¥! is suppressed throughout. ; 


' the condition is that for a perfect conductor. 
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where Z = 1/Y is the intrinsic impedance of free space. In the 
above equation F(a) denotes the Fresnel integral defined by 


fo 0) 
F@ = | esas 
a 
On the surface 0 = 7 (the half-plane complementary to the 

sheet), a consequence of the symmetry of the scattered field is 
that its vertical electric and tangential magnetic components 
vanish. The remaining component is 
est 


[4 
we é Syrcos4F[4/(2yr) sin 4c] 


and if +/(2yr) sin 4« is sufficiently large to justify replacing the 
Fresnel integral by its asymptotic expansion, 


Deer 3 


E ri esr —Irl4 
c es a/(2yr) sin $0 


which tends to zero with increasing distance from the, diffracting 
edge. The ‘backwash’ is therefore small, and with the exception 
of a strip adjacent to the edge, the field on the surface 0 = 7 
is sensibly unaffected by the presence of the perfectly conducting 
sheet. Moreover, the width of the strip within which the influence 
of the sheet cannot be ignored is a function of the angle « at 
which the field is incident and is least when « = 77. 

Similar conclusions hold when the incident field is E-polarized. 

We now turn our attention to the model and assume a two- 
dimensional plane wave incident upon it from the land at an 
angle « not differing greatly from 7. It is convenient to regard 
this as a boundary-value problem, the object being the determina- 
tion of the field in the region above the earth’s surface. At the 
air-land interface the boundary condition to be satisfied is that 
corresponding to a land of infinite extent; at the air—sea interface 
If the land alone 
were present, the field above it would consist of the original 
incident wave, together with a reflected wave multiplied by the 
Fresnel reflection coefficient p appropriate to the angle at which 
the field is incident upon the earth, so that the effect of the land 
may be accounted for by the introduction of a suitable image field. 
Also, the field scattered by a perfectly conducting sheet in free 
space is relatively small at points on the surface complementary 
to the sheet, the field there being essentially that which is incident. 
These results suggest the following procedure for treating the 
model: 

(a) The boundary condition at the air-land interface is satisfied 
(approximately) by introducing the image field appropriate to a 
land of infinite extent: the presence of the land may then be ignored. 

(b) The effect of the perfectly conducting sheet upon the (two) 
plane waves is determined: the solution of this diffraction problem 
is easily found. 

The method may be represented symbolically as follows. 
Let F(a) be a typical vector in the incident field and F’(«) the 
corresponding vector in the field scattered by the perfectly 
conducting sheet when situated in free space. As a result of the 
operation (a), the problem is reduced to that of finding the effect 
of the sheet upon the modified incident field 


Fi(a) + pFi(2a — a) 
and the total field is therefore 
Fi(a) + F%(x) + p[FiQza — «) + Fz — a)] (2) 


It will be seen that the method is a union of ray theory and 
rigorous diffraction theory. The use of ray theory is, of course, 
only valid under certain circumstances; in particular, it requires 
that the field be incident from the direction of the land, so 
making possible the imaging process. 


(3.2) Application to a Three-Dimensional Plane Wave 


Although this can be regarded as merely an illustration of the 
above method, the solution is of theoretical importance in that 
any field may be expressed as an angular spectrum of three- 
dimensional plane waves. 

It is convenient to choose an incident field having no com- 
ponent of the magnetic vector perpendicular to the earth. The 
field is then directly analogous to that for a vertical electric dipole 
(from which it may be obtained by allowing the dipole to recede 
to infinity), and, moreover, the imaging requires the introduction 
of only one Fresnel reflection coefficient. Such a plane wave 
may be described in terms of the function 


w = ely(cosacos B+y sin «cos B—zsin 8) 


where 77/2 — f is the angle between the projection of the wave 
normal on the earth’s surface and the coastline, and the corre- 
sponding field components are given by eqn. (29). 

In the solution of the problem by the method of Section 3.1 
the boundary condition at the air—land interface is satisfied by 
combining the incident field with that obtained by imaging in 
the land. Since the electric vector is entirely in the plane of 
incidence, the Fresnel reflection coefficient is given approxi- 
mately by 


_ sinx —7 

Pp sink +7 
where 7 is the reciprocal of the complex refractive index of the 
land (relative to free space) and X is the angle which the wave 


normal makes with its projection on the surface of the earth. 
In terms of the angles « and 8, 


sin X = cos f [sin? « + (1 + cos «)? sin? B]}'/? 


and since (7 — «) is small in all cases of interest, it is reasonable 
to neglect (1 + cos «)* sin? 8 by comparison with sin* « to give 


__ sinacos B — 


sin « cos B + 7 @) 


The remaining problem is one of pure diffraction and may be 
treated as in Section 11, the resulting field being of the form 


(4) 


The components of E(«), H(«) are given by eqns. (30), and 
from these E(27 — a), H(2a — «) may be deduced by appro- 
priate change of «. 


(E, H) = [E@), H()] + p[EQz — «), H2z — «)] 


(3.3) The Fulfilment of the Boundary Conditions 


Although the solution obtained by this method is not exact, it 
does fulfil most of the conditions of the problem. Those at 
infinity and at the air-sea interface are automatically satisfied, 
as is the condition upon the order of singularity at the coastline 
itself. It is only left to consider the air—land interface, and for 
this purpose it is sufficient to take the case of an incident three- 
dimensional plane wave. 

The refractive index 1/7 of the land is (by assumption) large, 
and this justifies the application of the approximate boundary 
conditions 

B= — 92s, E-= 72H; 
on the surface 9 = 7. The postulated solution fails to satisfy 
these completely, and if the amounts by which it does so are 
written 


t= iE, + ZH, J=E, — ZH, 


46 
then, by inserting the expressions for the field components, 
cos 4a sin 8 cos? B e—Fvcos B +z sin B) 

n +sin«cosB /(2ryr cos B) 
cos $ « sin? B cos B e—fr cos B+z:in 8) 

n +sinacosB /(zyr cos B) 


The Fresnel integral has here been replaced by the first term of 
its asymptotic expansion. A study of the integral using tabulated 
values (e.g. Rankin!*) shows that negligible error is incurred in 
this process if 


I~ 4ne-Frl4 


J = Ane srt 


4/(2yr cos f) sinta > 5 
and since sin 4a is effectively unity, this is equivalent to 
rcos B > 2A 


where J is the wavelength. 

With this restriction upon r and f, J and J are almost identical, 
both decreasing in magnitude with increasing distance from the 
coastline, whilst the fact that (7 — «) is small implies that / 
and J are of the second order of smallness by virtue of their 
dependence on «. The postulated solution can therefore be 
regarded as satisfying the boundary conditions over that part of 
the air-land interface for which rcosB > 2A. The excluded 
region is a strip of width 2A sec 8 and here the conditions are 
violated to an increasing extent as r decreases. 

It will be observed that the obliquity 6 has relatively little 
effect upon these conclusions; in particular, it affects the width 
of the region wherein the boundary conditions are unfulfilled 
only through a factor sec B. The case B = 0, however, requires 
special consideration. J is then identically zero, so that the first 
condition is satisfied exactly. But this is not true of the second; 
although J vanishes to the order r~'!/?, it has a non-zero term of 
the order r—3/* (as may be seen by including the second term in 
the asymptotic expansion of the Fresnel integral), and this serves 
to emphasize the necessity of using both boundary conditions at 
the air—land interface when assessing the accuracy of the solution. 


(4) THE SOLUTION FOR A LINE SOURCE 


A natural extension of the above method is to the case of a 
transmitter at a finite distance from the coastline. The problem 
is here considered in its two-dimensional form, the transmitter 
being a line source which, in free space, would propagate the 
cylindrical wave 

‘3 Ress 


Hi GQ) HP® ~ Tom 


where H?(yR) is the zero-order Hankel function of the second 
kind and R is the distance from the source. The co-ordinates 
of the source are taken to be (ro, @), with @ not very different 
from 7. 


(4.1) The Analysis 


By introducing the appropriate phase factor, Sommerfeld’s 
integral representation of the Hankel function becomes 


H2(yR) = : exp [—jyro cos (09 — «)] exp [yr cos (0 — «)|da 


S(r/2) 
where S(7/2) is the steepest descent path through the angle 7/2 
(see Fig. 2). This enables the incident field to be expressed as an 
angular spectrum of plane waves whose propagation has already 
been studied. If the solution for the two-dimensional plane 
wave fegn. (1)] is multiplied by 


1/+/(27) exp ( — jz/4) exp [—jyro cos (8) — «)] 
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Fig. 2,—The steepest descent path through the angle 0. 


and integrated with respect to «, the total field produced by the 1 
line source in the presence of the model can be broken up into jf 


geometrical optics and diffraction terms and is 


H, = H8 + H? S) ® 
where 
pee ee bi [ {exp [ivr cos (0 — «)] 
cveDee 'S(r/2) 
+ (1, x), exp Liyr cos (8 + a] exp [—jyrg cos (Ay — «)|da } 
(6) )) 
and 
exp (j7r/4 , ‘ 


cos 4(a + 9) cos 4(¢ + 8) ) 
cos (« + 89) + cos (¢ + 6) 


The symbol (1, )g, in eqn. (6) is defined by 


1 for0< 0< a2 —58 
(1, ws = o 
p(sin«) for7—d<0<a7 


the suffix referring to the division in the range of @. 


exp [—jy(r9 cos « + rcos ¢)|dadd bs: 
(1) ) 


In view of the approximate nature of the constituent plane- i 
wave solution, it would be superfluous to seek an exact evaluation > 


of these integrals, although this would be possible using the | 
formula for p(sin «) [eqn. (3) with 8 = 0]. An alternative treat- | 


ment of sufficient accuracy follows from a consideration of 


i p(sin a) exp [— jyrg cos (89 — «)] exp [jyr cos (0 + «)]da 
eS(r/2) 


which may be written as 


[ p(sin «) exp [jyS cos (« + w)]dx 

S(r/2) 

where S cos = 

distance from the image transmitter. 
p(sin a) are poles at those values of « for which sin « = — n= 


x —X9 and Ssin fb = y + Yo, S being the | 
The only singularities of | 


i 
— sin &g (a, is the Brewster angle of the earth medium), and > 
since all of these lie outside the strip 0 << R,« < 7, the path © 


of integration can be displaced to S(a — ip). It i is now possible 
to put « = m — ¢ in that part of the integrand which is slowly 


i 
A 
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varying in the vicinity of the saddle point, and this is true of 
p(sin «), provided that | + «,| and |7 —% + a | are not 
small. For a transmitter over land only the former requirement 
affects us, and if this is satisfied 


| (sin «) exp [jyS cos (« + y)]dx = mp(sin p)H2(yS) 

9S(r!2) 

exp (—jyS) 
V/(yS) 


The diffraction field H? may be treated in a similar manner by 
removing the factor [1 — p(sin « + 6 )] from the integral at the 
predominant value «=0. The remaining integral can be 
reduced!> to a sum of Fresnel integrals, leading to an expression 
for the total field in the form 


~ \/ (27) exp (j77/4)p(sin w) 


A, = E + (1, Po, exp [—7(S — R)] 


__ ©xp G74), 
NE Pts 


+ exp [—/y (S—R)] F[y(R, — 91} | 


— plsin O)]KF[y(R, — RY}? 


exp (— jyR) 
V(yR) 


where S has been replaced by R in those factors which are 
relatively unaffected by small changes in y and yo, and Ry =r +o. 
The upper or lower sign is chosen according as 0 < 7 — @ or 
@ > a — Op respectively, and across the shadow edge 8 = 7 — Oy 
the field is continuous. 


(8) 


(4.2) The Nature of the Approximations 


The basis of the method is the integration of the solution for a 
plane wave with respect to its angle of incidence «. Although 


. this solution holds good only if « does not differ greatly from 7, 


the integration is carried over all angles of incidence (real and 
complex), and the process therefore requires careful examination 
in order to establish its validity. 

Taking first the expression for H% [eqn. (6)], the main con- 
tribution to the integral is provided by those values of « in the 
immediate vicinity of the saddle point « = 7 — w, the effect of 
plane waves incident at other angles being negligible by com- 
parison. The saddle point lies within the range of a for which 
the plane-wave solution is valid if % is small, and this is satisfied 
ify + y < R. With this limitation upon the allowed positions 


of transmitter and receiver, the integration is justified. A similar 


result applies to the expression for H¢ [eqn. (7)]; here the saddle 
point is « = 0) and lies within the required range of a if the 
angle oi elevation of the transmitter is small. 

In the evaluation of Hf and H% it was assumed that the 
Fresnel reflection coefficient could be regarded as a polar 
diagram—a procedure which is equivalent to a partial use of 
ray theory and is valid if |b + « | is not too small. It is difficult 
to frame a precise statement of this condition, but a rough 
criterion may be deduced from homogeneous earth analysis and 
is y(y + Yo)|sin w,| > 1. 

The restrictions implied by the method can therefore be 
summarized as 


Ny = 0". (9a) 
yR, yS, yr, yro> 1 (9d) 
R>y+yYo '0>Yo - (9c) 
Wy + Yo)|sin xg| > 1 - (9d) 


and would be fulfilled under a fairly wide variety of practical 
conditions. For the success of the method, however, it 1s 


necessary that the transmitter be over land and at a large distance 
from the coastline. The corresponding problem of a transmitter 
over the sea cannot be treated in itself, but the solution may be 
deduced from the above by the reciprocity condition concerning 
the interchangeability of transmitter and receiver. 


(4.3) The Receiver at Ground Level 


Although the solution is not directly applicable to a study of 
the ground-to-ground field, it is possible to take either the trans- 
mitter or the receiver on the earth’s surface providing the other 
is elevated in accordance with the inequality (9d). The fact 
that S equals R then simplifies eqn. (8) considerably. 

A further reduction can be achieved in the particular case of 


a ground receiver which is not far from the coast. Since 
R? = R? — 2rro(1 + cos 4) 
it follows that, for small values of 7 — 4p, 
n—wl= wy (o%) 
vV[y¢ 1 )] Yo 2Rro 
which is itself small if R is not very different from rp. The Fresnel 


integral can thus be replaced by its series expansion 
F(a) = +\/(m)e74 — a + 0(a3) 
2yofR_ _eFYR 
volR + SYR) 
2yolro 


- eit l4 2yRr 
a tes ale ) Sen - ayy 


for a receiver on the surface of the land or sea respectively. 

It is of interest to compare this result with Clemmow’s exact 
solution.!° His treatment leads naturally to an expression for 
the ground-to-ground field from which the field for a transmitter 
at a height yp may be deduced using the concept of height-gain 
(see Section 7.3). With the transmitter over land the relevant 
height-gain factor is (1 + jnyyo), and if it is assumed that 
lnyv¥o| s 1, the field differs from that of eqns. (10) and (11) 
merely in having 7 in place of yo/R + 7 and yo/r9 + y. This 
is a valid approximation if R ~ ro and yo <7ro, and, indeed, 
both these restrictions were imposed in the derivation of eqns. 
(10) and (11). 

It should be noted that a comparison has been effected only 
between simplified versions of the formulae produced by the two 
methods. Whilst this does not provide full confirmation of the 
present technique, the general agreement between the formulae, 
and also between the conditions under which they are valid, is 
encouraging. The sole distinction relates to the conditions upon 
R and ro, the reduction of the exact expression for H, requiring 
that the numerical distances 


Inv (yR/2)|, [nV Cyrol2)|,_ |nyvol 


rather than the distances themselves, be large compared with unity. 


(10) 


to give H,= 


or 


(4.4) A Simplified Approach 


The solution for a line source has been obtained by integra- 
tion of that for a plane wave, and the complications of analysis 
are largely due to the presence of the Fresnel refiection coefficient 
in the integrand. To the desired accuracy, however, the factor 
p(sin o) may be removed from the integrand at the predominant 
value of «—a procedure equivalent to regarding the effect of the 
land as being catered for by the introduction of an image trans- 
mitter of suitable strength. A more elementary approach to the 
problem now suggests itself. 
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If eqn. (8) is examined, it is seen that the expression for the 
total field divides naturally into two parts. The first of these is 
merely the free-space field of the transmitter diffracted at the 
coastline, whilst the second is a close approximation to the field, 
similarly diffracted, of an image transmitter of strength p(sin Oo). 
There is a discrepancy in the geometrical optics terms, a factor 
p(sin 89) having replaced p(sin ys), but the difference is zero on 
the shadow edge and negligible for small elevations of transmitter 
and receiver; indeed, the conditions (9c) demand a restriction 
to such elevations. It follows that, in the analysis of the field 
into plane waves, each of these may be taken to have the same 
Fresnel reflection coefficient. The solution is then analogous to 
that for the limiting case of a plane wave and is given by eqn. (4) 
with 6 instead of «. 

The interpretation of the solution in this light leads to a con- 
siderable simplification in the treatment of propagation from a 
transmitter at a finite distance from the coastline. For any type 
of transmitter all that is needed is the solution of the corre- 
sponding Sommerfeld problem, and this technique will now be 
applied to the case of a point source. 


(5) THE SOLUTION FOR A POINT SOURCE 


A transmitter of some practical importance is that represented 
mathematically by an electric dipole with axis normal to the 
earth’s surface. The free-space field is then vertically polarized 
and is given by 


YI el 4. vil a. Ul 
aN Mae Ben (Bad H=jyy(— 5, 0, <) 
- Ga Dy? {ple JY ( oz Dx 


(12) 


where II = e~JvR/yR, R being the distance from the dipole, the 
co-ordinates of which are (x9, Yo, Zo); a polar diagram factor 
may be included if desired, but for convenience this will be 
omitted. As in Section 4, it is again assumed that the transmitter 
is over land and that its angle of elevation is small. 

In order to apply the method of Section 4.4 the solution is 
required for the problem of the field [eqn. (12)] incident upon a 
perfectly conducting half-plane in free space. This has been 
obtained by Senior,!® and if attention is confined merely to 
dominant terms 


einl4 ; é 
Ey = S[F(-tg) + eMS-RE(—1 IES. (13) 
ie: YI'o 1 
where TR ~l(z ze z) cos $(8 — 4) 


— YyIro a4 
ts = 2/( ; j cos $(8 + 6) 
with / 


Ry =r+ro and S = [(x — xo)? + (vy + yo)? + & — 29)"]!7 


An approximate solution of the propagation problem now 
follows by adding to eqn. (13) the corresponding field of an 
image source of strength 


__ sin 8) cos ¥ — 7 
sin J) cos ‘¥ + 7 


where tan Y = (z — 29)/R;, p being the Fresnel reflection 
coefficient of the land. The expression for this auxiliary field 
may be deduced from eqn. (13) by changing 0) into 27 — 0, 
(a transformation which also implies R<>S, together with a 
change in sign of yo), and the total field is therefore 


: eltl4 
E, = f sere sY Oak) = veal — p) 


[F(rp) + esvs— »r(s)]} Ey . (14) 


If the incident field had been expressed as an angular spectrum iy 
of plane waves, as in Section 4.1, a solution would have been j» 
found which differs from eqn. (14) only in the second term on the |) 
right-hand side, and under most practical circumstances this 
discrepancy is negligible (cf. Section 4.4). In view of this }{ 
agreement it is possible to state the restrictions upon the validity | 
of eqn. (14) by reference to the analysis involved in the derivation |) 
using an angular spectrum. The conditions turn out to be } 
almost identical with those of Section 4.2, and, in fact, a study 
of the approximations shows that it is only necessary to add to |! 
the inequalities (9) the requirement that the obliquity Y be not jy 
too great (say, ’ < 7/3), a limitation which is implicit in the 7 | 
fundamental solution for a plane wave. = | 

An additional feature of eqn. (14) may be seen by casting it |y 
into a slightly different form. From the definition of 7p it |) 
follows that 


ci WA Lem a Bis (z —z,)? 


Y 
R, +R 0 


and if the obliquity ¥ is not too large, 
Tr x VIV(R; — B)] 


where Ri = r’ + ro, the primes denoting distances relative to an § 
origin of co-ordinates at the point where the direct ray from # 
transmitter to receiver crosses the coast and measured radially 
from the transmitter. Similarly 


tTgz tvV[yp(R, —S] + for?@Sar—O 


and a reasonable approximation to the expression for E, ts 
therefore 


3 eit /4 
1B = {! + g Jr(S—R) = ast aa p) 


[FIYR, — RY? + eS PFE (+ [YR — soy} ay k 

(15) 

This should be compared with the solution for a line source > 
[eqn. (8)]. Since 


F@) + Fea) = /(meirl4 


the factor by which the free-space field must be multiplied to 
give the total field is of the same form for both types of trans- # 
mitter, the factor for a point source being obtainable from that § 
for a line source by replacing each two-dimensional distance by #J 
the corresponding three-dimensional one; whilst this was known | 
to be true for a homogeneous earth (Booker and Clemmow!’), | 
its validity in the case of an inhomogeneous earth was formerly | 
a matter of conjecture. In particular, the result justifies (to this |i 
order of approximation) the application to each radial separately |: 
of the formulae appropriate to normal incidence on the coastline A 
and so serves to provide a theoretical basis for the use of » 
Clemmow’s solution for a line source in a study of propagation © 
at oblique incidence. The analytical difficulties associated with © 
the problem of three-dimensional propagation can therefore © 
be avoided. 
As regards the present work, the above correspondence is of } 
value in that it enables us to take over immediately the simplified | 
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modes of solution given in Section 4.3. Thus, for a receiver on 
the surface of the land, 


Ey= (1 + p)Ey (16) 


whilst for a receiver on the surface of the sea, 


eit 


t/4 
es af Wan {VIRi — )} es - (17) 


_ and this last equation may be simplified still further to read 


2y¥o/ro | ett /4 2yRr’ ; 
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[see eqn. (11)], providing the receiver is not too far from the 
coast. 

As already mentioned, the problem of a vertical electric dipole 
_ is one which has been discussed by Feinberg,’ and eqn (18) may 
. be compared with his solution. For the case in which the trans- 
{ mitter is at a large numerical distance from the coastline, 
_ Feinberg’s expression* for the ground-to-ground field over the 
| sea is in complete agreement with eqn. (18) when the height-gain 
factor for an elevated transmitter is approximated as in 
Section 4.3. 


(18) 


(6) A TRANSMITTER OVER THE SEA 


The method described in Section 3 does not permit a full 
discussion of the propagation problem in terms of the given 
| model. A vital feature of the method is the imaging process, 
' which requires that the transmitter be situated far over the land, 
whereas the various cases which can exist are 


(a) The transmitter far over Jand; the receiver anywhere over sea. 
(6) The receiver far over land; the transmitter anywhere over sea. 
(c) The transmitter far over sea; the receiver anywhere over land. 
(d) The receiver far over sea; the transmitter anywhere over land. 


_ These four cases cover all possible positions of transmitter 
and receiver (of large distance apart and on opposite sides of the 
( discontinuity). Of these only (a) has been treated explicitly, 
; although (6) may be regarded as solved since its solution can be 
( deduced from that of (a) by the reciprocity condition. Similarly, 
| the solution for (d) can be deduced from that of (c), and attention 
will therefore be confined to this last case. 
If (a) and (c) are compared, it is seen that they correspond to 
( One another with land and sea interchanged, and this suggests 
| the introduction of a model, complementary to that of Section 2, 
i in which an imperfectly conducting sheet (representing the land) 
| lies in the air-sea interface. Such a model gives an alternative, 
| but equally valid, picture of the idealized coastal region and 
‘ enables case (c) to be studied using a technique analogous to the 
« above in which the presence of the sea (of reflection coefficient 
unity) is accounted for by the insertion of an identical image field. 
The basic diffraction problem now involves a metallic sheet, 
and only for an incident plane wave is the solution known.'® 
Other types of incident field can be expressed in terms of plane 
waves, and whilst the main interest lies in the solution for a point 
source, it is sufficient to consider the two-dimensional problem 
ef a line source in view of the correspondence referred to in 
! Section 5. 
The analysis is similar to that in Section 4 and the details will 
| be omitted. If all slowly varying factors are removed from the 
* Actually Feinberg treats only the problem of a transmitter on the surface of the 


5 & 4, and the solution for a transmitter on the land must be deduced using the reciprocity 
> eendition. 


integrands at their predominant values, the total field takes 
the form 


H, = 1 +s Dog HS-® + TT, 0) 


{F[y(R, — BR]? + eHS-PELY(R, — sy} 


(19) 


with the upper or lower sign according as @<m—Qp or 
@> 7m — 4, respectively. The factor I\(@,0)) contains the 
‘split’ functions!® appearing in the solution for diffraction by a 
metallic sheet, and some simplification may be achieved by 
assigning to I'(6, @) the value [1 — p(sin @)] which it assumes 
on the shadow edge 0 = 7 — @. Comparison with the expres- 
sion for H, obtained using the previous model [eqn. (8)] then 
shows a modification to the geometrical-optics term and a change 
in sign of the diffraction term. Moreover, the conditions upon 
the validity of eqns. (8) and (19) are similar, and though the 
straightforward treatment of I’ as a polar diagram demands a 
slightly greater transmitter elevation, it is clear from the analysis 
that a more refined evaluation of the integral would enable this 
restriction to be relaxed without materially affecting the answer. 
As in Section 4.3, a further reduction of the solution is pro- 
vided by the case of a receiver at ground level. If the receiver is 
on the surface of the sea, 
E JYR 
Ho = 2, . 
V(yR) 


a result which is consistent with the perfectly conducting nature 
of the sea. If the receiver is on the surface of the land, the 
approximation to I'(@, @5) is only possible at points very near 
to the coast, and here the analysis of Section 4.3 can be employed 


to give 
gJT/4 2yrro | fom e 
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Since the height-gain factor for the transmitter is unity, 
eqn. (21) also represents the ground-to-ground field, and as 
such may be compared with that obtained by Clemmow.!° 
Under the conditions 


lnvV/(yr12)| <1 < |nV(yR/2)| 


Clemmow’s result reduces to a form differing from eqn. (21) 
merely in having ro/R replaced by unity, a justifiable approxima- 
tion if r is small. This provides satisfactory confirmation of the 
present solution for points near to the coast, and since the case 
when r is not small is effectively included in case (b), it can be 
claimed that the analysis of the propagation problem is now 
complete. 


(20) 


(21) 


(7) THE NATURE OF THE FIELD 


The behaviour of the field in a region which includes the coast- 
line can best be studied with the aid of a few numerical examples. 
For this purpose the transmitter is taken to be a point source 
over the land and at a distance of 300 wavelengths from the 
boundary, whilst the land itself is assumed to be a pure dielectric 
with sin x, = 1/3. 


(7.1) Field-Strength Recovery Effect 


The existence of the field-strength recovery effect was first 
predicted by Millington?» !9 on the basis of his technique for 
treating ground-wave propagation over a land-sea boundary, and 
striking confirmation over a wide range of frequencies was 
provided by a series of experiments conducted shortly after- 
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wards.!9:29.21,22, In fact, the recovery always accompanies 


propagation from a medium of low to a medium of high complex 
refractive index (there is a corresponding decrease of field strength 
in the reverse direction) and owes its existence to a vertical 
redistribution of energy near the coastline; such a redistribution 
is inevitable in view of the different variations with height of the 
field on opposite sides of the boundary. 

The recovery is illustrated in Fig. 3, in which the field strength 
is plotted for an elevated transmitter and a ground-level receiver. 
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Fig. 3.—The field strength at a ground-level receiver. 


(a) Transmitter height = 4A. 
(b) Transmitter height = 3A. 
(c) Transmitter at ground level. 


The upper two curves have been calculated using eqns. (16) 
and (17) and are for transmitter heights of 4A and 3A, these heights 
having been chosen in order to satisfy the inequalities (9). It is 
seen that the curves are parallel to one another except for a 
distance of a few wavelengths on the far side of the coast, and 
this gives confidence in the application of a height-gain factor for 
the determination of the ground-to-ground field. Accordingly, 
the third curve is for a ground-level transmitter, deduced from 
that for yo = 3A using the theoretical height-gain factor 
(1 + j27)~!; the agreement with the field strength obtained 
from Clemmow’s exact solution!® is so close as to make graphical 
comparison impossible. 

At points for which d< 300A the curves are merely those 
appropriate to a land of infinite extent, which implies that (to 
the present approximation) the field is undisturbed before the 
boundary is reached. Whilst this is also a feature of most other 
theoretical solutions, it is of interest to note a claim by Worlledge?3 
to have obtained experimental results suggesting the reflection of 
radio waves from the landward side of a neighbouring coastline. 
Since no description of the coast is given, the effect may have 
been due to change of relief, and, indeed, Monteath?* has shown 
that the apparent reflection coefficient of a discontinuity in 
dielectric constant is so small (e.g. |p| = 0-007 for 7;/, = 0-2) 
as to be negligible. 

Just beyond the coastline the solutions reveal a marked 
increase of field strength, the initial rate of recovery being 
extremely rapid. Thus for a transmitter and receiver at ground 
level, the intensity at r’ = A is 3-4dB above its value at the 
boundary, rising to a local maximum of 13-7dB at r’ = 130A. 
Sufficiently far over the sea the attenuation is characteristic of 
the sea itself, confirming the obvious supposition of Eckersley?5 
and Millington. This can be seen from Fig. 3 and also from 
eqn. (18): when r’/R ~ 1, 


im]4 2 aa Nls 
E, = yea] (*)* 
4/7 to? VR 
and the field is equivalent to that of a transmitter in the presence 


of an infinite perfectly conducting sheet. The power and phase 
are modified in accordance with eqn. (22). 


(22) 


=65 


FIELD STRENGTH, dB 


=2)5) 


O 200 600 


400 
DISTANCE, A 


Fig. 4.—The field strength at an elevated receiver for transmitter 
height 2A. * 


(a) y= 22, 6) y=A~, Oy =0. 


Corresponding curves for the receiver heights, y = 2A, ye 
and y = 0, are given in Fig. 4. The transmitter height is now 2A 
and it will be observed that there is again no disturbance of thi 
field before the coastline. As soon as the boundary is crossed 
the curves for an elevated receiver change their character in sucl|- ; 
a way as to join up with that for a receiver at ground level, thy § 
‘transition distance’ depending on the value of y. Since thi © 
theoretical height-gain factor for the sea is unity for all receiveis 
heights, these results once more confirm the application of 
height-gain everywhere except within the immediate vicinity 0 
the coast. 


: 


“Al 


(7.2) The Change in Phase 


The recovery in field strength is accompanied by a notably 
change of phase, as shown in Fig. 5. The phase, relative to tha’ 
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Fig. 5.—The phase relative to that in free space. 


The receiver is at ground level. 


(a) Transmitter height = 4A (present theory). 
(6) Transmitter at ground level (Clemmow’s theory). 


of a transmitter in free space, is here plotted against distance, thé © 
lower curve, (5), having been calculated using Clemmow’! 
solution for the ground-to-ground field. Except at points clos«” 
to the transmitter, the phase over the land is roughly constan) 
and is asymptotic to —7z/2 with increasing distance from thé 
transmitter. The phase velocity is therefore negligibly less thar) 
that of free-space propagation. The crossing of the boundary ish 


followed by a rapid increase of phase, leading to a velocity) 
a 


of coastal refraction. Outside this region the curve flattens out) 
and its asymptotic value, —7/4, lies half-way between those 


one. 


| 


Curve (a) of Fig. 5 has been obtained using the present theory, 
_and is for an elevated transmitter (yp = 4) and a ground-level 
‘receiver. Over the land the phase relative to that of a transmitter 
_ in free space is exactly zero, although it should be borne in mind 
i that the solution is valid only for the radiation field of the 
‘transmitter. The curve thus differs by almost —z/2 from (6) 
and this is effectively the phase of the theoretical height-gain 
factor (1 + j87/3)~' which must be applied to the transmitter 
in order to determine the ground-to-ground field. At points 
| just beyond the coast the change of phase is identical in both 
'curves, whilst far out over the sea the phase is asymptotic to 
| 41° 42’, exceeding that of Clemmow’s solution by 86° 42’. 

_ For other transmitter and receiver heights which are in 
accordance with the inequality (9d), the phase curves derived from 
“eqn. (15) differ negligibly from (a). Thus, for yp = 3A, y = 0, 
_ the curve is identical with the above over land and within 1° of 
i it over the sea; and change of receiver height has similarly little 
effect. Phase plots additional to (a) are therefore unnecessary. 


(7.3) Height-Gain Considerations 


From the analysis for propagation over a homogeneous earth 
| (e.g. Reference 26), it is possible to derive an expression for the 
‘ratio of the field at a height / to that on the surface of the earth. 
Such an expression is known as a height-gain factor and has been 
shown by Eckersley and Millington?7>28 to be of the same form, 
» namely (1 + jyh sin xg), on both flat- and curved-earth theories. 
__ Although normally used only in regard to field strength, height- 
gain factors are also applicable to phase. It follows that the field 
for an elevated transmitter and receiver may be written as 


(23) 


j , 

_ where Ey is the ground-to-ground field, and whilst it is not easy 
to judge precisely up to what heights this is valid, a criterion 
) which has been suggested is 

y7(y2 + y*) < yd 


' 


| E, = (1 + jyyo sin «,)(1 + jyy sin xp) EY 


(24) 


It is natural to suppose that under certain conditions these 
| factors may be used in the mixed-path problem where, in the 
/ examples taken, sin x, = 1/3 for the land and zero for the sea. 
| Their application to phase may be studied by reference to Fig. 5. 
| The theoretical factor required to reduce the transmitter height 
‘of curve (a) to zero [curve (b)] is here (1 + /877/3)—!, the phase 

of which is 83° 11’, but this does not completely align the two 

curves, particularly over land. If the inequality (24) is operative, 
_ however (and this is a reasonable assumption when the trans- 
mitter and receiver are over the same medium), the values 
/ Yo = 4A, y = O restrict the application of a height-gain factor to 
those positions of the receiver for which d> 275A (say), and 
here (a) may be brought into coincidence with (6) using a factor 
_whose argument is —7/2. Moreover, all phase curves deduced 
_ from eqn. (15) are essentially the same as (a) for transmitter heights 
satisfying the conditions (9), and the argument must therefore be 
‘independent of yo. This is obtained if (1 + jyyo sin xg) is 
_ replaced by jyyo sin wg, an approximation consistent with (9d), 
and if the height-gain factor for the transmitter is taken to be of 
this form, the phase curve for the ground-to-ground field differs 
by at most 3° from that of Clemmow. 

Consider now the application of the height-gain factor to the 
receiver. It was noted in Section 7.2 that the phase is sub- 
stantially unaffected by change of receiver height, so that a height- 
sain factor which is purely real is required to align the phase 
curve for (say) y = 2A with that for y= 0. Whilst this corre- 
“Monds to the theoretical factor for positions of the receiver over 
{ “e sea, it certainly does not when the receiver lies over the land. 
| ‘f the appropriate factor is applied according to the position of 
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the receiver, it is found that the discontinuity in the argument of 
the factor leads to a discontinuity in the resulting phase curve, 
and under these circumstances it is clear that height-gain con- 
siderations are inapplicable. 

The reason for this distinction between the transmitter and the 
receiver is easily seen. In the examples given, the receiver is 
allowed to cross the coastline, whereas the transmitter remains 
constantly over the same medium, and if the use of a height-gain 
factor is confined to points which are far from the boundary, 
sensible results are obtained even for the receiver. 

In connection with field strength the application of height-gain 
to the transmitter is straightforward, a comparison of curves (a) 
and (4) of Fig. 3 being sufficient to verify this; application to the 
receiver, however, calls for more careful attention. In Fig. 6 
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Fig. 6.—The modulus, G, of the calculated height-gain factor required 
to reduce the receiver height from y to zero. 


The transmitter height has a constant value of 4). 
@ y=4; ©) y= 2A; ) vy =0. 
Dotted lines represent moduli of corresponding theoretical height-gain factors for 
homogeneous earths composed of each medium separately. 


the ratio, G, of the field strength at a height y to that on the 
surface of the earth is plotted against distance, the transmitter 
height being kept constant at 4A. The curves have been obtained 
from eqn. (15), and, in effect, they represent the moduli of the 
required height-gain factors, as opposed to the theoretical factors 
whose moduli are also shown. 

For y = A the calculated factor is in close agreement with the 
theoretical one, the only important difference being over the 
first 25 wavelengths of the sea path. Similarly for y = 2A, but 
in this case there is a tendency for the theoretical factor to fail at 
distances from the transmitter of less than 150 wavelengths. 
When y = 4A this failure becomes more pronounced, and over 
the entire land path the theoretical factor departs noticeably 
from the calculated one, the discrepancy varying from 2 at 
d= 100Ato4 atd = 300A. Over the sea, however, the theoretical 
factor is, in the main, sufficient except for the first 80 wavelengths 
of the sea path. 

In the cases quoted the failure of the theoretical factor over the 
land may be attributed to the violation of condition (24). This 
is particularly so for y = 4A, when the transmitter and receiver 
heights exceed those for which height-gain is valid, and if such 
values of yg and y are excluded, the theoretical height-gain factor 
is applicable to field strength everywhere except within a strip 
bordering on the coast. 


(8) CONCLUDING REMARKS 


The attention which has been directed at the mixed-path 
problem in recent years has led to the rigorous derivation of 
solutions in substantial agreement with one another. The 
complications of analysis, however, are in direct contrast to the 
relatively simple forms to which the solutions reduce in many 
cases of practical interest, and it was this fact which suggested 
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the possibility of a more elementary treatment. Since the main 
feature of the problem is the existence of a diffracting coastline, 
a method was developed which achieves simplicity by calling 
upon the known results for diffraction at a straight edge, thereby 
eliminating the more difficult analysis. The solutions obtained 
in this manner reveal all the important features of mixed-path 
propagation and, moreover, are in a form suitable for numerical 
application. 

Although the method has been described in terms of an 
idealized problem in which one medium is perfectly conducting, 
it is clear that this restriction can be removed by using the 
corresponding results for diffraction by a sheet of finite con- 
ductivity. The general problem is therefore susceptible to the 
new technique. 

The remaining assumptions are common to all previous treat- 
ments and are that the earth is smooth and flat with only a single 
discontinuity in dielectric constant. Whilst these conditions are 
essential for the success of the method, other discontinuities can 
be admitted providing their separation is large enough to allow 
the propagation to become characteristic of each individual 
medium; in this event the boundaries may be considered one 
by one. 
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(11) APPENDIX 


(11.1) The Diffraction of a Three-dimensional Plane Wave by i 
Half-Plane 


This is merely an extension of the classical Sommerfelc 
diffraction problem and its solution can be deduced therefrom ~ 
It is clear that any two-dimensional solution of the wave ’ 
equation gives rise to a quasi three-dimensional solution or — 
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replacing y by ycosB and multiplying by exp (—jyz sin B). 
If Vis such a three-dimensional solution, an electromagnetic field 
may be derived from it by taking V as the z component of an 


_ electric or magnetic Hertz vector whose x and y components are 


zero. This serves to produce two fundamental types of field: 
E-polarized in which H, = 0, 


‘sin BOV isi 
BO — € sin B 5 jsin B Og cos? BY ), 
Y ~ 0x View oy: 


Ho — E(- Oly PIY ) 
y dy’ Ux’ Y 

H-polarized in which E, = 0, 
UZ ee ON, 5 
‘ ( ose ). 


fsin Bb OV i Si OV 
H® = (—" a — snk sy cos? BV) . (26) 


(25) 


E® — 


Consider that solution of the wave equation corresponding in 


| the above manner to exp [jy(x cos « + ysina@)]. It is 


w = exp [jy(x cos « cos 8 + ysin «cos 8 — zsin B)] 


in terms of which 


EW = (—cosasinBcos 8, —sin asin BcosB, —cos”)w rs 
~d® = (Ysin «cos 8B, —Ycos «cos , 0)w He) 


E® — (Zsin «cos B, —Zcos acos B, 0)w 
H® = (cos asin B cos 8, sin « sin B.cos B, cos* B)w 


} . (28) 


When f = 0 these reduce respectively to E- and H-polarized 
fields in two dimensions. This suggests that the solutions of the 


‘diffraction problem for the incident fields [eqns. (27) and (28)] 


may be deduced from those in the case 8 = 0—a procedure which 
is certainly valid if the diffracting structure is two-dimensional. 
Thus, take the two-dimensional solution E,, replace y by 
ycos 8 and multiply by exp (—jyzsin 8). When substituted 
into eqn. (25) in place of V, this forms the solution of the diffrac- 
tion problem for the incident field [eqn. (27)]. And similarly 
for H-polarization. 
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Let us now specify the incident field to be one whose magnetic 
vector has no component normal to the sheet. If the fields of 
eqns. (27) and (28) are combined using constants p and gq, the 
latter must be chosen such that 


H, = pH? + qH? =0 


a condition which is satisfied by p = sin « sin B andg = Ycos «. 
The resulting field is then 


E = [sin « cos « cos? 8, — cos A(1 — sin? x cos? B), 


— sin « sin B cos? B]w . (29) 


H = [Ysin B cos B, 0, Ycos « cos? B]w 

If this is incident upon the half-plane, the total field may be 
found by inserting into the appropriate combination of eqns. (25) 
and (26) the solutions of the Sommerfeld problem for two- 
dimensional E- and #A-polarized fields, providing these are 
modified in the manner described above. When the differentia- 
tions are carried out 


E,, = sin « cos « cos? B(F, — F) 
+ [1 — (1 — cos «) cos? f] tan 40G 
— (1 — sin? « cos? 8)(F, + Fy) 
— [1 — (1 — cos «) cos? B]G 
E, = — sin «sin B cos B(F; — Fy) 
H, = Ysin BF, + FP.) + YsinBG 
H, = Ytan f tan} 0G 
= Ycos « cos B(F; + Fy) 


py 
I 


. (30) 


where 


G=cos tacos sé] (7>2F) exp[—j77/4 —jy(r cos B +-z sin B)] 
and 
F, = F,(®) = =, cos 8 exp (—jz7/4)w 

x F[— V(2yr cos B) cos $0 — a)] 


with F, = F,;(—«). These expressions represent the required 


field. 
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CHARACTERISTICS OF THE TRIGATRON SPARK-GAP 
By A. M. SLETTEN, Sivilingenior, M.N.LF., and T. J. LEWIS, M.Sc., Ph.D., Associate Member. 


(The paper was first received 27th January, and in revised form 26th May, 1956. It was published as an INSTITUTION MONOGRAPH in August, 1956.) 


SUMMARY 


The behaviour of a trigatron three-electrode spark-gap in air has 
been investigated and its characteristics obtained with particular 
reference to its use as a controlled high-voltage switch. It is found 
that the voltage range over which it may be triggered satisfactorily 
depends, not only on the polarities of the main gap and triggering 
voltages, but also on the energy of the discharge. The breakdown 
time-lag is also determined by these same voltage polarities and also 
by the time-constant of the trigger discharge circuit. 

From these characteristics and certain other relevant observations, a 
theory of the breakdown process in such a spark-gap is suggested, 
involving the propagation from the trigger of a low-density easily- 
ionized region. 

Finally, a brief investigation of the successful use of a trigatron in a 
diverter circuit capable of diverting the discharge energy in a spark-gap 
subjected to direct and impulse voltages of 300kV and in a circuit 
providing accurate ‘chopping’ of impulse voltage waves, is reported. 


(1) INTRODUCTION 


There is a frequent need for a high-voltage switch capable of 
rapid and controlled operation over a considerable voltage 
range. ‘This need arises, for instance, in the operation of impulse 
generators, in the production of ‘chopped’ impulse voltages and 
also in the diversion of the discharge energy when electrical 
breakdown occurs in equipment under test. In the latter case, 
the energy dissipated may frequently be destructive, preventing 
further tests on the particular test object. For instance, in 
experiments to determine the electric strength of an insulating 
oil, each breakdown causes a deterioration of the insulating 
properties and limits the number of measurements possible on 
a sample. 

Below about 10kV, the various switching operations outlined 
above can be performed by thyratrons. Using such devices, the 
discharge energy of a breakdown, for example, may be diverted 
from the test object in times of less than 1 microsec.! Impulse- 
generator control also presents no difficulties when thyratrons 
are used. Above this voltage, it is usually necessary to resort to 
a spark-gap in air as the switching device, and to provide a 
third electrode as the control or trigger. One such three- 
electrode spark-gap is the trigatron,* consisting of two hemi- 
spherical main electrodes, together with a trigger electrode of 
small diameter mounted centrally in a hole in one of the main 
electrodes, and insulated from it (see Fig. 1). A comparatively 
small voltage applied to the trigger electrode can cause the main 
gap to break down at voltages below the normal sparking voltage. 
The device is thus a controlled switch. The development of 
trigatrons for use as modulators in recurrent-pulse equipment, 
in which the requirements are those of high repetition rate and 
freedom from jitter, has been well described by Craggs, Haine 
and Meek,? and also by Wilkinson,4 whilst Husbands and 
Higham? and Hardy and Broadbent!? have described circuits 
employing the trigatron to control impulse generators. 
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The authors sought to use the trigatron as an energy diverter | 
in circuits operating at voltages up to about 300kV, for which )y 
purpose it became necessary to know the operating range and the | 
inherent time lag of breakdown of trigatrons for which the a) 
normal untriggered static breakdown voltage was 100kV. 
Specific information on these matters, which is not provided in | ) 
the References mentioned, has been obtained, and also permits | 
a theory of breakdown in such a device to be attempted. }>) 


Although the scope of the present investigation is limited, so | | 


that the theory must be tentative, it may be of special interest )< 
since breakdown is caused in a spark-gap, which, initially at ) 
least, is considerably under-stressed. Under such conditions, 
the usual processes of ionization and avalanche formation are not jy 
occurring naturally before the beginning of breakdown as they } 
would be for the static breakdown of the corresponding two- 
electrode gap. 
Using the trigatron characteristics obtained, tests were made | 
on a complete diverter incorporating it, in circuits up to 300kV. 7 
The results indicate that an efficient diverter or ‘chopping’ device "v7 
can be constructed with the trigatron. 


(2) THE TRIGATRON 


The trigatron tested (see Fig. 1) consisted of two 15 cm-diameter jj 
aluminium hemispheres mounted horizontally with an adjustable © 
gap. A +4in-diameter steel rod formed the trigger electrode, | 
and this was insulated from the main electrode by a close-fitting (1 
glass tube. The trigger electrode and the glass tube could be @ 
adjusted to provide different settings, but, in all the tests to be ¢ 
described, the glass tube was set flush with the main electrode, }>r 
as in Fig. 1. Unless otherwise stated, the trigger electrode was \) 


GLASS SLEEVE 
EXT. DIA.35 IN 


TRIGGER ELECTRODE 
IN DIA STEEL 
ROD 


INSULATING 
SUPPORT 


15cm_ DIA. 
HEMISPHERICAL ELECTRODES 


Fig. 1.—Trigatron spark gap. 


also mounted flush with the main electrode, giving a trigger dis- |! 
charge gap of approximately 1-2mm. Unlike previous trigatron | 
designs, no outer conducting surface was applied to the glass |) 
tube; subsequent results showed that such a surface would not |» 
affect the breakdown significantly. 
The trigatron was mounted in air at atmospheric pressure, 
and no attempt was made to control the atmospheric conditions, 
so that some of the variations in the results to be described might © 
be due to this cause. However, more precise control did not. 
seem justified for the present investigation. 3 
The full diverter, tests on which are reported in Section 6, Fe 
consisted of three pairs of hemispherical electrodes connected in 
series and mounted one above the other (see Fig. 11). The lower 


' itself being earthed through a 1-megohm resistor R3. 
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pair was modified to form the trigatron as above. The three 
gaps are arranged to be in line, so that the upper pairs are 
irradiated from the trigatron discharge, producing a short statis- 
tical time lag. For direct-voltage operation each spark-gap had 
a 170-megohm resistor connected across it to ensure a uniform 
voltage distribution. Capacitors of 250 uF capacitance were 


connected across the resistors when operating with impulse 
voltages. 


(3) TEST EQUIPMENT 


The trigatron characteristics have been determined with direct 
voltage having a maximum value of 100kV across the main gap 
throughout. The circuit arrangements are shown in Fig. Dorin 


R, S Rp. TRIGATRON 
<— WW —— DS - 
Y 
TRIGGER & Cc’ HV. INPUT 
INPUT O-10kV 3 O-100kV 


“Sonitan = 
| am 


C.R.O. =a 
DELAY CABLE 


C.R.O. SWEEP 


Wig. 2.—Circuit arrangements for recording trigatron characteristics. 


which a high-voltage resistor and microammeter in series deter- 
mined the main gap voltage V. The trigger-gap discharge was 
initiated by a voltage impulse from a separate source consisting 
of a capacitor C charged through a high resistance R, from a d.c. 
supply having a maximum output of 10kV. The voltage v on C 
could be applied to the trigger electrode through the resistor R, 
by closing a remotely controlled switch S, the trigger electrode 
Since the 
drilled electrode of the trigatron was permanently earthed, it will 
be convenient to refer the voltages V and v to this common point. 
According to the polarities of these voltages there will be four 
possible test combinations. 

The trigger pulse was recorded on an oscilloscope by means of 
a low-voltage tapping on the resistor R3. The sudden collapse 
in the voltage V, which marks the breakdown of the main gap, 
was also recorded through the same delay circuit being fed 
through the small capacitor C’ from the high-voltage electrode. 
The collapse of voltage on C on closing the switch S was utilized 
to initiate the time sweep of the oscilloscope. A typical record 
showing the trigger pulse and the subsequent sudden potential 
«change corresponding to breakdown of the main gap is shown in 


A B 


ISG 


Fig. 3.—Typical time-lag oscillogram. 


"The interval AB marks the time lag between the trigger spark and the breakdown 
«of the main.gap. 


Gap length = 3-5cm. 


C = 0:°04uF. 
Ro = 0. 

V = — 65kV. 
» = — 10kV. 


Timing oscillation = 2 Mc/s. 


Fig. 3. The breakdown time-lag was measured as the interval 
AB between the two peaks ofv and V. Any error involved in this 
arbitrary choice will not materially alter the general deductions 
from these measurements. In the same way, some unwanted 
oscillations also present on the record might cause small errors. 


These oscillations arose in the recording circuits, but it was not 
deemed necessary to eliminate them completely. 


(4) EXPERIMENTAL RESULTS 


(4.1) Static Breakdown Voltage 


The static breakdown voltage V, of the trigatron gap, i.e. the 
breakdown voltage in the absence of a trigger pulse, proved to be 
the same as that for a normal 15cm-diameter sphere-gap when 
the trigger electrode was flush with the main electrode. No 
change in V, was detected when the trigger electrode was with- 
drawn behind the main electrode surface, but it dropped sharply 
when the trigger projected. There was also no change in V, 
when R; was varied, provided that its value was several thousand 
ohms or less. 


(4.2) Lower Triggering Limit 


The usefulness of the trigatron as a switching device depends on 
the voltage range over which it may be triggered efficiently, and 
therefore the lower limit of operation or triggering limit V; must 
be determined. When V was positive, V,; was well defined and 
the same for both polarities of v, but when V was negative the 
breakdown voltage in the neighbourhood of the triggering limit 
appeared to be subject to statistical fluctuations, as shown in 
Fig. 4. These results were obtained by observing the number of 
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Fig. 4.—Statistical distributions of breakdowns for negative main gap. 


Gap length = 7cm. 
C =0:04uF, 


breakdowns resulting from 100 trigger pulses at each main-gap 
voltage V. Such distributions, which appear to be normal, were 
observed over the whole range of gap settings up to 77cm. When 
V was negative, V; (taken to be the lowest value of V for which 
ten successive trigger pulses caused breakdown) was dependent 
on the polarity of v—being lower when v was positive. The 
above differences between V positive and V negative are similar 
to those reported by Hardy and Broadbent,!” and are not easy 
to explain although the time-lag measurements to be given 
later indicate possible reasons. 

Apart from these polarity effects, V; was greatly influenced by 
conditions in the trigger circuit. For instance, if C were fixed 
and v increased, V,; was decreased correspondingly, whilst if v 
were fixed and C increased, there was again a decrease in V;. 
These results, together with the fact that V was unaffected by 
variation of R, over a wide range, strongly suggested that V; 
was determined by the charge Q on the trigger capacitor C prior 
to operation. To confirm this, C and v were varied, but their 
product Q remained constant and V; was measured for positive 
main-gap polarity at a gap of 3-S5cm. The results given in 
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Table 1 


VALUES OF V; (IN KILOVOLTS) FOR VARIOUS TRIGGER 
CAPACITANCES C AND TRIGGER CHARGES Q (R, = 0) 


Q = Co(uF x kV) 
0-4 0:8 


Table 1 clearly confirm the dependence of V; on Q, and provide 
an important indication of the mechanism of main-gap 
breakdown. 

V, is also determined by the main-gap setting. Keeping the 
trigger circuit constant with C = 0:04 uF, R, = Oandv = 10kV, 
the complete characteristics for all polarity combinations were 
obtained and are given in Fig. 5. 
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Fig. 5.—Lower triggering limit V7. 


Characteristics for all polarity combinations. 
C=0:04uF. 
R2 = 0. 
» = 10kV (throughout). 


Certain other tests, having special significance in the discussion 
to follow, were made. For instance, no triggering action 
occurred unless a trigger discharge was actually produced. The 
trigger gap broke down at 2kV, and unless v was greater than 
this, the main gap did not break down below V, for any polarity 
combination. Thus the potential change produced by the 
trigger pulse is not sufficient alone to upset the gap, but the 
establishment of a trigger spark provides the triggering factor— 
a conclusion also reached by Husbands and Higham.5 This fact 
is fundamental in establishing the trigatron breakdown mech- 
anism, especially near V;. It should also be noted that V, was 
unaffected when the trigger electrode was withdrawn 2 mm behind 
the face of the main electrode, provided that a trigger spark 


breakdown time of the trigger gap will be very small and the | 


occurred. Interesting effects were produced when a paper screen 
was interposed between the main electrodes. If the screen were |» 
placed close to the main electrode remote from the trigger, there |, 
was no change in V, for any polarity combination, the screen et 
being punctured in the process of breakdown. In any other 5 
position V; was increased by the presence of the screen, parti- |) 
cularly when it was close to the trigger gap shielding the main- 
gap volume completely. In this position the gap could not be] 


the trigger efficiency was reduced appreciably, so that V; > V,. | 
Lastly it was found that irradiation of the main gap by a cobalt | 
60 — y-ray source did not change V,, which suggests that the |) 
extra electrons introduced into the gap did not alter the break- |5 
down process even when the gap was subjected to a voltage si 
considerably less than V,. : | 
(4.3) Time Lag } . 
The other factor determining the efficiency of the trigatron as 3 
a high-voltage switch is the operating time-lag 7. Usually the | | 
overall time lag will be the interval AB in Fig. 3, as mentioned )) 
earlier. Measurements of T for gap lengths of 3-5 and 2cm, t 
for various polarity combinations, are given in Figs. 6 and 7./ |) 
Constant trigger conditions (C = 0:04 uF, R, = Oandv = 10kV) /¥ 
were maintained throughout the tests and the inductive loop in 
this circuit was also kept constant. Although considerable '+ 
variation in J was found in some cases, nevertheless the general )© 
behaviour was repeatable and it is considered that the smooth lc : 
curves drawn in Figs. 6 and 7 are representative. OI 
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Fig. 6.—Time-lag characteristics for main gap voltage, V positive. 


—— 3:5cm gap. 
—-—--— 2cm gap. 
C = 0:04uF, 
R2 = 0. 
» = 10kV. 


significant feature of the measurements with V positive (Fig. 6)° - 
was the rapid increase in T as V was decreased when v was” 
positive. This rapid increase did not occur when v was negative hi 
until V; was approached.!?, At this limit T increased rapidly, © 
approaching the limit asymptotically for both polarities of v. 
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Fig. 7.—Time-lag characteristics for main gap voltage, V negative. 


| Little fluctuation in T occurred for constant V, when v was 
i positive over the whole range V, — V;, which was in contrast to 
| the fluctuations when v was negative. In this latter case the 
' variation in T was most evident when V was about 0-75V,, i.e. at 
| the bend in the time-lag curve (Fig. 6), but it disappeared as V, 
was approached, 7 becoming well defined in conformity with the 
) definite nature of V,. Of importance for the argument in the 
1 next Section is the fact that, except near V,, T is significantly 
y greater than the estimated time of discharge of the trigger gap, 
\ which is less than 0-25 microsec for the conditions used. Thus 
j the influence of the trigger discharge on breakdown can be delayed 
| considerably. 

'- When V is negative, T is considerably less for all polarities 
(Fig. 7), except perhaps near V;, in which region T increases 
i rapidly. Two unexpected results are found; 7 is greater when v 
i is positive and is only well defined when v is negative—at least 
| when V is greater than V,. This is in contrast to the previous 
| results with V positive, in which T exhibited little fluctuation 
| when v was positive. These apparently unsystematic results, 
_which are in qualitative agreement with Hardy and Broadbent,!” 
_ require reasonable explanation in any general theory of trigatron 
t behaviour. Reference to Figs. 5 and 7 will show that the time- 
_ lag characteristics must cross near V;, since V; is lower when v is 
positive, and at the same time, at this limit, T should become less 
defined when wv is negative. Unfortunately, owing to the very 
rapid increase in T near V,, it is difficult to investigate the crossing 
| point experimentally. 

‘Since the trigger-circuit parameters C and v influenced V con- 
_ siderably, it is to be expected that they would influence T also. 
Extensive measurements revealed no influence, however, over 
the greater part of the range V,— V;. Only in the immediate 
‘neighbourhood of V, could any effect be detected. For instance, 
-at V =0-75V,, variation in C between the limits 0-02 and 
0-08 pF, and in v between 2 and 10kV, with a gap of 3-5cm, 
produced no change. In complete contrast, change of R, 
| (Fig. 2) appreciably altered 7, whereas it had already been found 
to cause no change in V;. R, determines the time-constant of 
the trigger-circuit discharge, and therefore the rate of growth of 
‘he trigger spark channel. Thus a slow discharge in this circuit 
might give a long time-lag, at least near V,, depending on the 
mechanism of main-gap breakdown. Increase in the time lag 
with increase in R, was found for all polarity combinations, the 
mcrease being negligible near V, but growing in magnitude 
wards V,. A typical result for positive values of V and v is 
S:0wn in Fig. 8. Since, for efficient operation as a switch, it is 
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Fig. 8.—Variation of time lag with trigger-circuit resistance R2 for 
positive main gap and trigger pulse. 
Gap length = 3-Scm. 
C =0:-04uF. 
» = 10kV. 


of major importance to reduce the time lag to a minimum, few 
observations apart from those described here have been made 
with resistance in the trigger circuit, and all other measurements 
of T reported are with R, = 0. 

Corresponding to the effects on V;, no influence on T was 
observed when the gap was irradiated by the cobalt source or 
when the trigger electrode was withdrawn behind the main 
electrode. 


(5) THE MECHANISM OF BREAKDOWN 


The process of breakdown in the trigatron at potentials below 
V, appears to be complex and is not understood easily. An 
attempt will be made here to suggest the main factors in the 
discharge processes for the various polarity combinations, but 
no comprehensive theory seems possible without a fuller experi- 
mental investigation. 


(5.1) The Trigger Spark 


The most striking result is that the trigatron can be made to 
break down at potentials which are greater than 50% below the 
normal value of V, for the corresponding two-electrode gap. 
Furthermore, this happens when the greater portion of the gap 
volume is under normal conditions of temperature and pressure 
and at times long after the initiating trigger discharge has ceased. 
Consideration of the accepted breakdown process occurring at V,, 
in which primary electron avalanches occur with a collision 
ionization coefficient «, indicates that « would be insignificant at 
potentials approaching V, if atmospheric conditions are assumed. 
Insufficient ionization in this way would also fail to produce any 
space-charge field distortion. Reluctance to discard the « pro- 
cess as a fundamental process in the main gap makes it necessary 
to seek ways in which at least local changes can cause suitable 
field and gas conditions for significant values of « to be attained. 
Since the trigger discharge is a short-duration spark in which 
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considerable energy dissipation occurs, it is possible that this 
induces suitable conditions in the main gap. 
The main products of this trigger spark are as follows: 


(a) A local region of hot gas of low density, corresponding to the 
spark channel, which would be ejected into the main gap and would 
continue to move after the trigger discharge had ceased. The initial 
growth of the spark channel can be about 105 cm/sec or greater, and 
is accompanied by a shock wave.® Behind this, the low-density 
region would tend to propagate at lower velocities. 

(b) Ionization products, electrons and positive ions. The elec- 
trons may not be so important as the relatively immobile positive 
ions which can produce important space charges. These charged 
particles may be ejected along with the hot-gas region. 

(c) Photons which will irradiate the main gap. These will be 
very important in ensuring an initial supply of electrons, particularly 
at the opposing main electrode. The efficacy of spark illumination 
in photo-electron production is well known.7 

(d) Hot electrode spots, especially at the trigger cathode, which 
will continue to emit electrons for an appreciable time after the 
trigger discharge has ceased. 


A combination of these processes might be expected to produce 
significant values of «, at least in the low-density region of 
expelled gas, and it is then possible to give a reasonable explana- 
tion for the majority of the effects found. The essential feature 
that permits breakdown below V, appears to be the injection of 
the hot low-density region into the gap. Such a region is likely 
to persist for long periods (about 10~‘sec), as is found from 
studies of dielectric recovery following arc extinction in circuit 
interruption.’ It provides a region in which ionization by 
electrons can occur readily and one in which positive-ion space 
charge builds up. It is suggested that the production of a 
space charge in this way, which moves out as the low-density 
region moves, causes the onset of a main-gap breakdown, which 
itself proceeds by a more normal breakdown process. The 
simultaneous supply of photo-electrons aids this process con- 
siderably—in fact, at potentials just below V, the photo-electrons 
alone would cause breakdown. Triggering of spark-gaps by 
photons has been reported at potentials of 0-9V,,7 but below 
this, and especially near V,, these alone would not be effective. 
Deferring for the present a more detailed consideration of the 
trigger region, two modes of operation in the main gap may be 
distinguished, according to polarity. 


(5.2) Main-Gap Breakdown Mechanisms 


When the main gap is negative, photo-electrons will feed into 
the advancing low-density region (l.d.r.) and will produce 
avalanches within it [Fig. 9(a@)]. The electrons resulting from 
the avalanches will ultimately go into the anode, leaving a 
positive-ion space charge. As the l|.d.r. progresses, so will the 
space charge, until, when the gap has been bridged sufficiently, a 
field strength is built up ahead of the I.d.r. to permit the develop- 
ment of a positive streamer, as envisaged for non-uniform gaps.? 
This latter stage would not be governed by the advance of the 
l.d.r. and might be very rapid. Close to V,, the time-lag T can 
be very short, since, even ignoring photo-electric effects, con- 
siderable space charges produced in the trigger spark channel 
could initiate a positive streamer immediately. Below V,, the 
advancing |.d.r. peters out before the necessary space-charge field 
is attained. 

If the main gap is positive the photons are used inefficiently; 
electrons produced ahead of the I.d.r., and especially those at 
the anode, are lost, since they will move into the anode [Fig. 9(b)], 
producing few secondary electrons if the potential is well below 
V,. The only useful electrons are those produced either in the 
I.d.r. itself or on the cathode side of it. Provided that a supply of 
electrons can be maintained (see Section 5.3), electron avalanches 
will occur in the l.d.r., in which region alone appreciable values 
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Fig. 9.—Main-gap breakdown mechanisms. 


(a) Main gap negative. 
(6) Main gap positive. 


© Hlectrons. + Positive ions. 
of « would be possible. Again, the low-mobility positive ions >) 
would be left behind to form a space charge, and this would i 


movement in this way, the field between anode and cathode jo 
extension may then be such that, together with the electrons jo 
produced through the lI.d.r., breakdown follows in a normal |!» 
manner. 


already from the discussions above. For both polarities of V, | 
the magnitude of the l.d.r. largely determines V;, and therefore a © 
and V;, is expected, as is shown in the Table. Furthermore, the }) 
more efficient use of electrons when V is negative would produce ju! 
a lower value of V, than when V is positive. This result is found f 
experimentally in Fig. 5. Both the photo-electrons produced }: 
during the trigger discharge and in the subsequent outward- hs 
moving I.d.r. are necessary, since a trigger pulse insufficient to 
cause a discharge does not produce a breakdown in the main gap. 
The mere potential change alone is not enough to cause a break- |» 
down, even very close to V3. Near V;, where T is large, the |i 
production of the l.d.r. is the vital factor, and even when the | 
trigger electrode is withdrawn 2mm (see Section 4.2), V, is not. 
affected since the I.d.r. can still be produced. 
The observed effects with screens (see Section 4.2) are also © 
evidence for the general correctness of the proposed mechanisms. | 
Conditions at the undrilled electrode are comparatively unim- Hic 
portant for both polarities, so that it is not surprising that a_ 
paper screen in this position has little observed effect on V). 
Minor effects were probably beyond the limit of measurement. |» 
Movement of the screen towards the trigger electrode restricts | | 
charge motion and photo-electric action in the gap, and thereby ~ 
raises V;,_ The main actions shown in Fig. 9 also help to explain» 
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- +) be lower for v positive (Fig. 5). 
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‘ a minor influence on the main-gap events. 
i is sought in terms of residual space charges at the trigger elec- 
‘ trodes immediately after the discharge and electron emission 


the observed behaviour when the screen is close to the trigger. 
_ When V is positive, the screen cuts off the cathode extension 
_ since the I.d.r. cannot move into the gap and the initial positive- 
ion space charge associated with the trigger spark is ineffective. 
Thus no trigger action is obtained. If the polarity is reversed, a 
very limited triggering range may still exist, since the initial 
positive-ion space charge mentioned above could still produce 
field conditions for a streamer process beyond the screen. This 
triggering range is found to be very small, as might be expected. 

Lastly the effect of irradiation is easily understood. With V 
positive, electrons produced in the bulk of the main gap are lost 
in any case, and with V negative, the breakdown is mainly depen- 
dent on the I.d.r. movement and the existence of an appreciable 
value of « within it, so that electrons produced by irradiation 
| become insignificant even at the limit, V;. 


(5.3) Trigger Mechanisms 


The finer details of these processes are shown by the dependence 
_of V, and T on the polarity of v in the trigger discharge, as in 
Figs. 6 and 7. The preceding argument has assumed that the 
i.d.r. is independent of the trigger polarity, but to explain the 
reasons for the polarity characteristics shown in these Figures, 


| it seems necessary to assume that, when the main gap ultimately 


breaks down, it does so between the undrilled electrode and the 
‘rigger itself. That the final transfer to the surrounding main 
electrode occurs very rapidly, and is of secondary importance 
enly, has already been suggested by Wilkinson.4 Without 


‘ some such preference, no obvious reason exists for a polarity 


effect. The geometrical arrangement of the trigger electrode 
would encourage such a preference in any case. As discussed 
earlier, the trigger spark channel becomes the ejected low-density 
region, but in the neighbourhood of the trigger electrodes, con- 
ditions will depend on polarity. Thus, at the trigger anode, an 
electron space charge left at the cessation of the discharge will 
| rapidly disperse owing to its high mobility, but the corresponding 
' positive-ion sheath at the cathode will exist for longer times. 


| Apart from these space charges, the cathode spot will have 


| become heated, and will be emitting electrons even after the 
discharge has ceased. Such factors must determine the polarity 
effects observed. It is unlikely that the polarity of the trigger 
potential v alone is responsible for the effects, for the following 
'reasons. First, the results cannot be explained by straight- 
forward addition of the potentials V and v, and secondly, the 
trigger polarity is still effective for the longer time lags near V, 
| long after the trigger discharge has ceased (see Figs. 6 and 7). 
| Once the trigger discharge commences, the voltage across the 
trigger electrodes will collapse to a small value and will then be 
Thus an explanation 


from the hot cathode spot. 

Within about 10% of V,, the short time lags may be attributed 
' to the intense photo-electric action in the gap, in agreement with 
previous observations.!° It is below this level that distinct 
polarity effects occur. First, consider Fig. 7 for V negative. 
The time lags which, except near V;, are greatest for v positive, 
increase steadily as V is decreased. The main mechanism of 
breakdown envisaged [Fig. 9(a)] involves a positive-ion region 


» at the main-gap anode progressing streamer-like towards the 


eathode, and this process will be encouraged by an initial positive- 
‘on region at the trigger. This condition obtains when v is 
negative but not when it is positive, so that the longer time lags 
for positive trigger polarity are understandable. However, as 
/ > V, there must be a reversal of conditions, since V; is found 
Near this limit, since the 
voltage is low, the attainment of adequate ionization for the 
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beginning of a streamer in the deteriorating I.d.r. is difficult, and 
it is possible that the electron emission from a hot trigger cathode 
(which has been denuded of the original positive ions during the 
long time lag) inhibits this further. Conditions can then be 
more favourable when v is positive because of the absence of 
electron emission. 

It should be remembered that there is considerable lack of 
precision in determining V; in all measurements with V negative, 
so that the above argument cannot be more than tentative. The 
indefinite nature of V, probably reflects the statistical nature of 
streamer propagation and gap breakdown at these low voltages. 

For positive values of V below that at which photo-electric 
action alone could cause breakdown (about 0-9V,), there is a 
rapid increase in JT when v is positive but no significant increase 
when v is negative until V; is approached (see Fig. 6). If the 
main mechanism for this case is recalled [see Fig. 9(5)], it is not 
difficult to give a reasonable explanation. When v is positive, 
the trigger is a relatively weak source of electrons for ionization 
in the |.d.r., and this advancing region is not therefore of low 
conductivity. It will need to advance for an appreciable distance 
into the gap before a normal breakdown occurs, and there will 
be a correspondingly large value of T. When v is negative, the 
emission from the trigger ensures adequate electrons and a small 
value of 7. Near V, it is suggested that the main-gap field 
becomes inadequate for sufficient ionization in the lI.d.r., and 
with this is the added necessity that the I.d.r. must advance 
further into the gap before breakdown, and will therefore be less 
easily ionized. Whilst there may be a small difference in the 
values of V, for positive and negative values of v, it may not 
have been detectable in the present experiments. If, as seems 
possible, the field strength in the low-density region is the 
criterion for determining V,, no dependence on trigger polarity 
would be expected. 

According to the process outlined above, the I.d.r. must 
advance well into the gap when both V and v are positive and V 
is below 0:9V,. The time lag T in this case will be almost 
entirely due to this movement. For a range of gap settings at 
comparable field strengths, equal proportions of the gaps would 
need to be traversed by the l|.d.r. before breakdown occurred. 
This is strikingly confirmed for V = 0-75V, by Fig. 10, which 
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Fig. 10.—Relationship between time lag T and gap setting for positive 


main gap. 
C =0:04uF. 
R, = 0. 
V = 0-95. V; 


v = 10kV (positive). 


shows a linear relationship between time lag and gap. The 
velocity of travel of the supposed lI.d.r. cannot be precisely 
estimated, since the travel required before breakdown occurs is 
not known, but the upper limit resulting from the assumption 
that the whole gap must be traversed is about 10°cm/sec. This 
is probably a considerable over-estimate, and an actual velocity 
closer to 105cm/sec is more likely. Velocities of this order have 
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been observed in the growth of spark channels,® and therefore 
may correspond to the growth of the trigger spark channel 
which subsequently becomes the low-density region. 

Lastly, the effect of the trigger resistance R, on time lag should 
also be noted. In all the experiments discussed, R, has been 
zero and the trigger discharge rapidly completed before break- 
down of the main gap, except, perhaps, when V was near V,, in 
which case photo-electric mechanisms predominated. Increase 
in R, will alter the rate of growth of the spark channel, and 
therefore the l.d.r. velocity, and, by limiting the maximum dis- 
charge current, will limit the number of charge carriers also. 
Increase in 7 with increase in R, as found for all polarity com- 
binations (see Fig. 8); is thus a logical outcome of the changed 
trigger conditions. Furthermore, the fact that, when R, is zero, 
variation in C and v (Section 4.3) did not change 7, except near 
V,, is also to be expected, since the discharge must be completed 
very rapidly before the main breakdown occurs. 


(6) DIVERTER OPERATION 
The essential features of a complete diverter employing the 
trigatron have been described in Section 2. Such a diverter was 
tested under direct and impulse voltage conditions up to 300kV, 
using the circuits shown in Fig. 11. To protect a spark-gap 
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Fig. 11.—Spark-gap diverter circuit for direct and impulse voltages. 


For direct voltages, R = 20 MQ and Z is a suitable inductance. For 1/50 microsec 
impulse voltages R = 20kQ, Z is a capacitance of 40 uF and the 170 MQ resistors 
are shunted by 250 uuF capacitors. 


subjected to direct voltage, the gap was earthed through an 
inductor, the voltage developed across this on breakdown supply- 
ing the trigger pulse for the trigatron stage of the diverter. The 
circuit is simple and effective. The breakdown of a rod-gap was 
limited to a faint blue discharge, whilst for a 12-5cm sphere- 
gap, a luminous filamentary discharge developed without bridging 
the gap completely. As expected from the trigatron charac- 
teristics (Figs. 5 and 7), operation was easier with negative voltage 
on the spark-gap. 

For impulse voltages, the diverter was modified as in Section 2, 
and the series inductor was replaced by a capacitor of sufficient 
magnitude to prevent the trigatron operating unless the spark- 
gap broke down, but not so large that an excessive charging 
current was caused. A capacitor of approximately 40upF was 
suitable. Results with this circuit for a 1/50microsec impulse 
were similar to those for direct voltage. 

To demonstrate the effectiveness of the equipment as a con- 
trolled chopping device for impulse waves, a circuit to provide a 
trigger pulse after a predetermined delay was constructed. 
Operation of the impulse generator was made to fire a thyratron, 
which in turn fired a second thyratron after a controlled delay. 


\ 


A third high-voltage thyratron was then operated by the second od 
to produce the triggering pulse for the diverter. With this|) 
circuit, standard 1/50 microsec impulse waves have been chopped hd 
on the wavetail at voltages as low as 50% of the impulse peak rf 
value of about 300kV. Provided that the main gap voltage ind 

the trigger pulse were of the same polarity, the instant of chopping)” 
was very consistent, as expected from the results of Section 4.3. i 


| 
(7) CONCLUSIONS | 

The paper provides a more extensive theory of the trigatron))) 
behaviour than hitherto, although it incorporates and agrees)” 
with the earlier suggestions.3.4,5.12_ Further measurements under |) 
more accurately controlled conditions are required to confirm fit 
these suggested mechanisms, especially those concerned with 
trigger polarity influence. It is interesting to note, in support) 
of the suggested role of the low-density region, that recent work). 
on a thermally triggered spark-gap!! has shown that breakdown”) 
at voltages well below V, can occur if a hot filament or even a 19 
flame is used in place of the trigger discharge. The trigatron 1} 
does appear to provide a suitable means of studying gas-break- B 
down processes and especially their time-dependence in gaps. 
which are initially subjected to voltages below the static break- 
down voltage. The advantage of being able to influence break- © 
down in a controlled manner is obvious. i 

Apart from the employment of the trigatron in gas-breakdown) 0) 
investigations, it seems to be an extremely useful controlled’) 
switch for high-voltage circuits and can be made to ae 


rapidly and consistently over a wide voltage range provided that 
due attention is paid to the relevant characteristics (see Figs. 5, a 
6, 7 and 8). The most efficient overall operation is obtained |: 
when the main gap has negative voltage V, and a negative irigees 


that can be Conveniently obtained. 
Under such conditions it offers a means of efficient spark: 

energy diversion and impulse wave ‘chopping’ at higher voltagg . 

than is possible by other means. ; 
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SUMMARY 


A theory for the tandem connection of quadripoles is presented, 
using as basic parameters the operating factor and input and output 
impedances of a quadripole when operating under reference conditions 
between arbitrarily chosen source and load impedances. These para- 
meters are termed the reference parameters, and the source and load 
impedances are called the nominal impedances. Simple extension leads 
to the reference loss parameters. 

Operating-loss and input-return-loss formulae are derived for the 
non-reference operation of a quadripole, and, in conjunction with 
return-loss formulae obtained for quadripole junctions, are used to 
determine overall operating-loss characteristics of a transmission 
system when quadripoles are added or removed. Furthermore, these 
formulae are used for transmission-system synthesis. 

A technique is developed which permits convenient and precise 
calculation of return and operating loss, or alternatively enables 
calculation of their limits. 

The formulae derived facilitate the rapid solution of a variety of 
practical transmission problems, and their application in some instances 
is illustrated by the inclusion of numerical examples. 


LIST OF PRINCIPAL SYMBOLS 
V = Complex voltage and e.m/f. 
F = Complex current. 
n = An integer. 
G = geJ¢ = Reference operating factor. 
OL = Reference operating loss, 20 log.) g, decibels. 
Z =Impedance. (Various subscripts are attached.) 
Zn, Zy2, Zn, etc. = Nominal impedances. 
Zs = Source impedance. 
Z, = Load impedance. 
Zr, = Reference input impedance. 
Zp = Reference output impedance. 
Api, Apo = Reference inverse reflection coefficients, corre- 
sponding to Zp, and Zp, respectively. 
= Inverse reflection coefficients, corresponding to 
Z; and Z,, respectively. (In general 
A = |Alei® = aei0,) 
Z,, Z, = Dissimilar junction impedances. 
A, = Junction inverse reflection coefficient. 


Z, + 2; 
77) 
Zea, 
K, X = Complex quantities defined in text. 
k = |K| (Subscripts ‘max’ and ‘min’ may be attached.) 
VL = Variation loss, 20 log,y k (dB). Subscripts ‘max’ 
and ‘min’ may be attached. 
Gero, Grego = Operating factors, respectively, of an ideal 
transducer (ratio Zy>/Zy,) and an interacting 
quadripole between Z, and Z,. 


As, A; 
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= Overall reference (or non-reference) operating | 


Grp» Gee is 
factors of a transmission system before ange 

after a substitution operation, respectively. i 
Grrs> Grp — Overall reference operating factors of trans: 


mission systems synthesized from two anc{ 
three quadripoles, respectively. P| 
OLgzo, etc. = 20 logio |Gzgol, ete. i 
J(f) = Frequency response. (Subscripts may be | 
attached as defined in the text.) 
J, Jo, Jeg1, J pn = Frequency-response limits. a 
fo = Reference frequency of a channel. y 
fo, n = Reference frequency of nth channel in a group. qu 
fg = Group reference frequency. Pa 
RL = Return loss, decibels. 
= 20 log; |A| = 20 logy a. 
(Subscripts for RL, a and A correspond. 
are defined in the text.) 
= Input impedance and inverse reflection coefficien 
of interacting quadripole under non-refercailll 
conditions. 
Fin tBu | 
i Zin a Zn i | 
G; = g; €/*i = Image reference operating factor. i 


(i 
The ‘J 


Zins Ain 


in? 


(1) INTRODUCTION " 
The performance of a quadripole may, in practice, be specifiec) 
in terms of its operating factor and its input and output impe-) 
dances when operating between arbitrarily chosen source anc) 
load impedances. [ 
This method of specification can be used to ensure reasonable) 
matching conditions when quadripoles are tandem-connected |» 
and it further possesses the advantage that the parameters usec f 
may be conveniently measured. if 
A complete theoretical treatment based on these parameter:)>) 
does not appear to have been previously published. The author: te 
have, however, applied them to a special case of tandem con): 
nection,!-© and encouraged by the simple results obtained, they) 
developed the general theory presented in the paper. I 
Ee 


The parameters mentioned above are termed the reference. 
parameters, as distinct from the image or iterative parameteaia 
The reference parameters depend on the particular source anc) 
load impedances chosen. The latter are termed the nomina it 
source and load impedances, or simply the nominal impedances. fm: 

The nominal impedances are often of zero angle, and in many\~ 
cases they correspond closely to the image or design impedance: LE 
of the quadripole. 

In order to obtain generalized results, two distinct classes 0) > 
quadripole are considered. The first, or interacting class, i 2 
comprised of all linear passive four-terminal networks, such ai) 
filters, transformers, attenuators, equalizers, lengths of cable, etc’ he 
The second, or non-interacting class, contains quadripoles whosv 
input and output impedances do not vary with varying ter) : 
minating impedances. Quadripoles of this type are frequenth > 
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ncountered in practice, and comprise, with a few exceptions, 
uipments incorporating electron-tube amplifiers. 

Other equipments, such as the modulators encountered in 
arrier telephone equipment, are of a more complex nature and 
ido not belong to either of the classes. The formulae obtained 
imay, however, often be applied to such equipment with good 
approximation (see Section 7.1). 


(2) OPERATING FACTOR AND OPERATING LOSS 


_ Frequently a number of different nominal impedances are 
encountered within a transmission system, and in such cases 
e concept of operating factor2 is more useful than that of 
insertion factor, since the former, unlike the latter, combines the 
ctual loss within a quadripole with its impedance-matching 
operties. The symbol Z,, with appropriately numbered 
subscript, will be used for nominal impedances throughout 
he paper. 

_ The operating factor, G, of a quadripole Q operating between 
f@ source impedance Z,, and a load impedance Zy, is defined 
as the ratio obtained by dividing the current Jy, which would 
fiow in Zy if it had been connected via an ideal impedance- 
matching transducer of impedance ratio Zy2/Zy, to the source, 
tby the current I, which would flow in Z,y> upon replacement of 


i: 


Zn2 
Zn 


(a) (6) 


Fig. 1.— Operating factor of an interacting quadripole. 


(a) Ideal transducer between Zy; and Zy2. 
(b) Interacting quadripole between Zy, and Zy2. 


the ideal transducer by the quadripole Q. Thus G equals Ip//,, 
as illustrated in Fig. 1. 
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For calculation purposes the ideal transducer may be con- 
sidered as an abstract ideal transformer having a turns ratio 
V(Zy2lZy1). This turns ratio becomes real if Zy2/Z,y, is real 
and positive. If Z,; = Zy2 the operating and insertion factors 
become identical. 

If the modulus and angle of G are represented by g and 4, 
respectively, the operating loss, OL, is defined as 20 logiog 
decibels. 


(3) REFLECTION COEFFICIENT AND RETURN LOSS 


In accordance with the classical quadripole theory, reflections 
are said to occur at a junction of dissimilar impedances. If the 
impedances at such a junction are Z and Z,, the reflection 
coefficient may be expressed as 


Le hee 

It is often more convenient to analyse in terms of the inverse 
reflection coefficient 

Z+Zy 


vA GE) 0 — R 
— Ly 


where a = |A| 


The return Joss, RL, at this impedance junction may be defined 
as 20 log; a decibels. 

It can be simply shown that the locus of Z/Z,, for a constant 
value of a is a circle of radius 2a/(a2 — 1) and centre at 
(a2 + 1)/(a2 — 1), 0. 

Similarly, the locus of Z/Z, for a constant value of @ is a 
circle of radius cosec 6 and centre at (0, —cot @). 

These results have been used to prepare Fig. 2, from which 
the return loss (in decibels) and @ can be obtained for given 
values of the complex variable Z/Zy =r + jx. 

The return loss may be regarded as a measure of the inequality 
existing between Z and Z,,, and since it may be measured directly 
with simple instruments, the specification of the minimum limit 
of return loss to be permitted between Z and Z, is a convenient 
method of expressing the tolerance of Z relative to the desired 
value Zp: 
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Fig. 2,—Graphs of RL, in decibels, 


6 is negative for r + jx 


7) OOO 240 S241 


and VAC in terms of Z/Zy=r+t jx. 


and positive for r — jx. 
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(4) DEFINITIONS OF REFERENCE CONDITIONS AND 
QUADRIPOLE REFERENCE PARAMETERS 

When a quadripole is operating between its nominal impedances 
it is said to be operating under reference conditions, and con- 
versely it is said to be operating under non-reference conditions 
when operating between any other impedances. 

At junctions of quadripoles in tandem it is assumed that the 
nominal load impedance of the driving quadripole is equal to 
the nominal source impedance of the driven quadripole, and this 
common impedance is termed the ‘nominal junction impedance’. 

For convenience, where there is no possibility of ambiguity, 
the term ‘nominal impedance’ may be used to cover any of the 
three terms ‘nominal source impedance’, ‘nominal load impe- 
dance’ and ‘nominal junction impedance’. 

A precise definition of the reference impedances may now be 
obtained from Fig. 3. As shown, the quadripole input and out- 


Fig. 3.—Definition of quadripole reference impedances. 
Nominal impedances Zy,; and Zyp. 

(a) Input inverse reflection coefficient Ap; = 2m + 2m 
ZR — Zy1 
Reference input return loss RLz; = 20 log; ap}. 
Zr2 + Zy2 
Zr — Zy2r 
Reference output return loss RLz2 = 2010 log app. 


(6) Output inverse reflection coefficient Ap2 = 


put impedances Zp; and Zp under reference conditions may be 
referred to, respectively, as the ‘reference input impedance’ and 
the ‘reference output impedance’, while in a similar manner the 
return losses, RLp; and RL», may be referred to, respectively, 
as the ‘reference input return loss’ and the ‘reference output 
return loss’. 

Similarly the operating factor, G, and the operating loss, OL, 
under reference conditions, as shown in Fig. 1, will be referred 
to, respectively, as the ‘reference operating factor’ and the 
‘reference operating loss’. 

The reference return Josses and the reference operating loss 
may be collectively referred to as the ‘reference loss parameters’. 

The reference return losses will, for all practical applications 
envisaged, be positive, and this restriction is assumed through- 
out, although most of the formulae developed will also apply 
where negative reference return losses are encountered. 


(5) TRANSMISSION SYSTEMS COMPOSED OF TANDEM- 
CONNECTED QUADRIPOLES 

In a transmission system a quadripole linking two junctions 

having different nominal impedances Zn, and Zy> should not 

be removed, as this would result in abnormal impedance-matching 

conditions at the newly formed junction. Replacement with an 


ideal impedance-matching transducer is permissible, although oO 
little practical use. However, the mathematical treatment givel) 
in Sections 15.1-15.3 for this case may simply be extended t nd 
cover replacement of one quadripole with another. Further, ile 
Zy, = Zy2 So that the ideal transducer becomes of unit ratic|) 
and acts as a straight-through connection, the results obtaine«| 
cover both the addition and removal of quadripoles. 


(5.1) Overall Operating Factor 


Consider a transmission system as shown in Fig. 4(a). It il 
desired to replace the ideal transducer of impedance ratic) 


Zn2I/Zn, With a practical quadripole Q having reference para‘ sq 
meters Zp,, Zp and G, as shown in Fig. 4(6). If the origina fe 
and new overall operating factors (either reference or non) 
reference) are G,, and Grp, respectively (the subscript EE indi-+ i’ 
cating end-to-end), using the nomenclature shown it is seen thail) 

I, 
Gree ip 


Grp = 


The ratio 14/1; may be expressed in terms of Zy,, Z N2s Zs) 
Z,, and the quadripole reference parameters as shown in Sec-@ 
tions 15.1-15.3. Thus, for a quadripole of the interacting type] 


Grp = GppGK 
where 
Ae 1) pas 1) 
ke Zn rai 
Ge) 
Zyi Zy2 
> AG i a) eo ae ahh 
Zy1__ Zn Zn2 su _ 10% 
Ze ZR G2 |> 
eB) Of 
re 1) ( Zn2 Zy2 | 
Introducing the inverse reflection coefficients, . 
Z 
si tl Za 
A, we Zi A = Zn 
2g iy eZ 
Zn1 Zn1 
Z, Yh, 
a +1 Sel 
Ap = = and ‘4, =— 
x Pe 1 : Ei 
Zy2 Zyn2 


d using the expressions for impedance ratios derived from 
these, 


AsA, —1\ .AsApy ApoAr A;A,G2 
is is conveniently written as 
AeA 1X4 AG? 
AsApy ApoAr 


| Simple extension of these results relating to replacement of an 
deal transducer with a quadripole leads to results for replace- 
ment of one quadripole with another. Thus if the parameters 
associated with an original quadripole Q, are identified by the 


—=— 
o 


I 


_ Fig. 5.—Replacement of quadripole Qa with quadripole Qpz. 


additional subscript A, and those of a replacing quadripole Qz 
by an additional subscript B, as shown in Fig. 5, it is readily 


eG 
Grr, Gizag K 
A 
here 
= A sApy B Ar2,pAr A,A, G3, pee XpA 5A, G3 
AsA py A Apo 4A A;A,Gi X4A5A, GY, 
mod X, AsApi,p — 1 Ax2,2dz — | 
| AsAri,p Apo pAr 
| xy, — Asda — 1 Apadr — } 
| AsAp4 Ar», 4A 


The terms of the form (XA,;A,G? — 1)/(XA;A,G2) become 
ity if |A,|, |A,| or |G| becomes infinite, and may therefore 
be considered to represent an interaction phenomenon. 

The formulae developed apply to replacements with inter- 
cting quadripoles. From these formulae may be obtained the 
olution of certain special cases. 

The first case for consideration is that of replacement of non- 
isteracting quadripoles. In this case the interaction terms 
venish and the formulae assume the form shown in Table 1. 
The second case is that of replacement of both types of quadri- 
(pele when Z, = Zy. The relevant formulae, shown in Table 1, 
nat of particular use when performing replacements at the sending 
serd of a transmission system, where, for most test purposes, the 
earce impedance is chosen to be equal to the nominal impe- 
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dance. Similar formulae apply at the receiving end of a system 
for Z, = Zyp. 

The third case is that of replacement of quadripoles having 
known image reference parameters. A quadripole operating 
under image-matched reference conditions has image reference 
impedances (image impedances) Zp; = Zy, and Zp. = Zy 
(so that |Ap,;| = |Ap| = 00) and an image reference operating 
factor G,. The image reference operating loss, OL; = 20 logy g; 
decibels, may be identified as the image attenuation coefficient 
expressed in decibels. The formulae for this case are also shown 
in Table 1. 

It is seen from Table 1 that K is composed of factors of the 
form X/(X — 1) and (X — 1)/X. This also applies to practically 
all other formulae derived later. If all complex quantities are 


+20 


-12 
“10 -8 -6 -4 2 O +2 +44 +6 +8 +10 412 414-416 +18+20° 
20 LOGio x, DECIBELS 


° 
“A090 -8 -6 -4 -2 O+2 +4 +6 +8 +10 +12 +14 +16 +18 +20 
20 LOGio x, DECIBELS 
; : z 4 xel0 
Fig. 6.—The universal function yei ¥ = ESTEE] 


(a) 20 logio y versus 20 log; x (parameter, 0). 

(6) Y versus 20 logio x (parameter, 
given in terms of 20log,)|X{ decibels and the angle of X, 
numerical calculations may conveniently be carried out by means 
of Tables giving 20 log, | X/(X — 1)| and the angle of X/(X — 1) 
as functions of 20 log, |X| and the angle of X. 

None of the existing indexes to mathematical Tables contains 
any references to suitable Tables of this type, and the authors 
have therefore prepared appropriate Tables.* These Tables are 
sufficiently detailed for most practical applications, and if they 
are plotted as large-scale graphs in the manner indicated in Fig. 6, 

* These Tables may also conveniently be used for calculations involving the feed- 
back formulae 

Wie dbs 3a9 
1—pe B1—Lp 
if the magnitudes of uw and @ are expressed in decibels, and the angles of y. and @ are 


known. 
Copies of these Tables may be obtained upon application to The Institution. 
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Table 1 


VALUES OF K FOR VARIOUS SUBSTITUTION CASES 


Limits of k = |K| are given in Table 2. 


a 


Replacing ideal transducer with quadripole Replacing cusdepels Be with quadripole Qn ' 
as in Fig. 4 BK 
Ger = GunGK Gin.B = Gimag, i 
Definitions of auxiliary parameters used in this Table es AsApgi ~ 1 AprAt — 1 se AsAri,A — 1 Ar2,sAt — 1 
AsA pi ARAL AsARi,A AR2,AAL 
Xp — AsApi,B — 1 Ar2,pAr — 1 
eC AsARri,B AR2,BAL 
ri 
2 i 
AsAy, .,XAsA,G2 — 1 re ee XpAsArGg—1  X4sAsALG4 Li 
Interacting case Aaa XAsA,G? X4  XpAsALG? X4AsA_G4, — 1 q i 
AsAy _ XB ‘ 
Non-interacting case edt K sy 
; 
ApoAz — 1 K= Ap2,BAL —1 _Ap2,A4AL 
Zs = Zn; or |As| = ea ApoAr Ap?2,BAL Ap? adi — 1 
_ AsAgi — 1 _ AsApip—1 _AsApi,A 
Zi = Zy2, or |Az| = ss Aad = AsApi,B AsApRi,a — 1 
Interacting case: vey Act Gret ACoA 
wend SAL SALVI _ ASALYI ,B S42LU7,A 
2m = Zn1, 2x2 = Zy2, OF Anil = lA rol os x AsAy—1 AsALG? = AsArG?,3 AsALG?,4— 1 
Reference operation = Image operation, i.e. G = G; i u 
Non-interacting case: Yee 
SAL = 
Zrii = Zn1, ZR2 = ZN2, OF |Api| = |Apo| = 0 tee at Kis 


numerical calculations of quadripole performance, using the 
formulae presented in the paper, may be carried out more 
rapidly than by using any other known method. 


(5.1.1) Short Length of Voice-Frequency Cable. 


The characteristic impedance and propagation coefficient of 
a 101b/mile cable at 3 400c/s are given as 


Zo = 254-2 —j 224-4 ohms 
y = 3:0dB/mile, / 22° per mile. 


It is desired to insert 1 mile of this cable into a transmission 
system at a point where the junction impedances are both 
600ohms. The effect of this on the overall operating loss is 
to be determined. 

First, an ideal transducer of unity ratio is inserted. This will 
not affect the overall operating loss. For the purpose of the 
calculation the nominal impedances Z,, and Zy, at the input 
and output of the transducer are chosen to be equal to the 
characteristic impedance of the cable, i.e. 


Zyi — Zy2 = Zr = ZR = Zo 3 35092 — j224-4 ohms 


Consequently 20log,)|G,| decibels = 3-0dB and the image 
reference operating angle 9; is 22°. 
The K-factor applicable to this replacement is given in Table 1. 
The numerical calculations may proceed as follows: 
Zs Z, 
Or lie, 
Zn, Zy2 d 


and from Fig. 2 


and 0. = 6, = — 4g" 
Further 
20 logio |A,A,| => 13-2 dB, 65 -b 6 a 96° 
20 logio |4,A,G?| = 19-2dB, OR + 6, - 2¢; = SP 


The components of the K-factor may now be determined b b 


means of graphs as shown in Fig. 6, or from Tables, as follows Ho 
a A,A; 
+ 20 log; ~ Ad? = — 0:35 — 0:55 = — 0 9 df: 
Thus: OLgp = Ol ge + 3-0 —0-9 = OL, + 2-10B 


It is seen that, at a single frequency, calculations of operatin| 
loss for cables of different length may be carried out with littl 
additional effort, since the term 20 logy) |As4;/(4s4,; — 1) 
remains the same for all cable lengths. f 

In examples such as this, a saving in labour is achieved b 
working in terms of the inverse impedance ratio ZyIZ rathe | 
than Z/Zy. This is particularly true if a number of calculation) 
of the type shown here are to be made to obtain a =— 
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Table 2 
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Limits k,,.9, AND k,,;, OF k = 1K1 


Replacing ideal transducer with quadripole as in Fig. 4 


Replacing quadripole Q4 with quadripole Qx, as in Fig. 5 


Definitions of auxiliary 
parameters used in this 
Table 


_ asari + 1 aroay +1 


Xmax 


aSGR1 GR2aL 

for 65 + 0x1 = (2m + 1)7 \ (1) 
and 0p. + 0, = 2m + 1)z 3 

_ @sari — 1 array — 1 
Xmin = 

GSaR1 GR2aL 

f = 

or 05+ OR, =2y,7 it (2) 

and 0R2+6,=2m7 J 


. 


Interacting 


H 
i 
rt 
i 
| 
j 
| 


_| Non-interacting 


Xmaxasatg? + 1 
ax 
« XmaxASaLg? 


— asay 
asay — 1 


lGnax 
if eqn. (1) is met, and in addition 
O05 + 0, = 2n37 


$ =(n4— mm + 5 


O05 + Or = 2n37 
Os + Or + 26 = (24 + 1)7 


__ agari,A + 1 apo,gaz + 1 
AsQR1,A R2,AQL 
05 + Op1,4 = (2m + It 
OR2,4 + Or = (2n2 + 1)7 
_ 4sapzi,B + 1 ar2,par + 1 
4SaR1,B GR2,BaL 
ae ae + Or1,—B = (2m + 1)z 
Or2,8 + Op = (2n2 + 1)7 
__ 4saRi,4 — | ar2,4ar — 1 
ASaRi,A @R2,AQL 
O65 + OR1,4 TT 
Op2,4 + Or, = 2no7 


XA,max 


(1) 


for 


X Bymax 


(2) 


XA,min 


for 


_ 45aR1,B — | ar2,par — 1 
aSQR1,B @R2,BaL 
65 + Or1,B = 217 
6r2,8p + OL = 2mT 


XB,min 


(4) 


for 


2 2 
__ XBymax XBymax4SQLgB +1 XA,min@saLg’a 
XAymin — XBymaxASQL8%,  XA,min4S@L87,—1 


kmax 


if eqns. (2) and (3) are met, and in addition 
05 + On + 264 = 2n37 
Os + Or + 26 = (2n4 + 17 


leading to dg — $4 = (mg — n3)a + 5 


_XminasaLg? — 1 
rr" XminsaLg? 


_ _ 4sar, 
agar + 


Kinin 


if eqn. (2) is met, and in addition 
Os + Or = (2n3 + I)7 As + Or = (2n3 + Iz 


2 2 
__ XBymin XB,min@SQLgB — 1  XA,max4SQLg‘A 
XB,min@SAL8?,  XAymax4sazg*, +1 


Kmin 
XA,max 


if eqns. (1) and (4) are met, and in addition 


Os + Or, + 264 = 2n3 + 1)7 
05 + Or + 2B = 2ngT7 


leading to dg — $4 = (mq — 13) — 5 


r 7 
Os + Or + 26 = 2ngr Pee 13) 77 5 
aga 
Kmax = asap 


if eqn. (1) is met, and 05 + 0, = 2n37 


asaL 
kin = ymin 


asay + 
if eqn. (2) is met, and 05 + 0, = (2n3 + 1)7 


XB,max 
XA,min 
if eqns. (2) and (3) are met 


Kmax 


XBymin 
Kmin Te 
XA,max 


if eqns. (1) and (4) are met 


Zs = Zn1, OF |As| =0O 


k _ aroay + 1 
max AR2aL 


if Oy + Op2 = Qn, + I)7 


_ ar2,par + 1 
QR2,BaL 


if { Or + Or2,4 = 2nT 
Or + OR2,3 = Qn. + I)7 


QR2,AQL 
aR2,AaL —1 


Kmax 


aroay — 1 
GAR2aL 


Kmin = 


if 0, + Or2 = 27 


GR2,AaL 
aR2,AUL + 1 


+ GR2,8a, — 1 

@R2, BaL 
f Or + Op2,4 = (2m + 1)7 
"1. Or + OR0,8 = 2not 


Kmin 


[Continued overleaf 
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Table 2—continued 


Lmits K,,,ox 


Replacing ideal transducer with quadripole as in Fig. 4 


AND K,nin OF kK = 1K1 


Replacing quadripole Qa with quadripole Qp, as in Fig. 5 


05 + On = Qm + Ia 


if 
C= Sy 
, f Poses OSE 
Non-interacting max” acar 4 


Zri = Zn1, ZR2 = ZN2 


or |Ari| = |Ar2| = 0 if 05 + 0, = 2m7 
jee = asay 
min = Gara Tea 


if O65 + Op = Qn, + 17 


__asari,p +1 asari,A 
Zi pea Nis Onlasle 2 Kmax = ae . Kmax as@R1,B %S4R1,A — 1 
S@R1 
Z 65 + Or1,4 = 2ny7 
if 6s + Ox = Ont da u 8 + Oz ¢= Cm # De 
Fj keg, = (SARLB — 1 a@saKi,A 
Kmin = oe es asari,B 4sari,a + 1 
SARI 
: if 65 + 9p1,4 = Qn + 1)7 | 
if Os ar Ort = 2ny7 05 zits OR1,B we Qno7 . 
2 asa.gi,p-+1  asargi,a 
Interacting asa, asazrg; +1 King = eS eee ‘ 
Kmax = asatg? asapg? ,—1 
Zr = Zn1, ZR2 = ZNn2 “asa, 1 asdrg? iB i,A it 
or |Agi| = |Ar2| = 0 Pe a Ra | if 65 + 6, + 2¢;,4 = 2m7 ~ 5 
ce ees a ba leek. 05 + 01 + 2di,8 = 2m + 1) | 
Reference operation i he. 7 | 2 
= Image operation Giese 2 from which ¢;,3 — ¢;,4 = (M2 — m)7 + 5 d | 
2 2 h | 
Asdin casei ere k,,, — (SLsip—1_ asargi,a i 
Ao sks U UT a 9} 9) 
Kmin asa, +1 asaig? asaL&* .B GSOLE*, 4 +1 


if eo + Or + 2414 = 2m + I)a 
Os + Or + 241,23 = 2mT7 


from which ¢;,3 — $i,4 = (m2 — m)7 — 


2 


Kmax =1 


Kmin = 1 


response characteristic. Thus, when working with the inverse 
impedance ratio, it is convenient to write 


Ziyi 
A ace | 
: Zni 1 
Zs 


By use of the curves of Fig. 2, 20 log, |A,| decibels is obtained 
as before, while the magnitude and sign of the angle is (@, — 180°), 
where 6, is read directly from the curves. 


(5.2) Limits of Overall Operating Loss 


In cases where the angles and moduli of the reference inverse 
reflection coefficients and operating factors of the individual 
equipment units are known, the formulae in Section 5.1 are 
suitable for the determination of exact values of overall operating 
factors. 

In production quality control and acceptance testing of 


part of a practical transmission system. These limits are O° 
most use when impedance-matching conditions in the trans ie 
mission system are relatively good. 

The limits mentioned may be derived from the exact formulae: 
of Section 5.1. Thus, considering the interacting case, the 
K-factor may be written as follows: 


1 
—-|(1- gee (= zee) 


SAL 


1 


K am 
AA, G2 


simplicity of the function permits the ready determination of. 


| 


i 


Although K. is presented in terms of complex variables, the. 


| limits. Thus if k,,;, and k,.,, are, respectively, the minimum 
and maximum limits of |K|, 


1 1 
ae (1+ \at+ ee | 
{ee Asari GR24, A547 8 


as@y, 
k= 28% _ (484R1 + 1 appa, + 1 1 
max ~ 7 a — + = 
SOL asap ARG, asa, 8 


0, +6, =2n7 (AsA, is real and positive) 

A + Op, = (2n2 + 1) (AsAp, is real and negative) 

Oro + O, = (2m, + 1)7 (Apo, is real and negative) 
G5 + 0, + 26 = (2m, + 1)7 (AA, G2? is real and negative) 
These angular equations may be put into the form 

0, + 6, = 2ny7 
Pr — 9 = [2 — 1) + I]7 
Oro + 6, = (2n, + Ia 
b= (m4 — mn +5 

_ In this form it is clearly seen that the conditional angular 


_ equations for the existence of k,,,,, May be satisfied. 
Similarly, k,,;, may be shown to be 


min 


| Pee, ste — EO ie Ae ) 
PRIN 
| asa, + 1X asap, ARM, Asa, 8? 


This occurs when the right-hand factor is positive, which is the 
case in all normal applications, and 
% 


eee = (or eae 
Ori — 9, = [2(ng — ns) — 1] 


7 
b = (ng Ge) ianes 
The remainder of the formulae in Table 1 may be treated in a 
_ similar fashion, leading to the results set out in Table 2. 

It will be seen that the expressions for k,,,,,. and k,,,;,,, POSSess 
factors of the form |X|/(|X| — 1) and |X|/(|X| +), or the 
_ inverse of these. Defining 20 log, 9k as the variation loss, VL, 
| in decibels, it follows that VL,,,, = 2010819 Kimg, and VL,,i, = 
1 20 10819 Kin Will possess terms of the form 20 log;o[|X|/(|X | — 1] 
and 20 log,[|X|/(X| + 1]. If 20 logy |X| is known, then with 
/ reference to Fig. 6, the value of 20 log, [|X|/(|X| — 1)] is 
obtained from the extreme upper curve and that of 
20 log;o[|X|/(|X| + 1)] from the extreme lower curve, so that 
VL nox and VL,,;, are readily computed. 

Examples illustrating the application of the formulae given in 
Table 2 are presented in Section 6. 


(6) APPLICATIONS OF OPERATING-LOSS LIMITS 


The formulae applicable to the substitution of a quadripole 
‘or an ideal transducer or for another quadripole are in each 
ease of the form 


Grr a Gp,GK 


where K is given in Table 1. 
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A method of obtaining the limits k,,,, and k,,,, of k = |K| 
(as given in Table 2) has been demonstrated in Section 5.2. 
Further consideration shows that k may assume any value 
between these limits for substitution cases where the reference 
operating losses and return losses only are known. In certain 
cases additional information may be available which can be 
used to establish appropriate expressions for restricted limits 
(see Section 6.1). 

In the general case, the expression for the overall operating 
factor quoted above may be used to establish formulae repre- 
senting the frequency response of the related transmission 
system. Thus, introducing the variable frequency f, 


Geel) = Ge(MGAK(S) 
or when considering moduli only, 
SEES) = Ser Ns Nk(/) 
Introducing the limits of k(/), 
Sree N&MkmninD) < See) < See Ne) hima) 


For practical applications it is more convenient to adopt the 
logarithmic form of the last expression. Therefore, using 
VL pax = 2010810 Kinaxs VE min = 2010819 Kmin (See Section 5.2) 


and OL = 20 log; g (see Section 2), 


OLg Af) + OLA) + VL nil f) < OLS) 
< OLg (Sf) + OL(f) + VE aS) 
where 
VL pin F) = 20 logio Kinin(f) < 9, since Kin(f) < 1 
VLmaxLf) = 20 10819 Kmax(f) > 0, since Kmax(f) > 1 


This expression is completely general. For further treatment 
it is necessary to distinguish between replacements made with 
equipment individual to a single channel of a transmission 
system, and replacements made with equipment common to a 
group of channels. Treatment of the former case will be con- 
sidered in detail; for the latter case results only are quoted, the 
treatment being similar. 

For replacements made with equipment individual to a single 
channel, the channel reference frequency fp is normally common 
to all the quadripoles concerned, and equal to the line-up 
frequency, except where modulation and demodulation processes 
are involved. In these exceptional cases it will usually be found 
convenient to refer the frequencies to the input of the quadripole 
substituted. 

Thus, applying the general expression at the line-up frequency 


i Oo 
VL mink fo) < OLE (fo) — OLge(fo) — OL) < VEmax(So) 
The relevant frequency responses may be defined as 
J(f) = OL(fo) — OL(f) 
Jeg (f) = OLgg(fo) — OLgg(S) 
Jeph) = OLge( fo) — OLee(/) 


where, in accordance with general usage, a positive value of the 
relative operating-gain parameter J(f) signifies that the operating 
gain at the frequency fis in excess of the operating gain at the 
reference frequency fo. 

These definitions enable the following expression to be 
obtained: 


Jef) a J(f) =a VL nin) te VL nax\ fo) Zz JeeS) 
> Jaf) +I) — VE nal f) + VEmin fo) 


f, fo 
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Fig. 7.—Frequency-response characteristics and limits. 


(a) Original channel operating-loss characteristic. 

(b) Operating-loss characteristic of quadripole to be used for replacement purposes. 

(c) New channel operating-loss characteristic, assuming VL,,in to occur at fy and VL to occur at fo. 
(d) Channel frequency-response characteristic derived from (c). 


This expression is useful for numerical calculations if J,,(/) 
and J(f) are known. In many cases, however, the limits only 
of these parameters are known. 


Thus J,<JSA< 
Jr < Jeg < Jeg? 
Jig < Tir) < Jeg2 


where J, Jeg, and Jz,,,; are negative gain constants, and Jy, 
Jer. and Jeez are positive gain constants. These constants 
are, in practice, termed the frequency-response limits. 

Using these definitions the following is obtained: 


JrE2 =F J, Sa Vie) ae VL nox So => Tinh) 
2m Jeet 7s J; =y Vial d ) = VL nin So) 


In the same manner that frequency-response limits are specified 
constant over certain frequency ranges, it is also usual to specify 
a constant minimum return-loss limit over a range of frequencies. 
By using such constant minimum return-loss limits and the 
constant minimum value of OL(/), the minimum and maximum 
variation losses VL,,,,(f) and VL,,,.(f) become the constants 
VL nin 200 VE gx, Tespectively. The reference frequency, fo, is 
normally situated near the centre of the channel frequency range, 
and the minimum return-loss limit at this frequency may there- 
fore often be defined in excess of that at other frequencies. 
Where this is the case, the corresponding variation-loss limits 
may be represented by the symbols VL ming) 2nd VL max(oy: 
Under these assumptions, 

Jini = Ize, + J — VL, 


max 


Jre2 =Jrp2 + J2 — VE 


+ VL 


min(0) 
VL 


and max(Q) 


pale 
min ! 


ZES 


| 
= 
Je 
Vian) 


=F 


ASV Lino 


' 

L 

| 

p 

| 

r a) Vimax 
B Jy (c) | ; 

| 


, a a) (a) | D 
oe () EE,! OL ee Go) ; { 
DECIBELS . . 
| | 
| . ; ®) | 
ae o 


OL(fo) 
DECIBELS 


OL¢e (fo) +OL (fo) 
| DECIBELS 


OLee (f) 


iS Vb yin,o 
Ze VLwax 
U J, Jeey (4) 
Jee 
° 
DECIBELS 


where VL 


Max 


ay 


‘max(0) 8 


| VL nin| = | VL ninoy| 


From Fig. 7, which presents this result graphically, it will be] | 
seen that the actual frequency response Jz,(f) can touch one of} 
the frequency-response limits only, and that the total clearance) 
between the extreme turning points on the frequency-response 
characteristic and the frequency response-limits cannot become 
less than VL,,9x(9) — VL nin): 

The replacernent of equipment units common to a group of| © 
channels may be treated in an identical manner, but since the} 
reference frequency of the group equipment units will generally [s 
differ from that of the channel under consideration, the formulae ti 
for the frequency-response limits will differ from those obtained i 
above. Thus, using the previous nomenclature, with the excep- bx 
tion that J(f) represents the frequency response of the group j0 
equipment unit concerned relative to the reference frequency of I; 
the group (which differs from the reference frequency of the!) 
channel), and defining J, and J, accordingly, it is possible to! 
obtain 


ti 
! 


Jeet Jeni + 4, —Vijes Vegi 
JrE2 i Jen a; Jaap VL min is VL max(0) i Ji 
By comparing these results with those applicable to replace-}- 


and 


seen that Jz,, and Jr» for the two cases differ by Jp and J,,| 
respectively. This is an inherent disadvantage of the particular |: 
method chosen for the specification of group equipment units,” 
but this disadvantage can be avoided by specifying group equip- | 
ment units in a manner somewhat similar to that adopted for! 
equipment units individual to a single channel. 
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This alternative approach also permits the specification of 
smaller numerical values for J, and J> and may at the same time 
permit greater manufacturing tolerances. An example of its use 
is given in Section 7.1. 


Pa no ee 


(6.1) Level-Adjustment Pad 


If we consider equipment individual to a single channel, let it 
| be assumed that a symmetrical level-adjustment pad is to be 
| inserted at an intermediate impedance junction where Z NI = 
| Zy2 = Zy, Say. Under such conditions the straight-through 
connection may be regarded as an ideal transducer of unit ratio 
(see Sections 5 and 5.1.1). The replacement of the ideal trans- 
| ducer with the level-adjustment pad is illustrated in Fig. 4. 

To simplify the example, it will be assumed that the nominal 
| impedances are of zero angle, and that the level-adjustment pad 
i is of good quality, so that 


Zy >= ie CAN 


ZR 


/ and consequently |Ap,| = |Apo| = 0. 

_ Examination of Table 2 for the case where the reference para- 
'meters become the image reference parameters shows that, for 
‘this example, the conditional angular equations cannot be 
_ satisfied, since the angle of G; is here zero, and not 77/2 as required. 
\ The limits k,,,;, and K,,q, Of k, as tabulated in Table 2, are there- 
‘fore not applicable. In order to establish the restricted limits 
[ of k for @ = nm, reference is made to Table 1, which gives the 
| following formula: 


| x. _Asdir_ AsdiG? ~ 1 
_ This may be rearranged as follows: 

| 

1 

| (eae 

| Be G} 


_ Since G? must be real and positive it is readily seen that restricted 
i limits of k are obtained as follows: 


} 2 
i tiGs@p-. -Asargp 1 fi 6 An =o; 
} Emax 7 asa, Toe 1 Asay g? 4 Pe. 5 e : eH 
and 
2 
esr, ee taal S for 06+ 60, =(Qn4+)z 


min“ as@, +1  asazg? 
If we assume the following data: 

Image reference operating loss, OL, = 20 logy) g; = 3 dB, 
RL(f) > 10dB, RL (fo) > 16dB, RL,(f)> 20dB and 
j RL fo) > 26dB. Then, using the lower limit of return loss 
_ in each case: 

At fo: 20 log,o (asaz) = RL (fo) + RL, (fo) = 42 dB, 20 logo 
| @sa,g2) = RL (fo) + RL,(fo) + 20L; = 48 dB, and from large- 
scale graphs similar to Fig. 6, 


VL naxo) = 0°07 — 0-03 = 0:04dB 


VL nino) — — 0:07 + 0:03 = — 0:04dB 
similarly, ALi 
VL max = 0°14 dB 


The loss OL;,( fo) at the line-up frequency thus becomes 
OLp( fo) + 2:96 < OLjzg(fo) < OLge(fo) + 3-04 decibels 


and the new frequency-response limits are 


Jee, = Jee; + 0 — 0°14 — 0:04 = Jeg, — 0°18 decibels 
and 
Jee. =Iep2 +0 + 0:14 + 0-04 = Jerr + 0°18 decibels 


It is of interest to note that, if the angle of the operating factor 
had not been known, the limiting values k,,,,. and k,,;, aS pre- 
sented in Table 2 would have been applicable. In this case the 
following results are obtained: 


ee Toe 22 = oe fo) < OLz(fo) + 3:1 decibels 
Ee Si opest +0-+0-41 + 0-1 =Jpe2 + 0-51 decibels 


These results have deteriorated significantly as compared with 
those obtained for the level-adjustment pad. 


(7) SYNTHESIS OF SIMPLE TRANSMISSION SYSTEMS 

In the previous Sections the emphasis has been on replacement 
or substitution of quadripoles. It will be realized that complete 
transmission systems may be synthesized by performing a number 
of such substitutions. The method for simple cases may be 
developed as follows. Consider the transmission system com- 
posed of ideal transducers, as shown in Fig. 8(a). The three 
ideal transducers effect image matching at all impedance junc- 
tions, and the overall operating factor is consequently unity. 
As will be observed, it is convenient to designate the nominal 
impedances as Zy;, Zy3, Zys, etc., rather than Zy,;, Zyp, 


Fig. 8.—Stages in the synthesis of a simple transmission system. 


72 


Zynx ete., as before, since this permits the reference parameters 
of the quadripole Q, operating between Zy,, and Zy,,,,2) to be 
simply expressed as G,, Zp, and Zpn+1), Where n is an odd 
integer. Assuming n = 1, the ideal transducer 1 is now replaced 
by quadripole Q,. The source and load impedances for this 
quadripole are Zy, and Zy3, respectively. To permit calcula- 
tion G, and Zp (or Apz) must be known. Considering Fig. 8(d), 
the overall operating factor at this stage is obviously G,, since 
Q, is operating between its appropriate nominal impedances. 

If we assume that n = 5, the ideal transducer 5 is replaced by 
quadripole Q;. The nominal source and load impedances for 
Q; are Zys; and Zy7, respectively, and calculation may proceed 
if G; and Zp; (or Ars) are known. From Fig. 8(c), the quadri- 
pole Q, will operate between the source impedance Zp.Zy5/Zy3 
and the load impedance Z,7. The inverse reflection coefficient 
Zr2LZys5/Zn3 against Zys5 is written as follows: 


Fife 
Zp 
oe +1 si +1 
fs ‘N5 N3 ite 
Z,,2N5 2R2 4 Ara 
poet “2 
*ZN3 1 Zy3 
ZNs 


Using this result, and the relevant formula from Table 1, the 
overall operating factor at this stage is found to be 


ApoArs — 1 


Finally, for n = 3 the ideal transducer 3 is replaced by the 
quadripole Q;. The nominal source and load impedances for 
Q, are Zy3 and Z,,; respectively. For calculation, the reference 
parameters G3, Zp; (or Ap3) and Zpq4 (or Ap4) must be known. 
Considering Fig. 8(d), the overall operating factor Gres of the 
synthesized transmission system may, by use of the appropriate 
formulae from Table 1 and the nomenclature adopted in this 
Section, be expressed as follows: 


Gan es G,GA82ARs al A pA rs XA pA p5G? ete 
; ApgrArs *Aprdps—1  XARrApsG? 
XA p»Ap.G2 — 1 
=G,G,G oo 
SRA AgsGe 


fe: AR2AR3 — 1 ApsArs — 1 
AR2Ap3 A pgArs 
From this general formula, applicable to a transmission 


system consisting of three quadripoles connected in tandem, the 
formulae for two special cases may be derived. 


where xX 


Special Case 1. 
Quadripole Q, non-interacting. 
Gigs = G,G;G5X 
Special Case 2. 
Synthesis of a transmission system consisting of two quadripoles 


only, 
Then CS GG Anns ae 
A p2Ars 


Further, using these formulae, transmission systems con- 
sisting of more than three quadripoles may be synthesized, 
pore that the quadripoles are arranged in such a manner 
that 

(a) There are not more than two interacting quadripoles in tandem 
at each end of the system. 
(b) The remaining quadripoles in the system are all of the non- 
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interacting type, or, if interacting quadripoles are included, th | 


quadripoles must be so arranged that not more than one interactin, > 


quadripole separates two non-interacting quadripoles. 
To obtain the formula for the overall operating factor, i) 


f 


i” 


transmission system having an overall operating factor of unity)’ 


is formed from the appropriate number of ideal transducers}. 


Each of the ideal transducers is then replaced in turn by a quadri ye 
pole in such a fashion that all non-interacting quadripoles ar 
inserted before interacting quadripoles. In this process, quadri}. 
poles possessing a high reference operating loss may be con}: 


sidered non-interacting without introduction of appreciable 


error. 


The formulae for the overall operating factor of transmissior|*” 
systems synthesized from two and three quadripoles are presentec: 


in Table 3, together with the limits of k for these cases. 


Table 3 | 


SYNTHESIS OF TRANSMISSION SYSTEMS CONSISTING OF Two ANE | 
THREE QUADRIPOLES AS SHOWN IN Fic. 8 


Definitions of auxiliary para- _ AroAr3 — 1 ApsArs — 1 


meters used in this Table ApoAR3 ArsArs 
Ng a CRAKS +1 apgarst+1 |i 
mais GR24R3 AR4ARS 


Or2 + OR3 = Qm + my 
ek { Op4 + ORs = (2n2 + 1)7 (1) 


_ GR2aR3 — 1 apgars — 1 


" 


Three Quadripoles 


Middle quadripole inter- 
acting 


Géz,s = G1G3G5K, 


Kw xXARARSG3 = 1} 


where 


1) 


} 
p 


‘ 


a 


f 


| 


4 
| 


a AR2AR3 AR4GRS E 
OR2 + OR3 = 2m7 q 
a Orq + Ops = 2027 2) » 


Ce 


XAmAnsG? 

Limits of k = |K|: i 
Post ies 22 a) Xmax@R24R583 + 1 iE 
Xmax4R24R58% ys 

if eqn. (1) is met, and i | 
Or2 + Ops + 243 = (2n3 + 1)t ( 


Jeng < Xogg kmin@Raanses —1 | 
n min XminTR2ARSSS ' 
if eqn. (2) is met, and | 

Op2 + Ops + 263 = 2037 , 


te 


Three Quadripoles 


Middle quadripole non- 
interacting 


GEE,S = G,G3G5K, where K = X 
Limits of k = |K|: 
Kina = one eals (i) rismnes 
Knin = Xmin, tf eqn. @) is met 


Two Quadripoles Gees = GiGsK, 


K — AR2Ars — 1 


where 
Ap2Ars 


Limits 
_ 4R2GR5 + 1 
QR24R5 
(2m + 1)7 
_ @R2aR5 — 1 
AR24R5 
if Opg2 + Ops = 2m 7 


Kmax 


if 0x2 + Ops 


Kmin 


soni hianiatakeeniehieh inh teamaeienainie a ae Rt arte tp = 


ti 


(7.1) Synthesis of a Cable Carrier Telephone Terminal 


| In Section 6 it was suggested that the generally adopted method 
| of specifying frequency responses of equipment common to a 
! group of channels could be improved. The revised method 
} suggested by the authors is demonstrated in this practical example. 
| It is assumed that the carrier telephone terminal consists of 
three equipment units, as shown in Fig. 9. The channel modem* 
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and group translating equipments will generally incorporate 
_Tectifier modulators, which differ in behaviour from linear 
| passive quadripoles. However, if such a modulator is suitably 
/ designed3.4,5 and associated with a non-interacting or high-loss 
| quadripole, the equipment unit so obtained can, with negligible 
etror, be regarded as a linear non-interacting quadripole. This 
assumption is made in this example, where, for simplicity, the 
transmitting path only is considered. 

_ Considering, therefore, the: wth channel of the group, the 
‘Tequired performance characteristics of the equipment units of 
Fig. 9 may be specified as follows: 


i 


'@ Two- Wire| Four-Wire Terminating Equipment. 
Return and Operating Losses. 
RL eA Son) > 26dB, and RLz2(f,) > 20dB 


10 — 0-25 < OL,(fo,,) < 10 + 0-25 dB 


Frequency-Response Limits. 
OL (fon) — 0:1 < OL (S,) < OL;(fon) 


0-2 (dB), 300 < f, < 600c/s 
+ < 0-1 (dB), 600 < f, < 3000c/s 
0-2 (dB), 3000 < f, < 3400c/s 


<9) Channel Modem Equipment. 
Return and Operating Losses. 
RL p3(fo,n) > 26dB, and RLzx(f,) > 20 dB 
RL pg fon) > 16dB, and RL gd f,) > 10dB 
29 — 0-25 < OL,(fo,) < 29 + 0-25dB 


* The term ‘modem’ is a convenient contraction of ‘modulator-demodulator’. 


' 


| Fig. 9.—Synthesis of a cable carrier telephone terminal. 
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Frequency-Response Limits. 
OL;(fon) — 9°5< OL(f,) < OL3(fon) 
4-0 (dB), 300 < f, < 400c/s 
1-5 (dB), 400 < f, < 600c/s 
+ ~ 0:5 (dB), 600 < ff, < 2400c/s 
1-5 (dB), 2400 < f, < 3000c/s 
4-0 (dB), 3000 < f, < 3400c/s 


(c) Group Translating Equipment. 


Return and Operating Losses. 
RL ps(fg) > 20dB, RLz5(fo,,) > 20dB, and RL z5(f,) > 20dB 
— 47 — 0-25 < OL,(fg) < — 47 + 0:25dB 


Frequency-Responrse Limits. 
OL (fg) — 0°25 < OL(fon) < OLs(fg) + 0°25 dB 
OL<(fon) — 0:1 < OLS) < OL (fo,,) + 0:1 dB 


The frequency-response limits given under (a), (6) and (c) are 
presented in Fig. 10. 
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Fig. 10.—Frequency-response limits relating to Fig. 9. 


(a) Two-wire/four-wire termination. 
(6) Channel modem equipment. 

(c) Group translating equipment. 
(d) Summation of (a), (b) and (c). 
(e) Complete terminal. 


74 SEYMOUR AND DOSSING: SYNTHESIS OF TRANSMISSION SYSTEMS IN 


The conditional angular equations for the existence of the 
limits of k, as given in Table 3, may be satisfied. Thus, using 
the lower return-loss limits, 


VL axJo,) = 0:°02.4 0°14 = 0-16dB 
VL min fon) = — 0:02 — 0-14 = — 0-16dB 
VL nax(fn) = 0°09 + 0:26 = 0-35dB 
Vi) = — 0709: 10328 0:37dB 
Therefore, at the channel reference frequency fo ,., 


(10 — 0-25) + (29 — 0-25) + (— 47 — 0-25 — 0:25) — 0:16 
<= OL (fon) = 100-25) + 29 + 0-25) 
+ (— 47 + 0-25 + 0-25) + 0-16dB, or 
— 9:16 < OLgg (fon) < — 6°84 (GB) 


If an input signal level of —3dBm is assumed at the hybrid 
line, the level at the output of the transmitting amplifier will then 
fall between the limits +3:84dBm and +6-16dBm and will 
have a nominal value of +5dBm. This range of 2:3 dB allows 
for a tolerance of +0-:25dB on OL,(f,), and it will therefore 
be clear that the maximum difference between any two channels 
cannot exceed 1-8 dB. 

The overall channel frequency-response limits shown in Fig. 10 
are obtained by widening the direct sum of the upper limits of 
the three equipment units by VLyin(fon) — VEnaxty) = 
—0-51dB, and the direct sum of the lower limits by 
ALG) 3 [Aon 6) = 0°53 dB. 

The method of specification suggested here has advantages 
compared with other methods in current use, since it permits 
improved overall frequency-response limits to be obtained 
without demanding improved performance from the individual 
equipment units. 

It will be noticed in this example that under reference con- 
ditions the operating loss from ‘hybrid line’ to ‘hybrid out’, and 
the ‘hybrid out’ impedance have been considered invariable with 
changes in the impedance terminating ‘hybrid in’. These 
assumptions are correct for ideal hybrid transformers, and 
practical measurements have confirmed the validity of the 
theoretical proof. A similar invariance applies to the operating 
loss from ‘hybrid in’ to ‘hybrid line’, and to the ‘hybrid in’ 
impedance. 


(8) INPUT INVERSE REFLECTION COEFFICIENT OF AN 
INTERACTING QUADRIPOLE UNDER NON-REFERENCE 
CONDITIONS 

The input impedance Z,, of an interacting quadripole Q, 
terminated at the far end with an impedance Z, differing from 


ti tne 
! 
I 
| 


Zin 
(Aue 


Fig. 11.—Input impedance of an interacting quadripole under 
non-reference conditions. 


the nominal impedance Z,2, has been obtained in Section 15.4 
Using this 


in terms of the parameters illustrated in Fig. 11. 
result, 


Zar nega an 
A Zz 

Fin |, Aa 2(58 ce zi) @ 

Zn ZNi Zy2 Zy2 


By introducing inverse reflection coefficients, this reduces to ||) 


A AprA »¢ 
| Ri R2°4E = 
NS A,G? Bode aa RIX ad 
Arn, Apodr ih 
2 ae 
where X= AVGe Aaa 


Ap, AprAy 


Let it now be assumed that X = xe/%, so that 


| 

2, ey baer soi 
X41 xe® +1 li 
) 

| 

| 


oT er: 
Then multiplying by the unit ratio ae 


xX xeiat+n) Xi 
X41 xeiGir) = 1 7 XS 


where X’ = xes@+n), 

Thus, by working in terms of 20 log,9 x decibels and (« + 180°),)% 
the curves of Fig. 6 may be used to evaluate 20 logo | [X/(X + 1)]|_ 
decibels and the angle of X/(X + 1). ‘| 

The results obtained here, and those for the special case of) © 
Zp2 = Zp (or |Apo| = 0) are given in Table 4. Although in|”) 
practice Zp» generally differs from Zy>, it will be appreciated}: 
that the results obtained from the general formula and those 
obtained from the special-case formula do not differ appreciably’ i 
if |AR24_| > 1. 

When the reference parameters may be identified as the image}: 
reference parameters, the formula simply reduces to 


A, = A,G? 


In a manner similar to that used for the determination of the) 


limits of k, the minimum limits of a;,, corresponding, respectively, 


to the existence of k,,, and Kypqx, are obtained, and appear}é 
in Table 4. 


Fig. 12.—Locus area of the complex quantity, 
— A1G? AprAr —1 


Am AmAz 
i eee arg? apoay—1, _ arg? agra, +1 
min ae pa et — 
RA GR2aL aR1 aR2aL 


: 2 
In most practical cases, xmin ~ |X| ~ xmax = 248 
GR1 
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Table 4 


Input INVERSE REFLECTION COEFFICIENTS (Fig. 11) 


(Conditional angular equations omitted) 
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General case 


Definitions of auxiliary parameters used in this Table .. 


_ ApG? AgoAr — 1 


x 
Art  ApR2Ar 
Cs CO 
Wht aR ARAL 
_ apg? array + 1 
Xmax 


QaR1 GR24L 


Exact formula 


xX 
Ain = AR rer i 


Special case 
Zp2 = Zy2, or |AR2| = © 


ArG2 
yee 
AR1 
2 
aus 
aRi 


xX 
Ain = Ary 


of kmax) 


Maximum limit 


dae ae : on 
Minimum limit (corresponds to the existence of kyj;) .. Gin,min = GR1 ec Ginymin = AR1 y me 

min 

(See Fig. 13) 
< Ae oi ite : Xmax 

Restricted minimum limit (corresponds to the existence OGnrressmisaGrni Gin,res. min = Ginymin 

Xmax + 1 

Xmax | x | 

aj = Cy Gj =a | 
in,max R i P| in,max R1 nl 


if Xpnax <1 


Gingmax = OO May occur 


if Xmin <1 < Xmax 


Xmin 
Ginymax = G4R1 
Xmin — 1 
ibe ll < Xmin 


(See Fig. 13) 
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Fig. 13.—Input-return-loss limits of an interacting quadripole under non-reference conditions. 
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To determine the maximum limit of a,,, reference is made to 
Fig. 12, in which the locus area of the complex number 
_ A,G? ApoA, — 1 
ARp2Ay 


x 
Api 


is presented. Consideration of X as a negative real number in 
the region of (—1 + j0) yields the formulae shown in Table 4. 

Numerical calculations of limits of RL;, = 20 log;o @;, decibels 
in cases where it is necessary to use the general formulae, may 
conveniently be carried out by means of the curves of Fig. 6. 

In cases where |4p74;| > 1, RL in min 204d RLin max May be 
obtained directly from the family of curves in Fig. 13. 

The formulae developed may be rearranged to solve other 
problems, and it is found that any chosen parameter may be 
expressed explicitly in terms of the remaining parameters in such 
a form that numerical calculations can be carried out using the 
curves of Fig. 6. Thus the formulae developed may be used to 
solve the important practical problem of specifying the reference- 
loss parameters of a quadripole in such a manner that the input 
return loss exceeds a given minimum value when the far-end 
termination differs from the far-end nominal impedance (see 
Section 10.1.2). 


(8.1) Attenuator 


Using the formula A,, = A,G?, which applies when the 
reference parameters may be identified as the image reference 
parameters, it is seen that 


RL,,, = RL, + 2 OL, decibels 


where RL,, = Input return loss of the attenuator. 
RL, = Return loss of the load impedance against the 
far-end nominal impedance. 
OL; = Image reference operating loss of the attenuator. 


When the load impedance is either a pure inductance or a 
pure capacitance, RL; =0 and RL;,=20OL;. This result has 
been found of use when checking the accuracy of return-loss 
measuring sets. 


(9) SYNTHESIS OF MORE COMPLICATED TRANSMISSION 
SYSTEMS 

If no restrictions are placed upon the arrangement of quadri- 
poles forming a transmission system, so that chains of tandem- 
connected interacting quadripoles may be encountered, an 
explicit mathematical expression for the overall operating factor 
becomes extremely complicated. 

However, for calculation purposes it is possible to employ a 
step-by-step numerical process, evaluating the overall operating 
loss progressively as each quadripole is added to the system. 
The method adopted is that used for the synthesis of simple 
transmission systems, with the extension that, when no further 
progress can be made by that method, it becomes necessary to 
evaluate RL;, (Of RLin min 20d RLin pes. min in the case of limit 
calculations) using the formulae given in Table 4. In this 
manner all ideal transducers can be replaced by quadripoles and 
the final overall operating loss can be obtained. 

In the case of limit calculations, if data in excess of the reference 
operating and return losses are known for a quadripole, it may 
become necessary to determine the appropriate restricted limits 
of operating loss in a manner similar to that shown in Section 6.1 
for the level-adjustment pad. It should be borne in mind that, 
as the number of quadripoles in a transmission system increases, 
the likelihood that they will simultaneously function under 
limiting operating-loss conditions decreases, and the calculation 
of operating-loss limits therefore becomes of less practical use. 


: 
| 
| 


(10) REFLECTIONS AT A JUNCTION OF DISSIMILAR |). 
IMPEDANCES 

Considering a junction in a transmission system at which thi 
nominal impedance is Zy and the dissimilar junction impedance: pal 
are Z, and Z,, the inverse reflection coefficients A,, A; and Ajbé 


become | 


OM Zia 27 
a AT 4: | 

If Z, and Z, are derived from the last two expressions anc}, ¢ 
inserted into the first, it is seen that i 


rn 
ae) 


A; 


A, 
AA,—1 A, 
"TAA, A; _ 


AA, —1 
las ker = 
: A; — A, 


A 


1 


he 


From this expression the limits of ay are found to be 


ay 
_ 4a, + 1] a, 
ymax = 4, a, ay aes Ff 
a, 
7 
for . 6, = (my + ng) + 5 
7 | 
and 6. =(n, —m)a + 5 
a; 
2G) lena, | 
and Ay min = ea a a 
tacts clea 1 
a, 
for 0, = (n, + na + 


wi) a NIA 


0. = (n, — na — 


A, and RL, may be calculated in the same manner as the K’s 
in the previous Sections, while RL,,,,,, and RL; ;, may either!” 
be calculated in the same manner as k,,,, and k,,,;,, or obtained)’ 
from the curves given in Fig. 14. 


(10.1) Open-Wire Entrance Arrangement 


Where open-wire carrier telephone systems are used it is” 
necessary to provide lead-in arrangements to intermediate | 
repeaters and terminal equipment. If both 3-channel andi: 
12-channel frequency groups are propagated over the open-wire| 
bearer, line filter groups are included in the lead-in arrangements | 
to effect segregation of these frequency groups. | 


(10.1.1) Practical Example of a Line Filter Group. 


The reference-loss parameters of a line filter group were!’ 
measured in the transmission band of the high-pass filter section. 
The filter—an experimental model—was to be mounted on a” 
terminal pole of the open-wire route, and the output of the’ 
high-pass section extended to the carrier station by means of an _ 
unloaded pair in the entrance cable. The reference-return- 
loss/frequency characteristic of this cable was measured, and|: 
using the results of Table 4 a prediction was made of the maximum © 
and minimum return-loss/frequency limits possible at the line | 
terminals of the filter group, assuming the unloaded entrance | 
cable pair to be connected to the output of the high-pass section. 
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Fig. 14.—Return-loss limits at an impedance junction. 
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Fig. 15.—Measured input-return-loss characteristic of a line filter 
group, together with calculated upper and lower return-loss limits. 
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These maximum and minimum return-loss/frequency limits are 
shown in Fig. 15, together with the actual return-loss/frequency 
stharacteristic measured at the line terminals of the filter group 
under the conditions cited. : 


10.1.2) Specification of Lower Return-Loss/Frequency Limits. 


The reflection conditions existing at the impedance junction 
formed by connection of the open-wire pair to the line terminals 


Ta 


of the filter group may be assessed quantitatively by means of the 
formulae developed in Section 10. 

Crosstalk considerations impose a minimum limit on the return 
loss required at this impedance junction, and, as mentioned in 
Section 6, it is convenient to quote this minimum limit as a 
constant return loss over the frequency band concerned (or. if 
necessary, as a number of constant return losses corresponding 
to different frequency intervals in this band). In this example 
a single minimum return-loss limit RL; in, Will be assumed. 

If, therefore, at any frequency the return-loss characteristic 
falls below the minimum return-loss limit RL; yi, chosen—and 
this is to be avoided—a rearrangement of the results of Sections 
8 and 10 permits calculation of the reference-loss parameters of 
another line filter group, which, when terminated with the given 
entrance cable, would provide a return loss at the junction of 
Open-wire pair (of known reference return-loss/frequency 
characteristic) and line terminals of the filter group equal to or 
in excess of the prescribed limit. 

The process is described briefly as follows: 


(i) Considering the known data, it is first convenient to specify, 
for the open-wire and unloaded entrance cable pairs, constant 
minimum reference return-loss limits above which the respective 
measured return-loss characteristics must lie. Let these minimum 
limits be RLoy = 20 logio dow decibels and RLgc = 20 login agc 
decibels, and let RL 7, min = 20 login ay,min decibels. 

(ii) Using the nomenclature above, the expression in Section 10 
for @y,min may be rearranged to give 


dow 
!  AS,minfow + 1 a ymin 
Op =O) min ae 
Q),min2ow Gow 
QJ,min 


From the data given in (i), RL, = 20logio a, may readily be 
calculated using the extreme upper and lower curves of Fig. 6, or 
from Tables. 

(iii) RL, is the minimum permissible return loss at the line 
terminals of the filter group when terminated with the entrance 
cable pair. Thus a; is the same as @jy,min in Table 4, and by rearrange- 
ment of the expression for Gjn,min = @r the following is obtained: 


aECg* aR2aEc — 1 


is ar AR2QEC 
r TS IG aT eae Ge 
aEC8* AR2aEC — 1 1 


ay GAR24EC 


aRi = 


which approximates to 


ar 

for the condition ar2agc > 1, which is often encountered in practice. 

If now OL = 20 log;9g decibels is allocated a constant value 
based on the minimum reference operating loss anticipated in 
the transmission range of the line-filter-group high-pass section 
(in many cases the condition OL = 20 logigg ~ O decibels will 
apply), it is possible to calculate the constant minimum reference 
return loss RL p, which will satisfy the conditions of this example. 

The method of solution adopted in this example illustrates the 
fact that specification of the reference performance characteristics 
of equipment units may now become an exact science rather than 
a process based largely on experience. 


(11) RELATIONSHIP BETWEEN REFERENCE PARAMETERS 
AND IMAGE REFERENCE PARAMETERS 

Quadripole performance characteristics are frequently given 
in terms of the image parameters, and it therefore becomes 
desirable to establish a relationship between the image reference 
parameters defined in Section 5.1 and a set of quadripole para- 
meters corresponding to operation under non-image operating 
reference conditions. 
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The operating factor Geo of an interacting quadripole 
operating between impedances Z, and Z, has been derived in 
eqn. (18). Under image reference operating conditions 


G=G,, Zp, = Zy, and Zaz = Zyr, 
i.e. |Apy| = |Ago| = 00 
and eqn. (18) thus simplifies to 


AA, G? 


AS At 


Grn = G; Anaya? oa 


l 


v( 


If now Z, and Z, are considered as nominal source and load 
impedances, respectively, Gz may be regarded as the reference 
operating factor of the quadripole under these non-image 
reference conditions. 

The associated input inverse reflection coefficient is readily 
derived from the formulae obtained in Sections 8 and 10. Thus, 
at the input of the quadripole, 


As 


where A, represents the reference input inverse reflection 
coefficient. Similarly, the reference output inverse’ reflection 
coefficient is determined. 

For convenience these results are presented in Table 5, together 
with formulae applicable to certain special cases. 


Table 5 
RELATIONSHIP BETWEEN REFERENCE PARAMETERS AND IMAGE REFERENCE PARAMETERS* 


Image reference conditions: Zp, = Zn, Zp. = Zy2, G = G;. 
Reference conditions: Z,; and Z;, considered as nominal impedances. 
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operating under symmetrical conditions. Use of the appropriate} 
formulae from Table 5 and the curves of Fig. 6 leads to 1 ’ 


3:0 — 0:35 — 0:55 = 2:1 dBi, 
6:6 —0°55 + 2:7 ~ 8:7dB 'b i 
6:6 — 0-55 + 2-7 ~ 8-7dB Ib, 
i 
If now the cable is added to a transmission system at a junction 
having a nominal impedance of 600 ohms, zero angle, and the 
return losses of the dissimilar junction impedances are 20 
and 26 dB, respectively, at 3400c/s against this nominal impe~ 
dance, use of the appropriate formulae in Table 2 and the curves) 
of Fig. 6 gives G 


VL nay = 0°04 + 0:48 + 0-02 = +0-54dB 
VL 0-04 — 0-51 — 0-02 = — 0-57dB 


min 


Reference operating loss 
Reference input return loss 
Reference output return loss 


ut 


{ 
4 


V 


or Olin + 1-53 OLp < OL ge +2-AGB 


(12) CONCLUSION 
It has been shown that introduction of the reference para- 


non-reference operation, as may occur in the tandem connection 
of quadripoles. For calculation purposes, the impedance) 
formulae derived may, with advantage, be converted to formulae ibs 
expressed in terms of inverse reflection coefficients. The latter — 
formulae may be arranged to have factors of the type X/(X — 1),| ~ 
and their loss forms may therefore be readily calculated, since 


Interacting quadripole Non-interacting quadripole 
Asymmetrical operation Sy Ets eto Asymmetrical operation arpa ai i 
: _— 2 2 2 2 2 
Reference operating factor AeA l ( As Ay GAe Se G; ed sial Are Gus 
AsALG? A2, — | A2 — 1] ' A2G2 A2—1 : Az —1 A2 —1 *A2 — 1 
i Ss L i Ss L 
> ; 
i ALG; 
Reference input inverse A AsALGj — 1 As A2G? —1 G? | 
reflection coefficient Sos AsALG2. ArG2 =A 2G Goal —As —A \ 
é Ly cig 1 i i 
As 
\ 
: AsG? aes aah . 
Reference output inverse ee eASALG AL on ALG == I Gj ae = 
reflection coefficient AsALG2 AsG2 ALG?4 GYoAA " 
i I 
Ay 
* For convenience the term ‘image’ is extended to cover non-interacting quadripoles operating under conditions of matched input and output circuits, i.e. |Az1|=|Apz2|= 0 


(11.1) Short Length of Voice-Frequency Cable 


In Section 5.1.1 the image reference parameters at 3 400 c/s of 
1 mile of 101b/mile voice-frequency cable were quoted. It is 
desired to determine the reference-loss parameters of this one 
mile of cable, corresponding to operation between nominal source 
and load impedances of 600 ohms, zero angle. 

The cable may be represented by an interacting quadripole 


easy 


20 log; |[X/(X — 1)]] and the angle of X/(X—1) can be 
obtained from large-scale curves similar to those shown in Fig. 6 
OF from Tables. If 20 log, |X | and the angle of X are known, 
precise calculations of return and operating loss are possible; 
if 20 log,y |X| only is known, limits of the loss expressions can 
be obtained. 


The numerical solution of transmission problems by means 


= 


we) 


ae a a A easy ‘. 


sTAEny' 


of the techniques advanced results in a considerable reduction 
in labour as compared with other known methods of solution. 
Further, a clearer understanding of the electrical principles 
involved is obtained, since, for known variations in the reference 
characteristics of a quadripole, the effect on its non-reference 
operation is rapidly seen by inspection of Fig. 6. 

Non-reference operation of a quadripole may alternatively be 
regarded as operation under new reference conditions. Accord- 
ingly, by the use of formulae derived it is possible to obtain a 
new set of reference parameters for the new reference conditions 
in terms of the reference parameters corresponding to the 
original reference conditions. In this manner, the image reference 
parameters have been related to a new set of reference parameters 
corresponding to selected nominal impedances. Similarly, the 
iterative reference parameters could be related to a new set of 
reference parameters. 

The choice of quadripole reference-loss parameters simplifies 
the measurement of quadripole performance characteristics 
under reference conditions (a fact which is of assistance in 
production quality control) and permits the minimum reference 
performance requirements of quadripoles to be specified in such 
a manner that the loss characteristics of the transmission system 
formed from their tandem connection meet prescribed limits. 
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(15) APPENDICES 
(15.1) Interacting Quadripole under Reference Conditions 


Let the reference parameters of the quadripole in Fig. 1 be 
Zr, Zo, and G, and let the nominal impedances be Zy, and 
Zy2. It is then seen that 


jf we A y Z12) 1 | a VA 
= = oe ay or I AG Toyo ey 
4 I, 3 (Zz Zn? I, ; 26/Zy\Zy2 
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Using matrix notation and considering transmission from left 
to right 


Z 
ee AL BUNT caer 
Zn Ve Zr od ne : 1 
V ! C OD I, ea 
Zn, + Zp, : 


Considering transmission from right to left, and applying the 
reciprocity theorem, which permits the new load current J,, and 
the current J, to be related, we obtain 


Z 
Ziad. AeeB gee eT 
‘N1 1 ix Zn2 + ZR (2) 
—I GD Wa ! wa 
, Zn2 + Zr 


Using the expression derived for J,, then J, and V may be 
eliminated from these matrix equations and the four general 
circuit constants A, B, C and D can be derived by simple algebra: 
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Zp, + Zyy 
(15.2) Ideal Transducer under Non-reference Conditions 


From Fig. 16(a): 
Ze 
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je 0 Zn, I, 
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Zn1 


——————== C0 
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Fig. 16—Replacement of an ideal transducer with an interacting 
quadripole. 


(a) Ideal transducer operating between Zs and Zz. 
(b) Interacting quadripole operating between Zs and Zz. 
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Combining eqns. (7) and (8), Cor, =? =5 a) G ye ( 
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(15.4) Impedance and Reflection Coefficient of an Interacting. 


is the current that would flow in Z, if fed from the source via Quadripole under Non-reference Conditions 


an ideal transducer of impedance ratio Z,/Z,. Similarly, the F f ; ; F 
operating factor of the interacting quadripole under non- The input impedance of an interacting quadripole under non- 


reference conditions Gzy-9 is Ip/Z. Thus reference conditions is, from Fig. 16(b), Z,, = V — 
Gero ea Ty Therefore, using eqns. (10) and (11), ; 
Gero 
We be eee AZ, + B ! 
Further, from a consideration of system linearity, y= CZ, +D - + ae oo Ce 
M, * fe we Grp (see Fig. 4), By the use of eqns. (3)-(6), this becomes 
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. SUMMARY 
! The chief cause of erratic results when field gradients are measured 

in an electrolytic tank by means of closely spaced probes is shown 
‘10 be variability of the meniscus near the probes. A new form of 

‘tank is described in which measurements are made by capillary 
probes in a plane defined by an insulating surface, thereby eliminating 
| the meniscus effects present when the probes are placed in a free 
| surface. 
- 


t (1) INTRODUCTION 


Inthe normal type of electrolytic tank, measurements are made 
by inserting one or more probes in the free surface. The potential 
differences between the probes may be used to obtain an approxi- 
mation to the field gradient at the point. Such measurements 
are liable to errors of two kinds. 

_ First, the finite spacing between the probes and their finite 
‘size mean that a p.d. between two probes is not equal to the field 
‘strength in that direction multiplied by the spacing. In fields 
| which are not changing too rapidly compared with probe spacing, 
lthe relation between p.d. and field strength is one of pro- 
‘portionality, with the constant representing effective spacing. 
'This effective spacing is a function of depth of penetration of 
‘the probes. 

Secondly, erratic errors exist which are due to fluctuations in 
‘the level of the free surface and to inhomogeneity of the electro- 
‘lyte. The fluctuations in the free surface affect the p.d. between 
\probes in two ways. The less serious of these is that due to the 
/variation of mean level due to evaporation, which will alter the 
\effective spacing between the probes. This level can be main- 
‘tained to any desired constancy by use of a suitable depth gauge. 
‘The more serious is the variation of meniscus associated with an 
jarray of closely spaced probes. Such a meniscus will depend 
eatly on the state of cleanliness of the surfaces of both liquid 
and probe, and will in general be highly erratic. 

The results of measurements on the effect of meniscus varia- 
ition are discussed in the paper. A modification to normal-type 
‘probe arrays is suggested to reduce erratic errors due to meniscus 
(variation. Further, a novel type of tank is described in which the 
ree surface is replaced by a flat surface completely submerged 
vand therefore meniscus-free. 


(2) MEASUREMENTS ON EFFECT OF MENISCUS 
With a single isolated probe, the effect of surface tension is to 
aise the surface level in the immediate neighbourhood of the 
probe. This, in practice, produces a negligible error of the 
®otential measured by the probe. If a second probe is piaced 
near the first, each probe will continue to measure the potential 
fof the point which it occupies, but the potential field will be 
erturbed by the disturbance of the electrolyte near the probes. 
‘Teis perturbation is much greater than that at a corresponding 
“int near an isolated probe because of the general raising of 
pilace level between the probes, as indicated in Fig. 1. This 
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Fig. 1.—Meniscus in the neighbourhood of a two-probe array. 


extra bulk of liquid in the immediate neighbourhood of the 
probes can be regarded as effectively increasing the electrolyte 
conductivity in that neighbourhood and hence giving rise to a 
measured field gradient below the true value. It had been found 
in the use of an electrolytic tank with arrays of four probes that 
erratic variations of several parts per cent in the measured field 
gradient could take place under unfavourable conditions. 
If these are due to variations in the meniscus, the reduction of 
the field gradient caused by the meniscus must be several times 
greater, i.e. about 10% of the p.d. between probes. 

Two investigations have been carried out: first on a scaled-up 
model with artificial! menisci, and secondly on an actual system 
of probes in which arrangements were made to observe the 
meniscus behaviour simultaneously with the p.d. between probes. 
The results of these are reported below. 


(2.1) Measuring System 


The measuring system used was essentially that described by 
the authors in a previous paper,! except for one change. The 
measurements were made with a specially designed difference 
amplifier in which the p.d. between a pair of probes, each of 
which was connected to the grid of a valve, is compared with a 
voltage produced from a potentiometer applied between the 
cathodes of the valves, adjustment being made for a null output. 
The resistive potentiometer used earlier has now been replaced 
by a tapped transformer of low leakage. The design of such a 
transformer has been considered elsewhere,” and it has been 
shown that it is easy to design a suitable transformer on a small 
Mumetal core having errors due to leakage of less than | in 104. 
The present system uses a transformer with three windings. 
One winding tapped every ten turns and another every turn 
provide settings to 1%. A slide-wire tapped across the third 
winding (of two turns) gives intermediate positions. This is a 
simple, cheap and reliable arrangement which gives readings 
accurate to within 1 part in 104 of full scale. All the measure- 
ments are by this means made directly as a fraction of the total 
voltage applied to the tank electrodes. 


(2.2) Measurements on a Scale Model 


Arrays of probes which the authors have used have been 
made of glass capillaries about 0-5mm in diameter, separated 
by 3 or 4mm. It was decided, for reasons of mechanical con- 
venience, to make the scale probes about 4+in in diameter. 
This corresponds to a scale of 3mm to lin. The scale probes 
are therefore separated by lin. The model used is shown in 
Fig. 2. It consisted of a cubical box of about Sin side, open at 
the bottom, with two opposite sides of stainless-steel sheet and 
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Fig. 2.—Section through model tank and probes for investigating 
effect of meniscus. 


the remaining three sides of Perspex. In the top a hole was cut 
to enable different probe sets to be mounted easily. The block 
mounting the probes was normally flush with the under surface 
of the top, although it later proved useful to raise it, as indicated 
in the diagram. The menisci were simulated by conical holes 
3in in diameter at base and of 90° apex angle. The effect of 
these menisci could be eliminated by slipping mica discs over 
the probes, of diameter sufficient to cover the bottom of the 
conical hole. This left a substantially plane surface on the under- 
side of the top. The whole box stood in a dish so that its interior 
was full of electrolyte. The under-surface of the top then 
simulated probes in the free surface of an electrolyte. A p.d. 
was applied between the steel sides to create a uniform field 
across the box. 

Measurements were made on both capillary probes and 
probes of solid metal. 


(2.2.1) Measurements with Capillary Probes 


The probes were of Perspex, +in in diameter with a tin hole 
in the middle. Contact was made with an electrode about 4$in 
from the opening. The variables were the dimensions a and b 
shown in Fig. 2. The measurement of p.d. between probes 
made with probe tips flush with surface and with mica discs 
covering the conical holes agreed with that calculated from the 
dimensions of the structure to an accuracy better than that of 
the mechanical measurements. An effective spacing for any 
other set of probes is defined as that distance which when 
multiplied by the true field gradient will give the measured p.d. 
The ratio of effective to actual spacing is obtained directly as the 
ratio of measured p.d. to the p.d. in this particular case measured 
when the probes are flush with the plane surface. 

In Table 1 are given values of effective spacings of capillary 
probes of varying penetration, with and without the artificial 
menisci. 

Table 1 


Effective spacing 


Penetration (a) 
when b = 0 (Fig. 2) 


With plane 
surface 


With artificial , 
menisci 


in in 
1-000 0-993 
1-021 1-017 


The errors as shown by Table 1 are too small to account for 
the effects noticed. An attempt was therefore made to simulate 
the effect of the raising of the surface level near the probes by 
altering dimension b in Fig. 2. The results obtained are given 
in Table 2. 


Table 2 


Effective spacing with plane surface 


Penetration (a) 


Fig. 2) when b = 0 


(Fig. 2) when b = 1/16in 


in in 
1-000 0-967 
1-012 0-986 
1-021 1-002 


The difference between the two columns is of the order of 2%) | 
The raising of level by in, which is one-quarter of the prob fy 
diameter, corresponds to about one-quarter of a millimetre in a1) 
actual array. Casual observations of the level of the meniscui); ” 
near a probe set in a tank indicate a possible raising of this me 
above the free surface by 1mm. The experiment therefor ho) 
indicates that the variations in meniscus may account for thi 
erratic fluctuations observed in practice. } 
(2.2.2) Metal Probes. 

The capillary probes were replaced by stainless-steel probe >» 
of the same diameter. Results, which are similar to those i) 
Table 2, are given in Table 3. The conical hole gave effects o> 
the same magnitude as with capillary probes. 


Table 3 


Effective spacing with plane surface 


Penetration (a) 


ig. 2) when 6 = 0 


(Fig. 2) when b = 1/16in 


in 
0:991 
0-981 
0-969 


It may be remarked that the depth sensitivities of the capillar| 
and metal probes are opposite in sign, as might be expected, an. 
nearly equal. The actual perturbation due to the insertion of 
the probes is not greatly different for the two kinds. At zerd: 
penetration a 1% change in effective spacing is observed for thi © 
metal probes. , 

It therefore appears that, as claimed in Reference 1, thi | 
perturbation of the capillary probe in the surface is much le rT 
than that of a metal probe, but since in present practice pene’ 
tration must take place, the mass of liquid displaced produces # 
much larger perturbation. Hence this advantage of capillar) |) 
probes cannot be realized with present systems. 


(2.3) Measurements on an Actual Probe Array j 


For measurements on a probe array it was necessary to bi) 
able to examine the shape of the liquid surface near the probe)» 
at the same time as electrical measurements were being made 
A small Perspex tank was made, with two opposite sides 0» 
stainless steel which were 2in apart. This tank could be filler” 
to the brim so that the free surface of the liquid was slightl » 
above the tank sides. A graduated microscope was used ti 
examine the meniscus produced round a pair of probes. Bh 
focusing on the surface away from the probes, an estimate op 
the free surface position could be made. An atray of tw _ 
probes, consisting of glass capillaries about 0-5mm in diamete. | 
separated by a distance of 4mm was used, mounted kinematical © 
so that it could be replaced in exactly the same position. Th 


: 
: 
| 
| 
| 


; 
} 


f 
i 


_ measurements of gradient in electrolytic tanks. 
' overcoming this limitation is to replace the free surface by a 
_ closed one in which the shape of the surface is controlled. This 
' has been suggested by the authors! and a practical tank based 


| between the probes is fixed by the shape of the support. 
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probes were placed in the direction of the electric field and at 
right angles to the line of sight of the microscope. Measure- 
ments were made of the height of the surface between the probes 
above the free surface level and of the p.d. between the probes. 
The meniscus was changed by removing and replacing the 
probes, or by disturbing the liquid in their neighbourhood by 
means of a piece of wire. It was found possible to produce 
variations of over 1mm. The results showed a high degree of 
correlation between height of meniscus and p.d., as evidenced 
by the curve in Fig. 3. The range of apparent field values shows 


POTENTIAL DIFFERENCE, ARBITRARY UNITS 


ie) 0-4 0-6 
HEIGHT OF MENISCUS ABOVE FREE SURFACE, mm 


_. Fig. 3.—Variation of p.d. between probes with height of meniscus. 


a variation of nearly 10° between the extremes. It therefore 


_ appears that the conclusions of the somewhat artificial experi- 
_ ment described in Section 2.2 were justified, and that the 
variability of meniscus height can cause relatively great changes 
' in p.d. between the probes. 


(2.4) Conclusions on the Design of Probe Arrays 


It appears from the foregoing measurements that the variation 
of meniscus form is one of the chief causes of error in precision 
One method of 


on this idea is described in Section 3. However, apart from this, 


§ some improvement can be made by suitable design of probe 
| arrays. 
{ the meniscus from the point where measurements are made. 
_ This can be done, as reported by Hollway,* by insulating metal 


The purpose of any improvement must be to isolate 


probes and forming them into one support, so that the level 
This 
method has various disadvantages: the system becomes bulky, 
and the depth of penetration is liable to be excessive for measure- 
ments near the axis of an axially symmetrical system. It also 
causes a high sensitivity to depth variations. An alternative way 
3 to use a system such as that illustrated in Fig. 4. In this 


Fig. 4.—Modified two-probe array. 


probes. In a two-dimensional field a very thin insulating layer 
of this kind parallel to the surface would not affect the field 
distribution. The perturbations due to the meniscus will be 
attenuated before reaching the probe tips, the attenuation 
becoming greater as the disc is enlarged. Such an array suffers 
from disadvantages if it is required to approach an electrode; 
also, the depth of the disc must be small when axially sym- 
metrical fields are being measured. However, the rise of surface 
level is compensated to some extent if the depth is chosen 
correctly. On account of the meniscus near an electrode, 
measurements of gradient in such a position would in any case 
be inaccurate. Such a probe set was made from a capillary glass 
array of dimensions similar to those already given by adding a 
$in-diameter mica disc with holes to allow the glass probes to 
penetrate it. The diameter of this disc is about three times the 
probe spacing. Scale measurements on this array, similar to 
those given in Section 2.2, showed a variation of 1% over the 
same range of meniscus heights. It would therefore appear to 
have some merits compared with the normal type. 

The authors have previously suggested a figure of 0:1% asa 
working possibility in a normal-type tank, whereas the figures 
given in Sections 2.3 and 2.4 appear to indicate considerably 
increased error. In practice, the tank has been used as an 
element in an automatic electron trajectory plotter, in which the 
probes are in movement and the free surface is continually 
disturbed. An initial settling-down process lasting several hours 
has been observed, after which the variations are much closer 
to the 0-1 % level. 


(3) THE INVERTED TANK 

In the authors’ earlier paper,! it was suggested that the advan- 
tages of capillary probes would be exploited to the full if they 
could be used in the form of small holes in an insulating sheet 
placed in the surface of symmetry of the system. Measurements 
reported in that paper indicated the great stability to be expected 
from such a system. 

Two ways of realizing a system of this type can be imagined. 
One is that referred to above of an insulating sheet sliding on top 
of the electrode system of a normal tank, so that the sheet replaces 
the normal free surface. The other is to invert the positions of 
surface and model, making the bottom of the tank flat with a 
fixed set of hole probes, and moving the model relative to the 
probes. The choice between the two possibilities is affected by 
the fact that the first requires a total tank of linear dimensions 
three times those of the model, whereas the second only requires 
a factor of two. The tank will necessarily be larger than the 
usual type with probes in the free surface. In either case the 
flat surface has to be maintained rigid to a predetermined order 
of accuracy, and hence must be fairly heavy. There seems little 
difference in difficulty between moving the rigid plate and 
moving the model, and it was therefore decided to make a tank 
based on the second method. 


(3.1) Description of Tank 


A tank has been constructed to investigate the possibilities of 
the method, and has proved very successful. It has overall 
dimensions of 3ft 6in x 2ft x 4in. The small depth precludes 
its use for half-models of axially symmetrical systems, but this 
is a matter of detail only. An angle-iron frame was constructed, 
rigid enough to enable distortions to be kept to within a few 
thousandths of an inch. The bottom of the tank was made of 
tin plate glass, in the centre of which a hole lin diameter was 
cut to mount a Perspex probe assembly. It was arbitrarily 
decided to aim for the bottom to be planar to within 0-005 in. 
In order to hold the glass flat to this tolerance, it was rested on 
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sixteen 2B.A. screws tapped into the angle-iron frame. These 
were placed in four rows spaced equally from edge to edge. 
A cross-section of the bottom through the probe array is shown 
in Fig. 5. An insert was made of Tufnol with a reamered hole 


ELECTROLYTE 
GLASS SHEET Z RUBBER RING 


— = : Fa 


GNU 
PLATINUM 

WIRE 
Fig. 5.—Section through probe system of the inverted tank. 


to take probe sets of standard diameter. A rubber O-ring was 
included to make the assembly watertight. The insert was 
glued into position with a cold-setting cement, the top surface 
being slightly proud of the glass, and the surface was then rubbed 
down to be co-planar with the glass. 

The probe assembly was built into a Perspex rod fitting the 
hole in the Tufnol insert. Four probe holes were drilled, initially 
about 1mm in diameter. They were inclined to the normal in 
order to increase the distance between the exit holes, and thus 
increase the resistance of leakage paths. Contact was made by 
platinum wire forced through Neoprene bungs tightly held in the 
wider portion of the hole. The length of leakage path was 
further increased by p.v.c. sleeving covering the wire. 

The sides of the tank were also of plate glass, cemented to 
the bottom. This has not proved entirely satisfactory, and it is 
proposed to use a flexible joint between sides and bottom in 
future tanks. 

(3.2) The Carriage 


The carriage supporting the model has to maintain height to 
within 0-005in. Two ground steel rods running the length 
of the tank, are supported at each end and in the middle; 
these have to be adjusted to be straight to within 0-001 in. 
A carriage runs on the rods, and, since they are straight and 
parallel to a high degree of accuracy, it is mounted at four points. 
On one side are two sets of wheels (actually, small ball-races) 
shown in Fig. 6, and on the other side are two sets, each with a 


Fig. 6.—Runner of model carriage. 


single race, running on the crown of the rod. In this way 
difficulties associated with the rigidity of the carriage under 
torsion are avoided. 

The carriage itself has two cross-runners, similar in design to 
the longitudinal runners but much shorter, and these carry a 
trolley mounted with similar bail-races. Because of its small 
size the trolley is mounted kinematically with only one race on 
the crown of the rod. Models are mounted from the trolley, 
again kinematically, so that replacement of one model by 
another is easy and reversible without alterations. 


(3.3) Alignment Procedure 


After some trial and error, a simple and satisfactory process 
was found for aligning the tank bottom and runners to the 


required degree of accuracy. Alignment of the runners was first 4)" 
carried out, as follows. One runner was compared with a | 
straight-edge using feeler gauges, and adjusted, by means of the 
centre support, to be straight to within 0-001in. The straight- 
edge was then used across the diagonals of the tank, and the 
ends of the other runner were adjusted until the centre of each 
diagonal was the same height above an arbitrary base. This 
ensured that the ends of the runners were ina plane. The centre | 
support of the second runner was then adjusted to make the jf 
second runner straight to within 0-001in. This process finished 
with the two runners straight and parallel. With a dial gauge #)' 
clamped to the straight-edge, the depth of the bottom couid then 
be measured with respect to the plane of the runners. The 
height of the glass above each screw in succession was adjusted )§ 
to a constant value, and a further check was then made for final 7? 
adjustments. In this way the bottom was easily made flat to ] 
within 0-005in. Loading with water (about 1 cwt) produced a |} 
change of 0-001 in in the centre of the tank. The flatness was 
checked after six months, and again after the glass had been 
removed and the sides re-cemented, without touching the @: 
adjusting screws. In each case the changes observed on checking 
were of the order of 0:001in. It was therefore concluded that jf! 
the mechanical stability of the structure is entirely adequate. 


(3.4) Techniques in the use of the Inverted Tank 


(3.4.1) Probes. 
The form of surface probes described has two important % 
advantages over the usual type. First, they are unbreakable, 1 
and no form of limit switch is required to avoid collision between 
probes and model. Secondly, they can be made much more jf 
precisely. Errors in position of the holes in four probe arrays ¥ 
will give different scale factors in measurement of gradient in two 
directions, and will further imply that the measured components |)! 
of the gradient are not referred to perpendicular axes. In practice 9! 
these errors can be compensated electrically, but the require- 4): 
ments for stability of the electrical networks involved are much 
easier to satisfy when the errors are small. Because of the 1) 
elimination of meniscus variations, much closer spacings can be # 
used with advantage. The spacing can, in fact, be reduced to } 
the order of the hole diameters. Whilst the hole diameter has @f! 
an effect on the effective spacing, scale measurements have shown |W 
that with the holes almost touching it is only 4% less than the 
distance between centres. In practice the effective spacing is | 
always determined by electrical calibration. f 
The reduction of probe spacing may, in turn, allow the use of } 
smaller models. : : 


(3.4.2) Models. 


Because the model moves in relation to the tank walls, it | i 
must be completely enclosed, so that the field is unperturbed by {' 
the tank walls. Closing of the top ensures the complete absence }f° 
of any effect due to ripples on the free surface. ii 

The models differ slightly from the usual mode of construction { 
in that they must be true half-models, with no projections which j° 
would prevent them coming into close contact with the tank | 
bottom. So far as mounting is concerned, the changes required | 
have proved to have definite advantages. ot, 

Electrically, there is one significant difference: in the inverted |) 
tank it is impossible to make a complete break between two | | 
regions of electrolyte. When the boundary is metallic, as it | | 
most often is, this is unimportant, but it is entirely otherwise cu 
with insulating boundaries, where the leakage through the gap 


n 
between the boundary and the tank bottom may be serious. 4 
This difficulty can be overcome in various ways, depending on |. 
the problem. For example, the use of a simple system of guard A 
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_ rings will give the correct field everywhere except in the immediate 
| vicinity of the boundary. Measurements near the centre of a 
| parallel-plate condenser showed negligible errors even with gaps 
- several times the normal maximum. 


(4) OVERALL CHECK OF ACCURACY 


In order to obtain an overall check of errors from all sources, 
measurements were made on the field between concentric 
cylinders, this system being chosen because the model can be 
1 made with high precision. The inner cylinder consisted of 
| lin-diameter ground stainless-steel rod, and the outer cylinder 
of fin-thick dull nickel-plated brass, which was bored out 
before plating to an inside diameter of 15:Ocm. The two 
elements were mounted on a 4in-thick Perspex sheet with rings 
turned in it to locate them accurately. The system was about 
;2in deep. The eccentricity amounted to less than 0-1mm. 
_This model was mounted on a support which was located 
kinematically on to the tank carriage, provision being made for 
height adjustment by a micrometer at each point of support. 
| The model was completely immersed in the electrolyte. 

The particular probe set used to make measurements on this 
model had each pair of probes separated by 0-508cm between 
the centres and each probe hole was 0-14cm in diameter. 


(4.1) Experimental Procedure 


The object of the experiment was to show that results could 
be obtained repeatedly to within 0-1°% of maximum gradient, 
‘both over long periods and after withdrawing and replacing the 
:model in the tank. Since this latter check is partially one of the 
goodness of design of the kinematic mount, a procedure was 
adopted which would separate effects due to defects in the design 
of the mount and defects in other parts of the system. This 
procedure was to measure the field gradient along a diameter of 
|jthe model, at sets of points equally spaced on either side of the 
centre. Differences between readings at identical points on 
opposite sides of the centre are then a measure of the accuracy 
f setting of the centre position, whilst averaging the readings at 
such pairs of points effectively eliminates errors of positioning. 
e actual positions were read from a millimetre scale observed 
Ithrough a microscope with a scale on the eyepiece. In this way 
ositions were reset to +0-01 mm. 


(4.2) Stability 

It was found that circulation of the electrolyte in the tank 
and through the model was essential to obtain short-term stability 
of measurement of 0:1°% of the gradient. With this precaution 
e stability from day to day was found to be no worse than over 
‘a few minutes. Withdrawal and replacement of the model 
howed that the kinematic mount, in fact, permitted errors of 
about 0-1 mm in the position. The effect of these was averaged 
out, as already mentioned, and the averages showed no sig- 
Jnificant change due to such withdrawals. 


(4.3) Results 


The p.d. between the probes was measured for radii between 
2 and 7cm on both sides of the centre. The averages of each 
oir of these results are given in Table 4. With these are given 
che theoretical p.d. between probes, calculated from the dimen- 
siens of the model, positions of the probes, and details of the 
electrical measuring system. (This p.d. differs slightly from the 
roduct of distance between probes and field gradient at the 
“id-point between the probes, because of the non-uniformity of 
hip field. At the smallest radius the difference is0°5%.) Because 


the effective spacing between the probes is not equal to the 
distance between centres, the observed and theoretical values 
can best be compared by calculating their ratio. The constancy 
or otherwise of this ratio will be a measure of the accuracy. 
This is given in the last column of Table 4. 


Table 4 


P.D. between probes 


in arbitrary units Effective spacing 


Actual spacing 


Radius 


Measured Calculated 
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cm 
2:0 
P18) 
3-0 
B)05) 
4-0 
4°5 
D0 
BJS) 
6:0 
6°5 
7:0 
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Gap between model and bottom of tank, 0:6mm. 
Tank p.d. 3 V peak, equal to 800 units of p.d. 


(4.4) Analysis of Results 


Apart from the first and last readings, the effective spacing is 
very constant. The average is 0-:9903 and hence the spacing is 
constant to within the estimated accuracy of the measurements. 
This figure agrees with measurements on scale models. The 
small value of the first and last readings is explained by the finite 
gap between model and tank bottom. With the circulating system 
used, the electrolyte was pumped through this gap, and as a 
result it was difficult to use small spacings continually. However, 
reduction of the gap to 0:1 mm raised the last reading to 32-35 
units. This figure gives a ratio of 0-9893, which compares 
more favourably with the average of 0:9903. A similar explana- 
tion holds for the value at radius 2cm. Analysis of the two- 
dimensional system obtained by letting the inner and outer radii 
become infinite, indicates that the field should be within 0-1% 
at ten gap-widths away from the electrode face. The measure- 
ment in Table 4 was made with one probe not more than four 
gap-widths away, so that the errors are of the correct order of 
magnitude to be accounted for by this cause. 

A further possible cause of error is the accuracy of mechanical 
setting. An estimate of the constancy of resetting to +0-05 unit 
of p.d. can be obtained from the first differences of the p.d. 
between probes. The resetting requires to be done to within 
0-01 mm at 2cm radius and to within +0-1mm at 7cm radius. 
The higher tolerance was barely achieved with the system used. 


(5) CONCLUSIONS 
The mechanical and electrical stability of the inverted tank 
described has proved extremely satisfactory. A great merit of 
the probe system described is that once a particular set is installed 
and calibrated, the calibration will hold for an indefinite period. 
The mechanical construction is such that the possibility of 
damage is very small. 
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SUMMARY 


The effects of interaction across a circular aperture in a plane, 
perfectly conducting screen are studied by application of the approxi- 
mate edge-current diffraction theory previously developed,! the 
| interaction terms being found by asymptotic evaluation of the first- 
order aperture field. Their effect is examined by computing the 
; aperture and axial fields and comparing the results with exact theory. 
An interaction correction to the geometrical-optics transmission 
coefficient, which agrees well with rigorous theory except for a 
monotonic component, is obtained. With an assumed current 
distribution over the entire screen, an expression is found for the 
' transmission coefficient, neglecting interaction, which exhibits mono- 
tonic behaviour at variance with that expected from exact theory. 
A term with the desired variation is derived empirically. 

The possibility of extending the method to apertures of more general 
form is briefly mentioned. 


LIST OF SYMBOLS 
Ay(), A,(%), 
A3(), A4(y) = Functions of J,()) and N,(m) for = 0, 1, 2. 
a = Radius of circular aperture. 
c = Velocity of light in free space. 
ds = Element of rim of aperture at Q. 
E(x, y, z) = Total electric field. 

x» E,, E, = Components of E(x, y, 2). 

, 1 Scattered components of F,, E,. 

Et, EY = Interaction components of aperture field in 
directions of increasing r and @p, 
respectively. 

Ei(z) = Incident electric field of unit intensity. 
Et, = Incident electric field parallel to Y-axis. 
‘, = Electric field scattered by half-plane with 
Ey incident. 
E% = Non-interaction component of E,,. 
E’, = Interaction component of £,. 
F(x) = Complex Fresnel integral of argument x. 
H,(x, y, Z) = x-component of total magnetic field. 
HP) = Zero-order Hankel function of the second 
kind and argument 7. 
Jint = Edge current corresponding to E4. 
I,, I, = Integrals involved in the evaluation of 1°. 
J = Current density on screen. 
J,(7) = Bessel function of the first kind of order n 
and argument 7. 
J,., J, = Components of J. 
k= wlc. 
N,() = Bessel function of the second kind of 
order n and argument 7. 
O = Origin of co-ordinates at centre of circular 
aperture. 
P = Point in circular aperture. 
Q = Point on rim of aperture. 
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R = Distance between P and Q; also distance 
between edge of half-plane and point of 
observation. 

(r, 0p) = Polar co-ordinates of point P in aperture. 

T = Point on axis of aperture. 

t = Transmission coefficient of circular aper- 
ture for normal incidence. 
1, r’ = Components of ¢t corresponding to E®, 
E*,, respectively. 


(x, y, Z), (X, Y, Z) = Rectangular Cartesian co-ordinates. 
Zo = V(Uol€o)- 
a, 8 = Complex functions of ka. 
y = Angle between positive x-axis and PQ. 
6 = Empirically determined constant. 
€9 = Permittivity of free space. 
n = kaf2. 
@ = Angle between E(0) and ds. 
A = Wavelength of incident radiation. 
[og = Permeability of free space. 
I} (x, y, z) = y-component of total Hertz vector. 
IIs, y, Z) = y-component of Hertz vector of field 
scattered by J. 
II, (z) = Hertz vector of incident field. 
p = Distance between P and Q, normalized 


COT 
Papeete 
X= 0 5 


ys = Angle between aperture plane and plane 
containing ds and TQ. 
w = Angular frequency of incident radiation. 


(1) INTRODUCTION 

Ina recent Monograph! an approximate method was developed 
for determining the field diffracted by an aperture in a plane, 
perfectly conducting screen of vanishing thickness. The approxi- 
mation was achieved by assuming the aperture to be the envelope 
of a system of perfectly conducting half-planes lying in the plane 
of the screen. The orientation of each half-plane was thus 
determined by the direction of the tangent at the corresponding 
point on the aperture rim. Since the far field scattered by any 
of these half-planes could be regarded (with certain restrictions) 
as the radiation field arising from fictitious currents on its edge, 
the field was given in terms of line integrals taken around the 
aperture rim. 

The edge currents were derived on the assumption that the 
corresponding half-plane was isolated in space and excited only 
by the incident field. While this appears to be a valid first 
approximation, the interaction excitation from currents flowing 
in other parts of the screen should not be entirely ignored. 

The purpose of the present paper is to extend the former 
theory to the consideration of first-order interaction effects in 
the particular case of the diffraction of a normally incident plane 
wave by a circular aperture. The form of the integrals for the 
aperture field [eqns. (8) of Reference 1] suggests asymptotic 
evaluation in inverse powers of (ka)!/2 (where k = 27/A) by 
the method of steepest descents for points not too near the centre 
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of the aperture. The field at a point near the rim is then found 
to consist of two parts. One may be interpreted as arising from 
currents flowing in the screen near the point, while the other 
represents the interaction field from currents in the remainder of 
thescreen. The latter is, to the first order, a plane wave at grazing 
incidence from across the aperture, and its effect is readily 
calculated when once more the neighbouring part of the screen 
is taken to be a properly oriented half-plane. 

For any given ka, when interaction is taken into account in 
this way, the scattered fields in the aperture far from the edge, 
and on the axis, are found to be merely the corresponding fields 
when interaction is neglected multiplied by a (complex) constant. 
Near the rim a more elaborate relationship exists. 

The transmission coefficient may be determined from know- 
ledge of the axial far-field. It is possible to calculate the com- 
ponent of the total far-field due to interaction from the corre- 
sponding edge-current, since in this case it is only near and on 
the screen that the concept becomes invalid. On the other hand, 
the non-interaction axial far-field must be found by some other 
method, for in that case the edge-current concept is not applicable. 
To calculate this component it is necessary to postulate the 
currents flowing at all points on the screen when interaction is 
neglected. The currents chosen, together with justification for 
their selection, will be considered subsequently. 

By employing the variational principles of Levine and 
Schwinger,” two different expressions for the transmission 
coefficient of a large circular aperture have recently been obtained 
by Chang.? One results from an approximate solution for the 
current density on the screen, while the second corresponds to a 
similar solution for the tangential electric field in the aperture. 
Of the two, the screen-current formulation appears to compare 
more favourably with the results of rigorous theory. Levine* 
has obtained corresponding results for the scalar problem of 
diffraction by a circular aperture at high frequencies. The 
transmission coefficient yielded by the following analysis is 
identical to the better of Chang’s approximations. to order 
1/(ka)3/2. 


(2) DEFINITIONS AND NOTATION 


The same definitions and notation as employed in Reference 1 
will be used when possible, and for convenience they are 
recapitulated here (see also Fig. 1). The diffracting aperture 
and plane screen occupy the plane z= 0 in an orthogonal 
system of Cartesian co-ordinates, the origin being taken at the 


Fig. 1.—Circular aperture in a plane screen, with associated symbols, 
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An incident plane wave falls |) 
normally upon the screen and aperture from the negative |; 
z-direction with z-dependence ¢/*7. The propagation coefficient |: 
k is equal to 27/A. Rationalized M.K.S. units are adopted and 
time dependence ¢/@! is suppressed for all field quantities. 
Impedance is defined in terms of the permittivity and permeability |) 
of free space by Zp) = +/(uo/eo). The incident and total electric jy 
fields are denoted by E‘(z) = Ei(O)e* [with E‘(0) lying in the [} 


centre of the circular aperture. 


direction of the positive y-axis], and E(x, y, z), respectively. 

Fig. 1 shows most of the quantities involved in the following 
discussion. The angle % (which is not shown in the Figure) 
between the aperture plane and the plane containing ds and TQ 
is greater than or equal to 7 for points on the ‘shadow’ side, 
HS, oa se (0), 


(3) THE APERTURE FIELD 


Eqns. (8) of Reference 1 for the tangential electric field in the t 
aperture provide the starting-point in the following analysis. § 
Written in a slightly different notation, the scattered components | 


take the following form: 


210 


1 | e—Jkap . 
's = —_ | ——_ cos (y — 6) sin y cos 0d0 
Day 
V a7 ane 
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oS or 
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—jka 
I: : " cos (y — 8) cos y cos O40 
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2 
where = () +1— 2 cos (0 — 65) 


and (r, 0p) are polar co-ordinates of the point of observation o 


with 6, = 0 corresponding to the positive x-axis. 


The asymptotic expansions of Eg, E§ in inverse powers of B 


(ka)'/2 to order (ka)—3/2 are derived in Section 9. [See eqns. 


(39), (40).] When r is not too small, or too close to a, the following — q 


expressions are obtained for the total field: 
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The physical meaning of these expressions may be seen by 


e—JkKa—r)+jr/4 
(a — r)3/2 


reference to Fig. 2, which shows a plan of the circular aperture. 


The stationary points of ap in eqns. (1) are at A and B, and it 
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Fig. 2.—Plan of circular aperture, showing the stationary points, 
A and B, of ap. 

follows that the maximum contributions to the integrals are 
provided by the values of the integrands in the immediate 
neighbourhoods of these points. The integrals over the remain- 
1ing portion of the range of integration are small, because of the 
‘rapidly oscillating exponential factor in the integrands. The 
(terms in the above expressions involving a + r correspond to A, 
while those in a — r refer to B. 

Evidently the entire scattered field vanishes asymptotically on 
@>= 47, 37 to a first approximation, and it is necessary to 
yeonsider higher-order terms in these regions. Elsewhere, the 
sms of order (Ka)— 1/2 should provide an adequate approxima- 
ition if ka > 1. It should also be noted that these asymptotic 
‘expansions are singular at r = 0, since in that case p has no 
stationary points. 

If the point (r, 0) is now allowed to approach the edge of the 
aperture, certain terms in eqns. (3) and (4) become singular, 
hile others remain finite. The singular terms may be interpreted 
as the effect of currents flowing near the point and the regular 

terms represent the interaction from across the aperture.* Only 

he latter are of interest in the present discussion. Although the 
‘form of the singular terms is incorrect, for the edge currents yield 
only a far-field approximation, the point of observation is in a 
ar-field region as regards the interaction terms. These latter 
should therefore be given accurately by the finite parts of the 
hbove expressions. 


(4) THE EFFECT OF INTERACTION 

For the remainder of this discussion only the interaction field 
erms of order (ka)~1/2 in eqns. (3) and (4) will be considered. 
‘The higher-order terms in the aperture field are not given com- 
bletely by these equations, which were originally derived from 
‘only the first term in the asymptotic expansion of the half-plane 
‘Geld, and their use would be unjustified. 

Subject to this restriction, then, the interaction field in the 
perture is the following: 


sin 20 ag iKat+n)+ir/4 
Ein ~ P 

x D/(mril2 (kayl2 (a + ry? 
Eint ~ cos* 4p a oe jr/4 

4 VJ (arr l2 (ka)'l2 (a+ r)il2 


Let Et, Eimtt represent the interaction components in the 
Jirections of increasing r and @> respectively. Then 


* Karp and Russek,5 and Clemmow® have considered this type of interaction in 
2 case of an infinite slit between two half-planes. ’ ‘ ’ 
* The subscripts X, Y are used rather than r, 0p since this notation proves more 


/O1 venient at a later stage in the analysis. 


TEM ct); 
Eint~ — cos OP a e JKa+r)+in/4 . (6) 


to the order being considered. 

If now it is once again assumed that at points in the aperture 
close to the rim the effect of the adjacent screen is equivalent to 
that of a properly oriented half-plane, the interaction correction 
is obtained by the consideration of the two-dimensional problem 
of the incidence of this field [eqns. (6)] on a half-plane. 

The problem of the diffraction of a cylindrical wave by a 
half-plane was treated many years ago by Carslaw’ and 
Macdonald,® and more recently by Clemmow.? It was shown 
by Clemmow that, if the line source is far from the diffracting 
edge, the diffracted wave is, to the first order, the same as that 
obtaining in the case of diffraction of a plane wave incident from 
the direction of the cylindrical source. The amplitude and 
phase of this plane wave at the edge of the half-plane are the same 
as the corresponding quantities in the cylindrical wave. 

The foregoing indicates that the precise variation in amplitude 
of an incident wave has little effect on the field diffracted by a 
half-plane, provided only that the source is far enough from the 
diffracting edge to ensure that the variation of amplitude in the 
incident wave is not too marked in this region. 

The interaction field [eqns. (6)] is, except for the factor r—1/2, 
of this cylindrical nature. Since r~1/2 varies slowly near r = a, 
it appears likely that, to the degree of approximation being 
considered, it is permissible to replace eqns. (6) by the corre- 
sponding plane wave. 

Consider then a perfectly conducting half-plane occupying 
Z=0, X>0 in a rectangular Cartesian co-ordinate system 
(see Fig. 3). 


yf 


Zz 
Fig. 3.—Co-ordinate system for half-plane discussion. 
The direction of the positive Y-axis is out of the paper. 
The incident field is characterized by 
9 e—J (2ka—7/4) 
— cos 6p,—__-—_—_& 
P°a/ (2itka) 


The field scattered by the half-plane is, to the first order, at 
(R, ws), the following: 


Ei, = sl Xee es, 5c (CT) 


Cos, 2 27) tae 
Qn (ka) Sin bp (KR) 


when ¢ is not too near 0 or 27 (see, for example, Reference 10, 


a ae ‘could be produced by a hypothetical electric current Ji! 
flowing along X = Z = 0: 

4/2. €/3714 cos Op e—J2ka 
kZy W/m sind (ka) 
For the circular aperture, it is now assumed that this same 


(fictitious) current flows on the rim, from which may be derived 
the interaction component of the far-field. 
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(4.1) The Aperture Field 


In the aperture, x = 7, and for points not too near the rim 
the interaction components of the scattered field are readily seen 
to be closely related to the first-order field [eqns. (1)], for the 
form of the corresponding edge currents is similar. For points 
in the aperture, /'"* = awZe, where J, defined by eqn. (7) of 
Reference 1, is the source of the first-order field given by 
Sains (OE 

e J(2ka—7/4) 


24/ (aka) 
The total scattered field is thus given by the following expressions: 
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x Ty/2 
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Es = — cos (y — 9) cos y cos 6dé 
The field near the “ is more complex in nature. It may be 


assumed to consist of four parts: (a) the normally incident field; 
(b) the field scattered by an isolated half-plane in the presence 
of (a); (c) the interaction field from across the aperture; (d) the 
field scattered by an isolated half-plane in the presence of (c). 
The exact expressions for the fields (5) and (d) in terms of Fresnel 
integrals (see Reference 9) must now be introduced. They lead 
to the following approximations to the tangential electric field 
near the edge of the aperture: 
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in which the complex Fresnel integral is defined by 


(12) 


E(x) — | e—i2dx 


x 


(13) 


Within the curly bracket the last two terms in each equation 
correspond to the fields (c) and (d) above, respectively, with the 
remaining term or terms referring to (4). 

It may be noted that, if 06, = 4m or 27, the contributions to 


Ey from the fields (c) and (d) vanish to the order of approxima- 
tion here considered. 


(4.2) The Axial Field 
The interaction correction to the axial field is found by inte- 
grating around the rim the contribution of each current element. 


The angle ¢& is independent of 0, and the total field is easily 
determined. Since Jt = Ble, where Ie is defined by eqn. (6) 


of Reference 1, this field resembles closely the first-order axial a 
field found previously when interaction was neglected: 
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interaction correction itself is valid for all values of z. 


(5) THE TRANSMISSION COEFFICIENT FOR NORMAL 
INCIDENCE | 

The transmission coefficient, 7, for an aperture in a screen ff 
may be found from knowledge of the far-field in the direction di 
of propagation of the incident plane wave,”-!! and for a circular {fj 
aperture, it is given by 


t= dim 9 |e a (18) 
z—>o Wen Bee ye 


For the present discussion, it is necessary to separate E, into #f) 
the sum of two components, £9 and Ey, say. ED is the incident \f§ 
wave plus the field scattered by the currents flowing in the ¥ 
screen when interaction is neglected. Ey is the field due to inter- § 
action which, on the axis of the aperture, is given by the term 7 
dependent on f in eqn. (14). If the corresponding components 
of ¢ are 7° and 2’, then dl 

t= 147 (19) # 


(5.1) The Transmission Coefficient neglecting Interaction 


To determine 1°, it is now necessary to postulate a current 16 
distribution over the entire screen when interaction is neglected. }& 

Let a point on the screen be determined by the polar co- #9 
ordinates (r + a, 0); r is thus measured from the edge of the } 
aperture. The incident electric vector, assumed parallel to the © 
y-axis, makes an angle @ with the tangent to the aperture rim at |) 
(a, 8). Suppose the current density at a point distant r from the 
edge of a half-plane (z = 0, X> 0) irradiated by a normally ) 
incident plane wave whose electric vector makes an angle @ with } 
the edge of the plane (the positive Y-axis) is J = VJ, J,, 0). uy 

Then, 


1 : 
J, = Z, (kr) sin 26 


J, = zl — 20(kr) — ¥(kr) cos? 6] 
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5 ‘a 
This half-plane current distribution might be chosen as the 
non-interaction density on the screen for the following reasons: © 
(a) the field near the edge of the (large) aperture is then the half- | 
plane field as required; (b) the current has the correct order of | 
singularity at the edge; (c) the current has the proper behaviour / 


"a 


ot 


t very large distances from the aperture. The choice of 
eometrical-optics current densities J, =0, Jy = 2/Zo, would 
violate both (a) and (bd). . 

Employing essentially the half-plane cvirent distribution given 
bove, Frahn’? has evaluated 1° and obtained (in error) 19 = 1 
or all values of ka. Chang? obtained 19 = 1 — 1/[8(ka)?] with 
his same distribution, while the present author found 
‘0 = 1 — 1/[4(ka)*]. This latter value agrees to order (ka)~2 
with one found by Frahn using an approximation to the tan- 
ential electric field in the aperture. 

The use of the half-plane currents in the 3-dimensional problem 
8 open to the criticism that, with the exception of the constant 
omponent, they fall off as 1//r rather than as 1/r. This 
desirable feature may be eliminated by making use of Chang’s 
olution for the screen current density. By solving approximately 
e relevant integral equations, Chang obtained the following 
*xpressions which will be taken as the screen current density 
when interaction is neglected: 


ue ZG + 


i= mat = A! (—) [2O(kr) + V(kr) cos? al 


While being very similar to eqns. (20), the expressions (22) 
or J, and J, fall off (with the exception noted above) correctly 
iS air, and “also satisfy the other three conditions previously 
aentioned. 

The axial far-field corresponding to this current density is 
\valuated in Section 9.2, and gives for ¢° the following expression: 
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vhere 
ad HY)(n) is the zero-order Hankel function of the second kind, 
jefined in terms of the Bessel functions of the first and second 
finds by 


H?)(n) = Jo(n) — 7No() (25) 


Ean. (23) may be simplified by carrying through the indicated 
erentiations and separating real and imaginary parts: 


a cas [Ai — Ag(m)] cos 7 


3 + [Aq(7) + Aa(y)]sin 7} 


7 STAs + A4(n)] cos 7 — [A3(q) — Ag(y)] sing} (26) 
here Aim) = Nom) — 2Ni(y) — 252) 
A2(n) = $No(m) + 25,(9) — No) 7) 
A3(n) = Jo(n) — Ni) 
Asm) = No + Ii@™ 
For large values of ka, t® has the following asymptotic 
“wansion: 
1 45 1 
ee ca okay S12 Gea)! ois hee 28) 


£nce ean. (26) is non-oscillatory in ka—which may be seen 
»ora Fig. 6 or eqn. (28) for large values of ka—it may be safely 
#simed that the postulated screen current density does, in fact, 
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contain no interaction component; for interaction from across 
the aperture must produce terms in ¢ which are oscillatory in ka. 
[See, e.g., eqns. (14) and (15).] 


(5.2) The Interaction Component of the Transmission Coefficient 


The interaction component of the transmission coefficient is 
readily found from the corresponding component of the axial 
electric field: 


, pe a 
E,(0, 0,2) = —5e ine | (1 + 7) (29) 
If z > a, E, may be expanded in powers of a/z: 
a €~i(2ka—-m/4) g—jkz 1 
E; = = 
0,0, = 5 eee 0( =) (30) 
; sin (2ka — 7/4) 1 
H — 
ence Vatkay3? 0 feel (31) 


where the terms of order (ka)~? will also be oscillatory in ka, 
and 


sin (2ka — 7/4) 40 ibe 
Vmka)sP (kay? 

The asymptotic form of eqn. (32) is, up to and including the 
term of order (ka)—3/2, identical to that found by Chang. 


t= (0 — 


(32) 


(6) DISCUSSION 


Some of the results of the preceding Sections are illustrated in 
Figs. 4, 5, and 6, and compared with the exact solutions of 
Andrejewski.!3-!5_ Numerical values for these latter have been 
computed by the present author from the Tables supplied in 
Reference 13. 

Figs. 4(a) and 4(5) exhibit the variation along the magnetic 
diameter (vy = 0) of the real and imaginary parts of the total 
tangential electric field for the particular case ka = 10. Near the 
centre, the approximation in terms of Bessel functions for small 
values of x/a [eqn. (25) in Reference 1] has been employed, 
after correcting for interaction through multiplication of the 
scattered component by (1 + «) [see eqn. (11)]. In the neigh- 
bourhood of the rim the approximation given by eqn. (12) is 
applicable, while in the intermediate region eqn. (4), suitably 
modified for interaction by the above factor, is valid. 

Figs. 4(c) and 4(d) illustrate the field variation along the 
electric diameter (x = 0), using the same methods of evaluation 
as in Figs. 4(@) and 4(6). Near the rim, as noted in Section 4.1, 
the field on this diameter is approximately that of an isolated 
half-plane only, whereas on the magnetic diameter interaction 
effects play a more important role. 

The agreement between approximate and exact theories for 
this still relatively small aperture is quite gratifying. It appears 
that, with the aid of these three methods of evaluation, the field 
at any point in a circular aperture of adequate size may be 
predicted with good accuracy. 

The field at the centre of a circular aperture as a function of 
ka is illustrated in Fig. 5, where the real and imaginary parts of 
E,, are taken as abscissa and ordinate, respectively. The curve is 
obtained from exact theory and the approximation points from 
eqn. (14), with z= 0. Even for ka ~ 3, fairly close agreement 
between exact and approximate theories may be noted, but not 
until ka ~ 7 does it become consistently satisfactory. Improve- 
ment upon the non-interaction theory for ka < 10, in which the 
points lie on a circle centred at (1, 0) with radius 1/,/2, is most 
noticeable. 

The interaction correction contained in eqn. (14) results in a 
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0-5 — 4. 1 =i — es 


fe) 0:2 0-4 06 08 +0 
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Fig. 4.—Aperture distribution of the electric field along electric and magnetic diameters of a circular aperture; ka = 10. 


—e——e— Exact theory of Andrejewski. 


+ + Edge-current theory: computed from eqns. (24) and (25) in Reference 1 when corrected for interaction. 
e) @) Edge-current theory: computed from eqn. (4) when corrected for interaction. 
x x Computed from eqn. (12). 


(a) and (b) Along magnetic diameter. a | 
(c) and (d) Along electric diameter. > 


12¢ 
+0) 
11h 
t 10 
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0-5; 
os 1 iT — i SS ees | 
1 2 3 4 5 6 7 8 fe) 10 
ka A, 
Fig. 6.—Transmission coefficient, ¢, of a circular aperture for normal - 
incidence. 
LE y 9 —e-——e— Bxact theory of Andrejewski. 


—— — — Edge-current theory: computed from eqn. (32). 
Syne astes olin sedWiseZ ile 0 Non-interaction component, 9: computed from eqn. (26). 


slight decrease in the amplitude of the axial field as compared § 
with the case when interaction is neglected. For ka = 10, this” 


68) effect becomes almost negligible, while for smaller apertures the | 


normal incidence as a function of ka, as predicted by Andrejewski j 


and by eqn. (32). Calculated from eqn. (26), f° is also plotted to | 

demonstrate its monotonic behaviour. Both exact and approxi- 
: t i 3 ibi = S 

Fig. 5.—Field at the centre of a circular aperture as a function of ka. mate “coefficients jappesrtoger ub Uae 3, eta 


eM oscillatory character, but the approximate values lie consistently 
—e—e— Exact theory of Andrejewski. 3 J 
© © Edge-current theory; computed from eqn. (14). below the exact ones. This has been noted also by Chang. 


—+0j 


Qualitatively, the exact transmission coefficient seems to 
possess, for ka 2 3, a monotonically decreasing behaviour in 
addition to oscillations of form sin (2ka — 7/4), whereas the 
approximate theories predict, as well as these oscillations, a 
monotonic increase to unity. 

A closer fit to rigorous theory may be obtained by deter- 
mining empirically the desired asymptotic behaviour of 1°. It 
appears likely that the first correction term to the unity of 
geometrical optics is of order (ka)~?._ In Table 1 the exact 
values of Andrejewski are compared with 1° + #’, where now 
= 1 + d/(ka)*, for various values of the parameter 8. 


Table 1 


COMPARISON BETWEEN EXACT AND SEMI-EMPIRICAL TRANSMISSION 
COEFFICIENTS 


1 + d/(ka)2 + t’ 


Exact 


8 = 0:60 0-65 0-80 


CSOMWAUNARW 


Although scarcely enough data of a rigorous nature are avail- 
lable to compare with the semi-empirical formula, an examination 
of Table 1 suggests that 5 should lie very close to 0-70 for best 
agreement in the range ka = 6. 
A monotonic component to the transmission coefficient of a 
“soft? screen in the corresponding acoustical problem is not 
Hevident, at least to the same extent (see, for example, References 
4and 16). In the electromagnetic case it is probably introduced 
»by the vector nature of the problem. 
As mentioned previously, interaction across the aperture 
)would introduce oscillatory terms into the transmission coefficient, 
and the source of a monotonic term must lie elsewhere. It thus 
Jappears that even Chang’s approximate solution for the current 
density on the screen is inadequate to give correctly the mono- 
tonic term, although an improvement results on that obtained 
by employing the unmodified half-plane currents. 
The agreement between the first-order interaction component 
‘of the transmission coefficient obtained by Chang and by the 
present method is encouraging, for the simplicity of the basic 
equations [eqns. (1)] makes it possible to apply the foregoing 
ethods to apertures of more general shape and problems where 
rigorous theory is intractable, and to obtain a first-order inter- 
action correction to the geometrical-optics transmission coefficient. 
in addition, this agreement appears to confirm the correctness of 
the factor 1/4/2 appearing in eqns. (1) as opposed to 1/2 obtained 
oy Andrews,!7 since the interaction field (and hence the inter- 
action correction to the transmission coefficient) computed from 
Andrews’s equations would contain this discrepancy. (See also 
Reference 1 for a discussion on this point.) 

\dditional support is lent to the conclusions of the foregoing 
inclysis by evaluating asymptotically the surface integrals for 
he aperture field in terms of a current distribution over the 
ymtire screen. If the steepest-descents method is applied in turn 
© the radial and angular integrations, the half-plane currents 
eas. (20)] and Chang’s solution [eqns. (22)] both yield the first- 
*? er interaction field given by eqns. (5) or (6). 
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(9) APPENDICES 
(9.1) The Asymptotic Evaluation of Eqns. (1) 


The substitutions 6 = 6,+4, y=9p+xX, remove the 
dependence on 0, from p, and result in the following expressions 
for the scattered field: 


2 
1 ee : 
Es = ~~ | ———cos (X — ¢) [sin — ¢) 
xm | G + cos 20p sin (X + 4) 
+ sin 26, cos (X + $)|dh 
(33) 


21 
—jka 
Es = W E — cos (x — 4) [cos (x — 4) 
( P in + cos 20, cos (X + 4) 
— sin 20, sin (X + $)]d¢ 


The stationary points of p, given by dp/d¢ = 0, are readily 
found to be at dé = Oand ¢ = wifr 40. 


- 
d*p a-—r ee 
Also, aie . (34) 
Bry eh aes 


It is necessary to consider separately the two stationary points, 
but for brevity, only that at 6 = 0 will be discussed in detail. 
The steepest-descents substitutions 


(18) -4 


(where the positive and negative signs are taken accordingly as 
@ is near 7 or 0, respectively) transform the integrals (33) into 
the following forms: 


(35) 


Es = ee) e~ka@l2¢, (Qdl 


oe e~keaty) | ex Metilet (Ode 
| y (36) 
px eren9 [ e-Macingy hal 


ie eee) | e-katti2e (L)dl 


The path of integration is now along the real axis of ¢, in each 
case passing through £ = 0. 
The functions f,, fo, 81, Zo may be found as power series in €, 
by employing eqn. (35) and the fact that sin ¥ = sin $/p: 
f,(2) = d a,cn 
0 
; (37) 
g(C) ae o> b,G" 
n=0 


with similar expansions for f, and g). 


The first few coefficients have been found: 


_esti4 a sin 26p 
~ Da/2ar ril2 (a — r)il2 
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/ 2a ril2 (q — r)il2 
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= 33 ie 20 
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 Da/2er r322(a — r)3/2 
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{[a? +(a—r)*] cos 20, 
+ ar cos* Op + fe 


while corresponding expressions may be determined for the 
coefficients of f, and g>. 

An application of Watson’s lemma, which essentially justifies — 
term-by-term integration from €= —o to €=+0 of 
eqns. (36) (see, for example, chapter 17 of Reference 18), then 
yields the following asymptotic expansions for the scattered field 
components in the aperture: 


pe sin 20, a g—Jk(a—r)—jr/4 
£— a/Ga liza wae) 


(te 4 pee 


Ee Jk(at+n)+in/4 
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(9.2) The Transmission Coefficient Neglecting Interaction 
Eqn. (18) gives an expression for the transmission coefficient | 


—_ + jr/4 


(a — r)3/2 (40) : ‘ 


in terms of the far-field E,(0, 0, z). Since, on the axis, the far §f 
electric and magnetic fields are related by £,(0, 0, z) = BF 


— ZoH,0, 0, z) (the total field appearing as a spherical wave | 
radiating from the aperture), an alternative formulation in terms | 
of H,(0, 0, z) is readily obtained: 


Hin 220 gp | Hal. 0.2) 
; €—Skz 
J 


te eee Ge 
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This expression is more appropriate than eqn. (18) in the 


present case, for H,, is given in terms of the y-component of the 
total Hertz vector, II,, only: 


Hee) A) 2 


1OU Oe Anjwe THWEg male 


screen 


where IIs i is the scattered component of the Hertz vector, J, is 
given by eqns. (22), and 


(42) 


(43) 


Z=(r tate . (44) 
Adding in the Hertz vector of the incident field, 
—jkz | 
[me | 
and carrying out some elementary integrations, yields the 


‘following expression for the y-component of the total Hertz 
, vector: 


ITO, 0, z) = 


ja® E—tkz 
NE Ge 


_ 2/a pe 
[ke aya. 


Ja einl4 1 
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(45) 
where i= fp F[\/ den ay (ry + a)dr . (46) 
0 
and {Boe | ae a ay (r + a)dr (47) 
0 


.To ensure convergence of the integrals occurring in the 
‘subsequent analysis, k will be assumed to possess a small negative 
aginary part, which later may be put equal to zero. 

Ifr + a< z, (z > 0) the following expansion is valid: 
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The second integral on the right-hand side may be shown to 
tend to zero more rapidly than 1/z as z approaches infinity, and 
will therefore be neglected since only terms of order 1/z are of 
interest in the present discussion. 

Then, to this order, the following relationship is obtained: 


e—skz oe 
= =| FL/ (kr) }\/(r + adr (50) 
0 
and similarly, 
—jkz —jkr 
Ca iz (ee earr (51) 
Zz a/r 
0 
I, may be integrated by parts to give the following: 
E jkz asl - /k e—dkr 
he SV me neve rt tavdr| (52) 
0 
The substitution 
r=asinh2C . (53) 
reduces I, and I, to the following forms: 
—jkz { 73/2 
i eon 
Vk a ae me ete d d? (2) 
ah aes n ae es 5) 
+ ag Te Je 1- iz, ap HYP (m)- 64) 
gE Skz) qraj 
ho | en(1 +i5 “Yap |. (85) 
ka 
where Dias (56) 
Oa Nes gp ee 
and HQ(y) = = | e-incoshtde (57) 
vin 
0 


H,(0, 0, z) is easily found by means of eqns. (42), (45), (54) 
and *(55), from which follows the value of the transmission 
coefficient exhibited in eqn. (23). 
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SUMMARY 

Tensor analysis is used to develop a comprehensive theory of the 
double induction regulator. The general case of a biased double 
regulator with completely dissimilar component single regulators is 
first examined. Working equations and equivalent circuits for other 
types of double regulator are then derived from those of the general 
case. Tests made on a simple (unbiased) double regulator are shown 
to agree closely with the behaviour predicted by theory. 


(1) INTRODUCTION 


For several years, polyphase induction regulators of both 
single and double types have been in use for voltage control in 
feeder circuits.! The double regulator has recently found wide- 
spread use in, and has become an integral part of, the stator-fed 
polyphase commutator machine. A clear understanding of the 
theory and characteristics of the double regulator is therefore an 
essential prelude to the study of this type of machine. 

In the polyphase single regulator, which is similar in principle 
and construction to the normal induction motor working at 
standstill but with provision for rotating one part (either the 
primary or the secondary as may be convenient) the secondary 
electromotive force is constant in magnitude and is regulable 
only in its phase relation with the primary e.m.f. This limitation 
of a constant magnitude of the regulable e.m.f. is sometimes 
undesirable, particularly when the regulator is used for speed 
control of a.c. commutator machines, and in recent years the 
double regulators and many modified forms of single regulator 
have been devised to overcome it.4 


(2) TYPES OF DOUBLE INDUCTION REGULATOR 
Although a number of types of double induction regulator are 
available to meet specific requirements, there are two main 
types in common use: 


(a) The simple double regulator. 
(b) The biased double regulator. 


(2.1) The Simple Double Regulator 


When phase-shift between the secondary and primary e.m.f.’s 
is not desirable and a variable secondary e.m.f. is required, the 
simple double regulator is suitable. It consists of two identical 
single regulators, each of half the total capacity; the primaries 
are connected in parallel and the secondaries in series, and so 
arranged that the phase-shift in one regulator neutralizes that in 
the other, the resultant secondary e.m.f. thus being in phase 
with the primary e.m.f. 

When the shaft of the regulator is turned, the secondary e.m.f. 
vectors of the two regulators move in opposite directions as shown 
in Fig. 1(a), and at any instant are equally spaced with respect 
to the primary e.m.f. vector. Since |Vj,| =|V;|, the two 
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(a) (b) 


Fig. 1.—Primary and secondary e.m.f. vectors of the double regulator. ( 


(a) Simple regulator. (6) Biased regulator. 


regulators being identical, the resultant secondary e.m.f. V; ig (, 
given by 


V; =|V,,| cos a + |V,,| cos a = 2|V,,| cos « 


where « is the angle by which the secondary e.m.f.’s Vj, and V,, 
are displaced in opposite directions from the primary e.m.f. | 
The magnitude of V,’ is thus dependent on the relative displace- © 
ment between the primary and the secondary windings. | 

To obtain the effect of opposite directional rotation of the two 4 
secondary e.m.f. vectors, two methods are in common use: & 
(a) the rotors of the two regulators are mechanically coupled to ¥ 
rotate in the same direction while the field systems in the two ¥ 
regulators rotate in opposite directions; (b) the rotors are coupled & 
to rotate in opposite directions for any movement of the regulating § 
spindle while the field systems rotate in the same direction. i 

The currents in the primary windings of the two single regulators | 
will not be in phase, except when both the secondary e.m.f.’s are + 
in phase (or antiphase) or when the secondary is on open-circuit. 
For this reason the primary windings of all double regulators & 
are connected in parallel and not in series.! y 


(2.2) The Biased Double Regulator 


In the biased regulator, a small quadrature component is | 
introduced into the secondary e.m.f. by making the secondary M 
e.m.f.’s of the two single regulators unequal. The e.m.f. vectors § 
are shown in Fig. 1(6). The resultant secondary e.m.f. has a | 
locus along the dotted elliptical curve. The quadrature com- } 
ponent can be seen to be a maximum when the in-phase com- & 
ponent is zero, and zero when the in-phase component is a | 
maximum. The differing secondary e.m.f.’s can be obtained by 7 
providing different numbers of turns on the two secondary | 
windings, but as the number of secondary turns is usually small | 
it is generally more convenient to have different numbers of turns 4 
on the primaries, thus giving different magnetomotive forces. 


(3) THEORY OF THE BIASED DOUBLE REGULATOR 

Since the simple double regulator is a special case of the biased | 
double regulator (i.e. in which the two component regulators are | 
exactly alike), the theory of the biased regulator will first be 
established and that of the simple regulator can be easily derived} q 
from it. 

Kron’s tensor meade 3,6 being the best tool available to a i 
modern engineer for the study of the behaviour of electrical | 
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networks and rotating machines, are used for deriving the For the first transformation from the primitive to the actual 
equations of performance. system (Fig. 2), the actual system is supposed to have three 
meshes 1, 2, and r representing the primary of regulator ‘a’, 

(3.1) Development of Impedance and Admittance Tensors the primary of regulator ‘b’ and the secondaries of the two 
For the general analysis, the biased double regulator is assumed Tegulators connected in series but displaced from their neutral 
to have its component single regulators ‘a’ and ‘b’ completely axes by +-« and —a respectively. The connection tensor is 
dissimilar, i.e. they have different numbers of primary and established by comparing the actual system currents (i!, i2, and 
secondary turns and different effective turns-ratios. In com- /) With the currents in the primitive system (i¢, i, i! and i). 


mercial practice, however, either the primaries or the secondaries Primitive Actual 
of the two regulators are alike. jla il 

Since the two regulators are each symmetrical on both sides j2a iret iz 
of the air-gap, only single-phase values are used in analysis. jlb j2 

_ The actual and primitive systems are as shown in Fig. 2. j2b jten Jou 


Since i? = C” iv; C” is given by 


ni? I r 2 


(5) 


#ig. 2.—Actual (a) and primitive (4) systems for the biased regulator. and the conjugate tensor is C u* given by 


The primitive system consists of the four individual coils of pm la 2a 1b 2b 
the regulator, the two primaries being denoted by ‘la’ and ‘1b’, 
and the two secondaries by ‘2a’ and ‘2b’. The primitive impe- 
dance tensor under steady-state conditions is, by inspection, 
given by 


m\" la 2a 1b 2b 


(6) 


The new impedance tensor Z,,, is given by Z,, = Cj”*ZiiyC%. 
Hence, 


BESS 


1 Ra JA at Thi Xinde 


Ryn + iXp2 


(1) 


{If k, and k, be the effective turns-ratios (secondary/primary) of 
{the regulators ‘a’ and ‘b’ respectively, 


Lyy= Th ik gXng& ™ | (Raa t+iXq2) + (Reo tIXpa) | he Xmeet 


ma 


2 TkpXimpe 


(7) 
| oM, = N/ ( Xak 2X ma) = kA - + + () which reduces to 
; OMe (Xk Xt) hake <1) TA aie r 2 
where X,,, and X,,,, are the respective reactances of the primary oz pia 
windings ‘la’ and ‘1b’ due to mutual flux linking ‘la’ and ‘2a’ a*“0a 
2 a linking ‘1b’ and ‘2b’ respectively. Zee RZ \ Zo bop (8) 
m1 la 2a 1b 2b kigZ ope 
Tk aXma where Za = Reo 
P Zz = R 2) -— JX, 2 
Se DS a2 a2 ies a 
a Rao I¥a2 Zy1 = Roy + IXp1 (9) 
aa 252 = Ry + IXp2 
Zoa Sah Da 
Lop =IXinb 
Iron losses in the machine can be allowed for by considering 


| awe eee (4) Zp, and Zo, to include resistance components. 
Vor. 104, Part C. 4 
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Since Y4 =(Z,,)7} 


v\b 1 r 2 
1 
LishatZ oi 17) Zotac oe | —k ZoaZyeto oe 
Y vu = I —k,ZoaqZ pi ait ZaAZpt (10) | 
2 kakyZoqZose 7% —kyZopZq& 1 
See written down by comparing the component voltages in the old ) 


D =ZyZ22Zy1 + Za Zp2Zp1 — K2Z2,Z 4, — K2Z3,Z,; . (11) (@,8), thus 


So far, no transformation has been made to take into con- old ney, 
sideration the fact that the primaries are connected in parallel. V; Ls z 
However, if the new voltage tensor is written in the expanded Es ve 
matrix form as Vy Vs 


This transformation was inherently implied in eqn. (12). Since’ 
Vy = CLP Oy 4 


/ p S 
v (12) pNP 
i 1 
Cit =r a ere 
a transformation making the two primaries in parallel is implied 2 1 


(since 1; = 02 = V,). Hence the actual performance equations 
for the regulator can be written down by the relation 


Puck Vw atee ty ones weeteutls) ce as transformation tensor is obtained by the transpogi 
ee | 


Since the two primaries are connected in parallel, the individual Hence, 


primary currents i! and i? are of little interest from the operational yl 1 r Z 
aspect, the actual input current i? and the output current iS 
being of prime importance. The two currents i? and i’ can be 
easily calculated from eqn. (13) and the relations i? = i! + i? 
and is =i’. However, to establish a new impedance tensor 
between the input and output quantities, a new transformation 
is useful. 

The transformation tensor to operate on Y“ in eqn. (10) is 


v\E p s 


os 


(Zaz + Zo Zar Zp) — 22%, | + jou — joc 
“13Z 2, + 2kakpZoaZop cos Oe (kaLZoaZni€ + kpZopZ aie) 


Yu — 


—( Los Zien aa kp,ZopZaie* 


From the admittance tensor of eqn. (16), the impedance tensor Z,y is obtained by taking the inverse. Hence 
RY p Ss 


KaLogZ pit + kyZo,Z ye 


KyZoaZpi€ 1% + kyZo,Z yet J (Zao + LZy2MZa1 + Za) — k2Z22, — kR ZA, + 2k k,Zo,Zoy COS 2% 


where D’ is the value of the determinant WP ios mere <9 Me ee es (ce 


From this on simplification, DD = ZZ On see an ee) 


Hence Z,, 


xy reduces to 
pNY P 
ZaZp1 
Za, + Zoi 
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Z 41251 (Ke “0ag+ jax 1 fe pei) 
Za + Zyi\ “Zoi Zi 


ZaiZp1 ( 


iss a Zope 
kee Ht + oe+ i) 
Za + Zi eZ 


al bi 


(3.2) General Performance Equations 


Once the admittance and impedance tensors have been 
established the equations of performance of the biased double 
megulator giving relations between input (V,, i?) and output 
(V,, 8) quantities can be written down from either of the equations 


Peer) mandala, A Zeyh) eo ay (21) 


‘Here, since 


he of performance are given by 


) 
a2 + Zo2MZp1 + Za) — k2Z3, — KEL 


a Ales 
+ 2kakpZoaZop Cos 2a] Ss 


as plkeZ0a Zine! + kpZopZaré *|V,. . @ 


1 ; ne 
— paZoaZnie ™ + ky ZopZ.1€ Vp 


ae ZaiZ>1 V, (b) 


Sand 
y — 2ai4o1 


i Z1Z51 
oe 2 a LK 


- 1 2p 


Zo 
ker s* Ok, 2ob_— in)s me cad (6) 


yee. ZZ1 
© Ly +Zp1 


(23) 


Zoa Se) Zob i i 
Ja k + ja \yp 
(Ke a a bF cS I 


bi 


ag | 2a + Zp) 


(k2Z2, = kiZ ep fr: 2k akpZoaZon cos 70) 
Za + Zp1 


(d) | 


hese four equations are not independent; the last two can be 
‘erived from the first two or vice versa, but they have been written 
“ieyn for completeness. They enable the behaviour of the 
eeulator under any steady-state operating conditions to be 
redicted. 
in subsequent analysis the input terminals of the double 
xeeulator to which the primaries of the two component single 
»gulators are connected are referred to as primary terminals of 
he double regulator, and the output terminals which comprise 


Liat 252) 


(20) 
Kele, +. k2Z2, —— 2k kyZoaZop cos 2a 
Za, + Zp1 


the two secondaries of the component regulators connected in 
series are referred to as secondary terminals of the double 
regulator. Consequently, the input and output quantities are 
referred to as primary and secondary quantities of the double 
regulator. It is to be clearly understood that the primary and 
secondary quantities of the double regulator do not refer to the 
corresponding quantities of the component single regulators. 


(3.2.1) Open-Circuit and Short-Circuit Conditions. 

Since in induction machines the measurement of parameters 
usually involves open-circuit and short-circuit tests, the behaviour 
of the double regulator under such conditions is of considerable 
interest. Four sets of conditions are discussed here. 


(a) Primary terminals of the biased double regulator connected to supply; 
secondary terminals on open-circuit. 


Under this condition is = 0. Hence, from (6) of eqn. (23), 


Tt = kyoto ie + kyotet (24) 
ag al Zp1 
and from (c) of eqn. (23), 
Vo _ Za Zo1_ bc a ees) 
po Ly + Zo 


From eqn. (24), if Z),/Z,; and Zp,/Z,; are assumed to be real, 
the secondary open-circuit voltage V, has an in-phase com- 
ponent V,[k(ZoalZa1) + ae cos« and a quadrature 
lagging component V,[kq(ZoalZa1) — ke(Zos!Zs1)] sin. Both 
components are functions of a, Ue regulator shaft position. 
The in-phase component has a maximum numerical value at 
cos a = + | (i.e. « = 0 or zm), where the quadrature component 
is zero, and a zero value at cosa = 0 (i.e. « = m/2 or 37/2), 
where the quadrature component is a maximum. If the motion 


Vp[ Ka'Zoa/Zar) ss ky (Zop /Zp1)| 


Volka(Zoq Za1)~ ky(Zop/Z 01 y 


Fig. 3.—Locus of the secondary open-circuit voltage of the biased 
regulator (« varying between 0 and 7). 


of the regulator shaft be restricted to allow « to vary only between 
0 and z, the locus of the secondary e.m.f. will be as shown 
in Fig. 3. 

Eqn. (25) shows the independence of the input impedance 
V,/ie from the regulator shaft position. 
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(b) Secondary terminals of the biased double regulator connected to 
supply; primary terminals on open-circuit. 
Under this condition i? = 0. Hence, from (a) of eqns. (23), 


= kgZoaZpie* * + kyZonZare 7” 
(Zaz + Zp2)Zy1 + Zar) — k2LZ ba — KR ZG y+ 2kakpZoaZopCOs 2% 
(26) 


V, 
V. 


s 


and from (d) of eqns. (23), 
V. 


- 
is 


(Zax + Zy2(Za1 + Zp1) —k2 Zh q— k§ Zhu + 2kakyZoaZop COS 20 
Za1 + Zp1 


(27) 


Eqns. (26) and (27) show the complex nature of the dependence 
of the transformation ratio V,/V, and the impedance V,/i° on «, 
the regulator shaft position. 


(c) Primary terminals of the biased double regulator connected to supply; 
secondary terminals on short-circuit. 


Under this condition V, = 0. Hence, from (a) of eqns. (23), 

gi D 
(Za2 + Zp2Zp1 + Za) —k2Z 2, — kf Zo, + 2k gkpZoaZop cos 2« 
(28) 


ie 
ip 


and from (d) of eqns. (23), 


By KZoaZpi& 1% +kpZopZarét 
(Zg24+-Zp2)(Ze1 + Zar) —k2Z 8 KP LG, + Dk gk pZoaZ op COS 20 


(29) 


iP 


Eqn. (28) demonstrates the dependence of the short-circuit 
impedance V,/i? on the regulator shaft position, while eqn. (29) 
gives the relation between the primary and secondary currents 
seen clearly to be a complex function of «. 


(d) Secondary terminals of the biased double regulator connected to 
supply, primary terminals on short-circuit. 


Under this condition V, = 0. Hence, from (4) of eqns. (23), 


Vs “ D (30) 
Bo L251 
and from (c) of eqns. (23) 
Po (KgLoah pet + kgZopZ re %) G1) 


Z1Zp1 


Eqn. (30) shows the complete independence of the short- 
circuit impedance from the regulator shaft position. When the 
value of D from eqn. (11) is substituted in eqn. (30) we have 


V, Z Zz 
S$ = Zy + Zp — KRY — 2% a2 
i: A eae Ce 
If the self-impedances Z,;, Z,;, Z,. and Z,. are expressed in 
terms of mutual and leakage impedances, 


where 21, Zp1; Za2 and zy. represent the leakage impedances of 
the four windings la, 1b, 2a and 2b respectively. Eqn. (32) 
reduces to 


Za, = 241 + Zog3 Zp = 21 + Zoy 


Lon = Zaz + k2Loq3 Zon = Zy2 + kRZ2, oe 


eos Loa Li 
BF ~ Gon + ta) + (G™)2n + (Yen. GA) 


OF THE DOUBLE INDUCTION REGULATOR 


which is equal to. 
(Leakage impedance of the secondaries in series) +- 


(Leakage impedance of the primary winding of regulator | 


‘a’ referred to its secondary side) + 


(Leakage impedance of the primary winding of regulator ‘b’ {J F 


referred to its secondary side) 


Total leakage reactance of the regulator referred to its 
secondary side. 


Thus the short-circuit impedance with the primary on short- 


or 


circuit gives the total leakage reactance of the biased regulator 9» 


referred to the secondary side and is independent of the regulator () 


shaft position. This is an important point, since it is in definite 
contrast to the short-circuit impedance with the secondary on 
short-circuit, which has been shown in eqn. (28) to be a complex 
function of «. 


(4) EQUIVALENT CIRCUITS 


Although the general behaviour of any machine can be 
completely determined from the equations of performance, the 
establishment of an equivalent circuit for the machine is some- 
times very useful for numerical solutions. 


(4.1) Establishment of Equivalent Circuits from Impedance Tensors % 


The general impedance tensor of a 4-terminal network is 


given by 
o\B I 2 
ae 25 Z12 
Zig ere 
2] Zp 22 


which also gives the general voltage equations V,, = Z,gi° when ab 


expanded as 
Vi = Zi! + Ziyi? 


= il » 
V2 = Lyt + Lyi 


The equivalent circuit to give the same equations of performance 9; 


is shown in Fig. 4. 


200-2192 04/ 244 


VOLTAGE 
CURRENT : 
RATIO 210/21 a 


RATIO 1: 204/244 


Fig. 4.—Equivalent circuit established from impedance tensors: exact 
practical type. 


From the equivalent circuit may be written 
ae) : 
Zi4 


which, on simplification, reduce to eqns. (35). 

In deriving the equivalent circuit, no assumption as to the 
interdependence of any of the impedance parameters has been 
made. However, the concept has been introduced of an ideal 
transfer network which has specified voltage and current ratios, 
not necessarily equal. The ideal transfer network can thus be 


V;, == Z,(i + 


(éh)) ; 


f 


defined as a hypothetical coupling network with no losses and 
no leakage reactances, the sole effect of its introduction in any 
circuit being the transformation in specified ratios of currents 
and voltages passing through it. Two types of ideal transfer 
network are in common use in equivalent circuits: (a) the ideal 
transformer, where the voltage and current transformation ratios 
are either equal or complex conjugates of each other; and (6) the 
ideal induction motor, where the voltage ratio is slip times (or the 
complex conjugate of slip times) the current ratio. 

Another type of equivalent circuit which also has the same 
equations of performance as eqns. (35) is shown in Fig. 5. 


200-2102 01/Z9 


VOLTAGE RATIO 1: Z5,/Z, 
CURRENT RATIO Zip /Z, 31 


Fig. 5.—Equivalent circuit established from impedance tensors: 
orthodox type. 


This type of equivalent circuit is in common use in the 
‘theory of the transformer, in which case (Z,; — Zp) and 
|Z. — (Z,2Z21)/Zo| represent physically the leakage impedances 
| of the two windings 1 and 2, and Z> represents the impedance 
. of winding 1 due to the mutual flux between windings 1 and 2. 
The equivalent circuits of Figs. 4 and 5 are identical in their 
( equations of performance, but, as shown by Morris? in his exact 
| practical theory of the transformer, the measurement of para- 
1 meters is much easier for that of Fig. 4. Henceforth, equivalent 
circuits of the type shown in Fig. 4 will be called exact practical 
< equivalent circuits, while those of the type shown in Fig. 5 will 
| be called orthodox equivalent circuits. 


(4.2) Equivalent Circuit of the Biased Regulator 


An equivalent circuit for the biased double regulator can be 
established from its impedance tensor given by eqn. (20) and is 
s shown in Fig. 6, where 


Zp = ZaZoil(Zar + Zp1) 


k2Z2_ + k?Z2, — 2k_k,Zo,Zo, COS 20) 
m= 7, +Z,.) —“ 0a | *b“ 0b ak bZ0aZ0b 


Zu + Zp1 
Ji, an Zop , Zo 4 Z, Ti a 
Lea (kee ae plete) (k “Ode + ja 4 i, W0be is) 
pe Ves "Zo “Lat "Zi 
Za + Zp1 
Z2 a. 
=Zy2 + Zp — (5) = 3(5”) G7) 
a2 b2 Za b Zi 
which, from egns. (33), reduces to 
Z Li 
Z1 = 22 + 22 + a(S at a B(S™ Jeo (38) 
Lal Zp1 


Z in the equivalent circuit thus represents the total leakage 
ir pedance of the regulator referred to its secondary side. This 
© uivalent circuit can be seen to be of the exact practical type 
sown in Fig. 4. Since Z,, the self-impedance of the two 
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Fig. 6.—Exact practical equivalent circuit of the biased double 
regulator. 


Voltage ratio of LT.N. = 1: ka oot e— ja + key = etja 
Za Zo1 


Current ratio of I.T.N. = ka Zoa . +5 ae ed e-s%3 1 
Za Zo1 


primaries in parallel [= (Z,,Z,1)/(Z,; + Zp,)], cannot be split 
up into its mutual and leakage components, the establishment of 
an orthodox equivalent circuit of the type shown in Fig. 5 is not 
possible. 


(4.3) Measurement of Parameters of the Equivalent Circuit 


To use the equivalent circuit, knowledge of the following 
parameters is necessary: 


(a) Z,, the self-impedance between the primary terminals. 

(6) Z),, the total leakage impedance referred to the secondary. 

(c) kK ZoglZae~** + ky(Zo,/Z,eti%, the voltage trans- 
formation ratio. 

(a) k(ZoglZqe*I* + ky(ZoplZ,YeE /%, the current transforma- 
tion ratio. ; 


From eqn. (25), Z, = Z1Z1/(Za1 + 2,1) is given by the input 
impedance of the primary of the biased regulator when the 
secondary is on open-circuit, so that a simple open-circuit test 
is sufficient to determine Z,. If the power lost in the test is also 
measured, Z,, can be expressed in the form R, + jX,, where R, 
will include all iron losses. Iron losses, in general, show a 
tendency to vary slightly with the regulator shaft position, but 
the effect can be neglected for normal performance calculations. 
The measurement of Z, must be carried out at normal operating 
voltage since its value depends on saturation. 

Eqn. (34) shows that Z, can be measured directly from a 
short-circuit test with the primary terminals on short-circuit, the 
value obtained being independent of the shaft position. 

It will be seen from eqn. (24) that a simple open-circuit test 
with the secondary open will give the voltage transformation 
ratio. This ratio is complex, so that the phase of V, with respect 
to V,, must be measured. If V, is kept constant and the mag- 
nitude and phase of V, for different regulator shaft positions 
(different values of «) are measured, the value of the voltage 
transformation ratio for every shaft position can be found. 
If the shaft positions of the regulator are calibrated in terms of «, 
it is possible to express the voltage ratio in the more general form 
Acosa« + jB sin a. 

If Zo,/Z;, and Z,/Z,, can be assumed to be real, the 
current transformation ratio 


byes Seer Z : 
kat et ie + ke, oe eat 
al Z51 


is the complex conjugate of the voltage transformation ratio, the 
measurement of which has been discussed in the previous para- 
graph. If more accuracy is desired a current-ratio test with the 
primary on short-circuit can be made, since from eqn. (31) 


a D 
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This ratio being complex and a function of « has to be, like the 
voltage transformation ratio, expressed in complex form and 
measured for all values of cos a. 

It is thus seen that an open-circuit test with the secondary open 
and a short-circuit test with the primary on short-circuit are 
sufficie nt to enable measurement of all parameters of the equivalent 
circuit to be carried out. 


(5) BIASED DOUBLE REGULATOR WITH SIMILAR 
PRIMARIES 


When the primaries of the component regulators in the biased 
double regulator are exactly alike, Z,; = 2,1, Zoq = Zop and 
24 = 24. If-Z,, Zo and’ z, represent . the self-impedance, 
impedance due to mutual flux and leakage impedance respectively 
of each of the component regulator primaries, 


Z,=Lu =Zp1, Zo = La Ti Zp and 45. = Sale pi (39) 


(5.1) Admittance and Impedance Tensors 


From egns. (39), the admittance and impedance tensors for 
the general double regulator given by eqns. (16) and (20) 
respectively reduce to 


—ZyZ(kgetJ* + ke) 


(b)* 


Fig. 7.—Equivalent circuits of biased regulators with similar primaries. | 
(a) Exact practical circuit. y 
Impedance A = (zu2 + 202) + (k3 + K}) = 

Ph, 
Voltage ratio of LT.N. = 1: = (kae 5% + kye+ie) 
(b) Orthodox circuit. 

Zo (2 2 Zs 
Impedance B = (Zg2 + 252) + Z, (ka + kp — 2kaky cos 2x) 3 


25 


Voltage ratio of I.T.N. = J : kge—i% + koe +50 


1 
Se 
1 


(40) 


ye P 
5 | 2Za2 + ZndZ. — ZAK + HR 
—2k ,k, cos 2x) 
Ae 
S =LoZ (ke 2% + yet) 
where 
D, os Z;\(Zz ais Ly Zs ae (kz 1 k})Z5] (41) 
and 
nee p Ss 
iy Ss = (k,e+I% + kye%) 
Zum = 


23 24 
(Zg2 + Zp2) — xz (kat ky 


Zo (ke + ker) s 
2 — 2k,kp cos 2a) 


(42) 


(5.2) Performance Equations 


The equations of performance for the biased regulator with 
similar primaries are thus given by 


1 
kak, COS 20) |V, — [ZoZ (ket I* + kye HV, > . (43) 


1 : F | 
ee ai [ZZ,(k,€ 9% + k,et 34) oe VENA | 
1 


(5.3) Equivalent Circuits 


Since the self-impedance of the primary, Z,/2, can be easily 
split up into its mutual (Z9/2) and leakage (z,/2) components, 
equivalent circuits of both the practical and orthodox types can 
be easily established and are shown in Fig. 7. 


(6) BIASED DOUBLE REGULATOR WITH SIMILAR 
SECONDARIES 


When the secondaries of the component single regulators ina & 
biased double regulator are exactly alike, Z,. =Z,, and — 
Zq2 = 22. IfZ, and z, represent the self- and leakage-impedances — 
of the secondary of each single regulator, 

Z, = Za = Zp. and 2, = 2g2 = Zp (44) 8 
The impedance and admittance tensors, the equations of per- | 
formance and the equivalent circuit for this type of biased | 
regulator can be obtained by substituting Z, for Z,. and Z 525 
and z, for z,. and z,) in the corresponding quantities for the 
general biased double regulator (Sections 3 and 4). 


(7) SPECIAL CASE OF THE SIMPLE DOUBLE 
REGULATOR 


When the two component single regulators are exactly alike, 
the biased double regulator reduces to a simple double regulator. 
Hence in a simple double regulator 


2 = 2 =2Z;5 2 =Zyp = Z, 

Loa => Zop = Zo; k, = k, = k (45) 
Zq1 = Zp, = 253 aNd Zg9 = Zp = Z, . 
(7.1) Admittance and Impedance Tensors 2 

Making the substitutions of eqns. (45) in eqns. (16) and (20), 4 


the admittance and impedance tensors for the simple double 


regulator are given by 
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v\E p Ss 


P |4Z,Z, — 4k*Z2 sin? «| —2kZ)Z,cosa | x a 
on 2 
yve' = . 46) 
S —2kZyZ, COS a Ze 
where Dy = 2Z2(Z,Z, — k*Z2) (47) 
(48) 
D2 p2 ’ 
Sein ikZ, COS 2Z, — auto sin 2a 


s 


(7.2) Equations of Performance 


From the admittance and impedance tensors the equations of 
performance are 


4Z,Z, — 4k?Z2 sin? « 2kZyZ,COS a ) 

pee AS 0 02S an 

i Da V3 D> eho) 

2kZZ,COS H 22 
Seo = s = 
i fe ie Aiea meee 
and (49) 

Z 

Vi= oe Vee eC ZiCOS yt hey oak Ns Mech Bolin ia aie (C) 

k*Z2 
V, = (kKZo cos «)i? + (22, — 2559 sin? a.) (d) 


Ss 


(7.3) Equivalent Circuits 


)_ Since the impedance tensor is symmetric, a number of equivalent 
circuits can be easily established.?_ The orthodox and practical 
equivalent circuits are shown in Fig. 8. 


1: 2k (Z,/Z,)COS a 
(a) 


VOLTAGE RATIO 1:2kCOS « 
(6) 


Fig. 8.—Equivalent circuits of simple double regulator. 
(a) Exact practical circuit. Zz 
Impedance A = 2z, + 2k2 Zz, Zs 
(b) Orthodox circuit. > 
Impedance B = 2z, + 2k? a Zs Sin? & 
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(7.4) Measurement of Parameters 


Measurement of parameters of the exact practical equivalent 
circuit is very simple, since Z,/2 is given by the open- 
circuit impedance of the regulator with the secondary open, 
2k(Zo/Z,) cos « is the ratio of the secondary open-circuit voltage 
to the applied primary voltage at the regulator displacement «, 
and 2z, + 2k*(Zo/Z,)z, is the short-circuit impedance of the 
regulator with the primary terminals short-circuited. When 
using the orthodox circuit or the equations of performance it is 
essential to separate the primary and secondary leakage impe- 
dances. If Z)/Z, can be assumed to be real, the equivalent 
resistance in a short-circuit test (primary short-circuited) is 

Ripe 2, alin uel OO) 


Ss 


since the equivalent impedance, i.e. the total input impedance in 
the short-circuit test, is 2z, + 2k?|(Zo/Z,)|z,. From the values 
of the equivalent impedance z,, and its loss component R,4, 
Xeq can be easily measured, since Xeq = VA (ze oo Re) To 
separate R, and R,, a d.c. test is carried out. 

If R and r be the d.c. resistances per phase measured at the 
input and output terminals of the simple double regulator, 


1S Rea.cyl2 and hi 2R adc.) (51) 


where Ryac) and R,a.c.) are the values of d.c. resistances of the 
primary and the secondary of the component single regulators. 
Hence, 


Zo 
Ze 


Res 2) 


Ss 


Ze 
Regd.c.) aaa 2R(a.c.) ns me A Rsa.c) =r-+ 4k? 
sy 


This value of Reaa.c) Should be equal to R,, measured from the 
power loss in the short-circuit test. Owing to stray losses, 
however, the value from the short-circuit test is usually larger. 
If the ratio Real Reg.c. be denoted by a, the respective values of 
R, and R, are given by 

r 


R, = 2c0R, and R, =o= . 


5 (53) 


To separate x,, into its component parts x, and x,, the assump- 
tion, common in dealing with induction machines, is made that 
the values of the leakage reactances of the primary and secondary 
referred to the same voltage base are equal. Since the referred 
value of x, to the secondary voltage level of the component 
single regulator is k*(Z)/Z,)x, which is approximately equal to 
k?|Zo|Z,|x,. we have 


Zi 
0 ee OY) ee 3 Xs 

Ss 

= 2x, + 2x, = 4x, .- (54) 
Hence, x, = X,,/4 and 
XZ Xeq \Zs 

= = 5 
Faz A Zp @) 


Thus the leakage impedances z, (=R, + jx,) and z, (=R, + jx,) 
can be determined if k and |Z,/Z)| are known. The ratio k is 
generally known from design figures, while |Z,/Z)| can be 
experimentally measured from an open-circuit test (secondary 
open) since 2k(Zo/Z,) cos « is the ratio of open-circuit secondary 
voltage to primary applied voltage. If k is not known from 
design figures, successive approximation should be used to 
determine exact values for k, z, and, hence, Z,/Zy[= Z,/(Z, — Z,)], 
Z, being twice the input impedance of the regulator with secondary 
open. Once the value of z, has been separated the magnetizing 
impedance Z)(=Z, — z,) is easily evaluated. 
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(8) TESTS ON A SIMPLE DOUBLE REGULATOR 
A simple double regulator was available for tests. The 
measurement being based on the theory developed in the previous 
Sections, the parameters of the test regulator were first measured 
and the theory was then verified by showing a close agreement 
between the behaviour of the regulator as calculated from the 
measured values of parameters and actual test results. 


(8.1) The Test Regulator 


The 3-phase 50c/s 2-pole test regulator, supplied as a con- 
stituent part of a stator-fed 3-phase shunt commutator motor, 
has the following rating: 


Input: 400 volts, 9-Oamp; Output: 4-13 kVA, 30-6 volts, 45. amp. 


(8.2) Measurement of Parameters 


Since the shaft movement of the test regulator is not directly 
graduated in terms of « or cosa, the given arbitrary position 
marks were calibrated in terms of « as shown in Table 1. 
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Thus in any actual determination of Z, (and hence Zp) the voltage 
at which the measurements are made is of prime importance. 
If this voltage differs from the operating voltage, a large error 
may be introduced in any performance calculations. It can be 
appreciated that, under any condition of operation, if the applied 
voltage varies within a very wide range, Z, and Zp no longer 
remain single-valued unless the range of variation is within the 
limits of magnetic linearity. 

Certain tests and calculations of behaviour have been limited 
to the linear magnetic range of the regulator. Under this con- 
dition of operation the values of Z, and Zp are: 


(d) When the magnetic circuit is unsaturated: 


Z, = 27 +j105-6 ohms. 
Zo = 2, — a= 2°54 j103-75 ohms: 
Z, = 2% +k*Zy = 0-136 + j0°487 ohm. 


It has been assumed in the above that the variations in the i 
values of leakage impedances, z, and z,, under saturated and 


Table 1 
CALIBRATION OF REGULATOR-SHAFT POSITION MARKS 


Position marks 0 | 0-5 


a, degrees .. 


3-0 i): 


LO L225 e025 9 


The parameters of the test regulator were measured as dis- 
cussed in Section 7.4, the measured values being as follows: 


(a) For the exact practical equivalent circuit of Fig. 8(@): 
Z,|2 = 7 + {34-44 ohms. 
2 Zo| LZ, = 2k 2g 2,| = 0 132. 
2z, + 2k*(Zo/Z,)z, = 0:049 + j0-033 ohm. 


(6) For the orthodox equivalent circuit of Fig. 8(4): 
k = 0:068. 
Zo = 12:53 + j67-:03 ohms. 
Z, = 1:47 + 71-85 ohms. 
Zz, = 0-0178 + j0:0083 ohm. 


; Since, in the equations of performance, all the impedances are 
in the form of self- or mutual impedances these values of para- 
meters may be written as follows: 


(c) For the equations of performance: 
k = 0-068. 
Zo = 12:53 + j67-03 ohms. 
Z,=Ly + Zz, = 14 + j68-88 ohms. 
Zp hPZy 4 25 0-0758 +-j0-318 ohm. 


In the above measurements, the values for Z, and Zy refer to 
values obtained at a primary voltage of 400/231 volts. When the 
magnetic circuit is linear (unsaturated), and the iron losses can 
be assumed to be proportional to the square of the voltage Zo; 
and Z, are independent of the voltage applied to the primary 
terminals. Most iron-cored machines, however, show a magnetic 
non-linearity due to saturation after a particular value of flux 
density has been reached. 


Fig. 9 shows the input impedance per phase and its loss 


component between the primary terminals of the test regulator 
with the secondary terminals open plotted against the applied 
voltage per phase. The non-linearity can be seen to start when 
the applied phase voltage reaches approximately 120 volts, 


=O0-1960) 5 —O05354 
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Fig. 9.—Variation of open-circuit input impedance and its loss com- , 
ponent with applied primary phase voltage. 


(a) Impedance. (6) Loss component of impedance. 


unsaturated conditions are negligible. This assumption is — 


justifiable since the leakage impedances are very small compared || 


to the mutual or self-impedances. 


(8.3) Calculation of Behaviour and Comparison with Test Results 


The equations of performance [eqns. (49)] or either of the two ‘ 
equivalent circuits can be used for calculation of behaviour under 
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any condition of steady-state operation. The following con- 
ditions for the test regulator have been investigated: 


(a) Open-circuit conditions. 

(6) Short-circuit conditions. 

(c) Normal operation of the regulator with a resistive load 
across the secondary. 


(8.3.1) Open-Circuit Conditions: Secondary Open. 
Under this condition i® = 0, so that from (c) and (d) of 


eqns. (49) 
V, = (kZp cos a)iP 
1 


and V, = (Z,/2)i? 
from which — (56) 
V[i? = Z,/2 A 
/ and VV, = 2k(Zo|Z,) cos a } () 


_ This shows that the input impedance is independent of the 
regulator shaft position, while the voltage ratio between the 
primary and secondary terminals is a linear function of cos «. 
_ Tf the primary voltage be kept constant at 231 volts per phase, 


V, 


P| = 
iP 


= |7 + 734-44] = 35-1 ohms 


aay 

2 
Zo 

Ve = Vek > cos « = 30:5 cos & volts 
R) 


The calculated characteristics and test points for the input 
i impedance and the secondary open-circuit voltage plotted as a 
function of cos « are shown in Fig. 10 and show close agreement. 
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Fig. 10.—Open-circuit condition: secondary open. 
Variation of input impedance, V,/i?, and secondary open-circuit voltage, Vs, 


with cos a. 
— Calculated curves. 


x Test points for V,/iP. 
© Test points for Vs. 


{(8.3.2) Open-Circuit Condition: Primary Open. 
Under this condition i? = 0. MHence,-from (c) and (d) of 
veqns, (49), 


V, = (kZo cos ais i (57) 


V, = [2Z, — (2k°Z2/Z,) sin? ais 
{if i* is kept constant, the induced primary voltage V, is a linear 
“action of cos « and will vary within the limits 0 at cos « = 0 


amd 0-707 k Zyis at cos « =0°707. To keep Zp as single- 
“elued the test was carried out with a value of i® such that the 


Hard 
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maximum induced primary voltage did not exceed 120 volts 
thus keeping the operation within limits of magnetic linearity. 
It is interesting to note that the input open-circuit impedance 
(i.e. V,/i5), unlike the case in Section 8.3.1, is a function of the 
regulator shaft position. Using values of Zp, Z, and Z, as given 
in Section 8.2 (d), 
p = 7:28i5 cos & volts 

and the open-circuit impedance is 


Ke 


= |(0-049 + j0-033) + (0:0231 + j0-94) cos? «|ohms 


The calculated characteristics and test points for V, and | V,/is| 
at i° = 25amp are shown in Fig. 11 and are in close agreement. 
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Fig. 11.—Open-circuit condition: primary open. 
Variation of input impedance V;/iS and open-circuit voltage V, with cos a, when 
iS is kept constant at 25 amp. 
— Calculated curves. 


x Test points for V,/iS. 
© Test points for Vp. 


(8.3.3) Short-Circuit Condition: Secondary Short-Circuited. 
Under this condition V, = 0, so that from (@) and (d) of 


eqns. (49) the short-circuit impedance is 


V, Z(Z,Z, —iZ2) 


ip (ZZ, — k2Z2 sin? «) 


. (58) 
and the short-circuit current is 


2 
iS = —- iPkZy cos a | (22, — 2k? Zo sin? x) 
Z, 
Eqns. (58) show that with the secondary on short-circuit, the 
short-circuit impedance of the double regulator is a complex 
function of the shaft position, and is equal to the open-circuit 
impedance at cos « = 0, at which value the short-circuit current 
iS is, of course, zero. 
Substituting values of parameters for the test regulator 
[Section 8.2 (d)] the short-circuit impedance 
Lye 1/[(0-00452 —j0-0177) + (0-247 —-j0-167) cos? «] ohms 


Be 


and the short-circuit current is 


ae ee —-j0-0056 


+ (0-132 + j0-001 2) cos =| 
COS « 


The calculated characteristics and test points for V,/i? and 
for its real part as well as for is when i? = 3amp are shown in 
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Figs. 12a, 128 and 13. Agreement is fairly close except in the (8.3.4) Short-Circuit Condition: Primary Short-Circuited. 
region where cos « is very small. The discrepancy can be Under this condition V, =0. Hence, from eqns. (49) the 
explained to be due to the magnetic circuit becoming saturated short-circuit impedance is 


in this region as the applied voltage goes beyond the limits of ZZ, — 1222) 
linearity for i? = 3 amp. aS Z 
Ss 


and the short-circuit current is 


iP = — i(2kKZo/Z,) Cos « 


60 


ae The above equations show that while the short-circuit current 

is a linear function of cos«, the short-circuit impedance is 

w» 40 absolutely independent of the regulator shaft-position. Sub- 

= stituting numerical values, we find the short-circuit impedance 
e) 


to be 


wW 
(e) 


V,| 


ra 


= |0-049 + 70-033] ohm 


IMPEDANCE , 
ine} 
(e) 


and the short-circuit current is 


iP = i5(0-132) cos a 


3 


2 be 1G) 20s AO Oe rs Oe The calculated characteristics and test points for the short- 
atic COS « circuit impedance | V,/i5|, for its loss component and for i? when 


iS = 30amp, plotted as functions of cos «, are shown in Fig. 14 
Fig. 12a.—Variation of short-circuit impedance with cos «: secondary and are in close agreement. 
on short-circuit. 
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COS Fig. 14.—Short-circuit condition: primary on short-circuit. 
: e440 a ye * Variation of short-circuit impedance, its loss component and primary current with 
Fig. 128.—Variation of loss component of short circult impedance with cos « when the secondary current is kept constant at 30 amp. 
cos a: secondary on short-circuit. Calculated curves. 
® Test points for impedance. 
——w— Calculated curve. © Test points. 


x Test points for loss component of impedance. 
© Test points for primary current. 


BA (8.3.5) Normal Operation of Regulator with a Resistive Load across the 
Secondary. y 
ho Fe A load test was carried out on the regulator with a resistive # 
2 load across the secondary and the experimental results obtained 
we were compared with those which can be calculated from the | 
2 30 equivalent circuits. The operating voltage was 400/231 volts | 
& and cos « was 0-707. 
© 20 The equivalent circuits for cos « = 0-707 are shown in Fig. 15. | 
& It is assumed for simplicity that the load is purely resistive and ft 
3 40 that the effect of the leakage reactances on the phase of the load _ 
3 current is negligible. } 
% é Table 2 gives a comparison of the test values of input current | 
NO EMCOS) SOA RODE EO -66- some noes iP and secondary terminal voltage |V,| under different load 
COS a values with those calculated from the two equivalent circuits. ¥ 
Fig. 13.—Short-circuit condition: secondary on short-circuit. A sample calculation is shown here. : 
Variation of secondary current with cos « when the primary current is kept constant (a) Using the practical equivalent circuit of Fig. 15(a) and a load i ; 
pots ——w— Calculated curve. ©. Test points. of 20 amp: WW 


i? = 231/(7 + 734-44) = 1-33 —j6-45amp, from which 
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iS = 20 amp, and is’ = 0-093 5i8 = 1-87amp 


iP = j9 + is’ = 3-2 — j6-45amp 
V, = (231 Xx 0-093 5) — is(0-049 + j0-033) 
= 20:62—j0-66 = 20-63 volts. 


iP 


Table 2 


COMPARISON OF LOAD Test RESULTS WITH CALCULATIONS FROM 
EQUIVALENT CIRCUITS 


[Vs] 


Observed 


amp 


1-33 


3-18 


3°6 
i019 3i7/ 


—j6-45 


=r 3s 


Calculated 
from Fig. 
15(a) 


Calculated 
from Fig. 
15(b) 


Observed 


Calculated 
from Fig. 
15(a) 


amp 
1238 
—j6-45 


8307) 
—j6°45 


3-63 
—j6-45 


amp 


133 


—j6-45 


S50 


—j6-41 


3-63 
—j6-40 


volts 


21:6 


volts 


21:6 


20:5 


20:3 


20:63 


20:4 


VOLTS 


Fig. 15.—Equivalent circuits of the test regulator at cos « = 0-707. 


31-5 4:27 
—j6-36 
37-3 4-84 
—j6-34 


‘74+jO-92N ti 
no +J is 


4:27 
—j6-45 


4-82 
—j6-45 


Gc 
t 
yy 
< 
© 
x 


4-28 


—j6-39 


4-83 
—j6:38 


Ie’) 


19-6 


VOLTAGE RATIO 1:0:0935 


6:26+j33-52N 


VOLTAGE 


(a) 


5 0045 +j0-0282N 
Vv 


RATIO 1:0:0962 


(6) 


20:06 


19-8 


(a) Exact practical circuit; (6) Orthodox circuit. 


(b) Using the orthodox equivalent circuit of Fig. 15(6) and a 


similar load: 


is = 20amp and i” = 0-096 2i5 = 1:924amp 


;0 


Vy — 80-74 + j0-92) 


L 


7 + 734-44 


= 1-275 —j6-41 amp 


from which 
ip = 79 + is’ = 3-2 — j6-41 amp 
Vi, = V, — iP(-74 + j0-92) = 222-74 + j1-8 
Vi, 310: 0962.5 150204522 f0°0282) 
= 20:55 — j0-39 = 20-56 volts. 


The only approximation made in the practical equivalent 
circuit is the assumption that Z)/Z, can be considered real. 
Since this is very nearly true, the calculated values of i? and V, 
from the two equivalent circuits are very close to each other. 
They also agree fairly well with the test results, as can be seen 
in Table 2. The sample calculations in (a) and (4) above clearly 
illustrate the advantage of using the practical equivalent circuit 
for the solution of numerical problems in preference to the 
orthodox circuit. 


(9) CONCLUSIONS 


Equations of performance and equivalent circuits for various 
types of double induction regulators have been established, and 
the agreement reached between experimental results and results 
predicted by theory in case of the unbiased double regulator 
justifies the belief that the theory is basically sound. It is con- 
sidered that the ease with which the parameters of the exact 
practical equivalent circuits can be measured and the facility 
they give in the solution of numerical problems will commend 
them for wider use by designers and others interested in the 
theory and operation of double induction regulators. 
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SUMMARY 

Existing methods of representing saliency on network analysers are 
discussed. These include combined-reactance methods and two 
methods using a d.c. signal to represent the e.m.f. of the synchronous 
machine. 

A simple method of representing saliency, in association with a 
network-analyser generator unit, is then described, together with the 
associated electronic circuits. The results of a problem involving 
saliency, which has been solved by means of the apparatus described, 
are presented and the results are discussed. 

It is concluded that the method employed is more economical than 
those previously published, and is well within the normal limits of 
accuracy for electrical power-system analysis. 


LIST OF PRINCIPAL SYMBOLS 

E = Induced e.m.f. in a synchronous machine. 

E, = Voltage behind Potier reactance. 

E, = Voltage behind synchronous quadrature-axis reactance. 
E’ = Voltage behind transient direct-axis reactance. 
E, = Voltage behind transient impedance of a synchronous 

machine. 

E, = Voltage behind synchronous direct-axis reactance. 

V, = Terminal voltage. 
Vr = Voltage behind armature resistance, i.e. Vp = V, + IR. 
Vs = Ve ae Vra(Xa x X,) 


, a voltage which, with E and Xq 


represents the salient-pole synchronous machine. 
Vra = Component of Vez in the direct-axis. 
I = Load current. 
I, = Direct-axis component of /. 
J, = Quadrature-axis component of J. 
J, = Field current, or excitation proportional to the field 
current. 
R = Armature resistance. 
Xz = Synchronous direct-axis reactance. 
X, = Synchronous quadrature-axis reactance. 
Xj = Transient direct-axis reactance. 
X, = Potier reactance. 
@ = Angle between vectors E and Va. 
¢@ = Load power-factor angle. 
op = Load angle of the synchronous machine, i.e. angle 
between vectors E and V,. 


(1) INTRODUCTION 


Until recently, the scope of representation of synchronous 
machines on a.c. impedance-type network analysers was 
restricted, saliency being either neglected entirely or represented 
by the artifices described in Section 3 of the paper. There are 
some important classes of problem involving salient-pole syn- 
chronous machines which require the representation of saliency; 
these include problems involving voltage-regulator action where 
the changes in terminal voltage depend on saliency, and stability 
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problems where the output is appreciably affected by saliency 
when there is a low value of externally connected reactance. Any 
simple method of representing saliency on a network analyser 
may also be of importance when the effect of changing the design 
parameters of synchronous machines is being studied. 

It has been claimed, e.g. by Humphrey Davies and Slemon,! 
that the transformer-analogue network analyser possesses § 
advantages over the a.c. impedance-type network analyser in the s 
independent representation of direct and quadrature axes. 
Recent work has, however, appreciably reduced these advantages; 
techniques introduced by Van Ness’ in the United States, by 
Bauer? in Germany and by the authors have greatly extended the 
facilities of the a.c. impedance-type of analyser in the representa- 
tion of saliency. 

Any scheme which is introduced for the representation of 


saliency, or which increases in any manner the complexity of > 


network-analyser generator units, must be carefully scrutinized = 
on the grounds of cost. It is generally considered that the 


minimum number of generators with which a large-scale network hi 


analyser should be equipped is twelve, and the authors regard 
1:5% of the total cost of such an analyser, commercially built, 
as an acceptable addition for representing saliency on twelve }\ 
generator units. 
falls within this limitation. 


(2) BASIC VECTOR DIAGRAMS OF THE SALIENT-POLE df 
SYNCHRONOUS MACHINE : 


(2.1) Steady-state Conditions 


The vector relationships of the salient-pole synchronous {i 
machine, analysed on the basis of the two-reaction theory, are # 
well understood and have been exhaustively dealt with by a ff 
number of authors. 


found, for example, in text-books by Concordia,4 and Mortlock } 


and Humphrey Davies,5 and in a recent paper by Adkins.6 |) 


Since it is fundamental to the apparatus described below, and 
since the symbols vary somewhat in the different publications, | 
the diagram is considered briefly at this stage in a simplified form. | 

The diagram is shown in Fig. 1(a). Since the only field |) 
winding of the machine has its axis coincident with the pole axis | 
(the direct axis), it follows that there is no excitation in the } 
quadrature axis. Conventionally, the induced e.m.f., E, in the } 
machine is displaced 90° in time-phase from the excitation, |f 
represented by the current J. Subtracted from E are the direct- | 
and quadrature-axis synchronous-reactance voltage drops LXq0q 
and I, X,, and the resistance voltage drop JR, to give the terminal — f 
voltage V,. a) 

If the quantities [,X, and I,X, are added to Vp, the voltage, | 
E,, behind the quadrature-axis synchronous reactance is obtained. — 
It will be seen that E and E, are in the same phase. { 

In practice, the angle y between V, and E is not known and — 
it is more convenient to construct the vector diagramin accordance | 
with Fig. 1(5). In this version the reactance voltage IX, isa 
known, and may be extended by the addition of J (Xa — X,) 
then by drawing a line, perpendicular to E,, through the extremity | 
of this latter vector, E is obtained. ST 


[ 108 ] 


The apparatus described in Sections 4 and 5, , 


Treatment of the vector diagram may be 
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Fig. 1.—Vector diagrams of the salient-pole synchronous machine. 


(a) Conventional form. 
(b) Modified form. 


(2.2) Transient Conditions following an External Disturbance 


- When problems involving sudden disturbances in the externally 
connected circuit are considered, and when the effect of damper 
vindings is negligible, the transient direct-axis reactance and 
synchronous quadrature-axis reactance are used. Events at 
_ «uch instants as this may be represented on the alternator vector 


diagram as shown in Figs. 1(a@) and 1(b), the problem being 
reduced to a steady-state basis. Thus, in accordance with the 
theorem of constant flux linkages,7 immediately subsequent to 
the disturbance a new voltage E, is defined, this being the voltage 
behind the transient reactance. The value of ja together with 
the direct- and quadrature-axis transient reactances, represents 
the performance of the machine at the instant under consideration. 


(3) EXISTING METHODS OF REPRESENTING SYNCHRONOUS 
MACHINES ON NETWORK ANALYSERS 


(3.1) Methods neglecting Saliency 


Many problems in electrical power-system analysis neglect 
saliency, the synchronous machine being represented by a voltage 
behind a reactance. For steady-state problems, such as load 
flow and reactive-power distribution in a network, the reactance 
adopted is the synchronous reactance, and for balanced-fault 
and unbalanced-fault studies the reactance is usually the direct- 
axis transient reactance X7; this procedure is usually adopted on 
the grounds of simplicity. For the case of a single synchronous 
machine supplying a network, the use of X; is easy to justify on 
account of the low power factor of the faulted network; as far 
as the authors are aware, little attention has, however, been paid 
to the problem of a network supplied by a number of machines, 
the angles made by their individual direct-axes, with respect to 
a common reference vector, being different in each case. 

In steady-state problems such as yoltage regulation and the 
effect of saturation, it is practically convenient to use the concept 
of ‘Potier reactance’, X,, which is discussed in a number of 
reference books, including that of Wagner.’ When X, is used 
on the network analyser, it is combined with X,, in such a way 
that two separate reactances are set up in series; these are 
(Xz — X,) and X,, the voltage behind (Xz, — X,) being E and 
that behind X,, being E,. 


(3.2) Combined-Reactance Methods allowing for Saliency 


It is impossible to represent the reactances for both direct and 
quadrature axes on a network analyser with a single reactance. 
Saliency may be represented, however, by combined-reactance 
methods, although these involve trial-and-error procedures. 


(3.2.1) Use of Eq. 

One method, described by Crary? and Kron!®, represents the 
synchronous machine by the voltage behind the synchronous 
quadrature-axis reactance, E,, in series with two reactances, as 
shown in Fig. 2(a), and with reference to the vector diagram of 
Fig. 1(5). The transient direct-axis reactance Xj, and the 
difference between the synchronous quadrature-axis reactance 
and the transient direct-axis reactance (X, — Xj) are the quan- 
tities involved. The voltage behind X7 will be E’; this voltage 
is obtained by neglecting transient saliency. The voltage E, is 
not known, but either the quadrature-axis component of E’, 
ie. E,, or E is known, and E, must be found by trial and error 
bearing in mind that 


vas I(x] = X)) ei e-—aCOnstait 
(for steady-state conditions) . (1) 


or E, — 1,(X, — Xj) = HE, = constant 
(for transient conditions) . (2) 


(3.2.2) Use of E,. 

Another method, due to Kron,!® represents the synchronous 
machine by the voltage behind the direct-axis reactance E,, 
as in Fig. 1(b), in series with three reactances, as shown in Fig. 


2(b); these reactances are Xj, (X, — Xj), and (Xy — X,), and 
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(a) 


/ , 
= - R 
es Xq) (X x4) Ka 


(e) 


Fig. 2.—Combined-reactance methods of representing saliency. 


(a) and (b) Circuits described by Crary and Kron. 
(c) Potier reactance method. 


the voltages, E’ and E,, may be measured on the network 
analyser. In the opinion of the authors this method is better 
suited to steady-state problems, since E may be obtained directly 
rather than by calculation from the vector diagram, as in the 
method discussed in Section 3.2.1. Difficulties do arise in that 
E, must be maintained unchanged in phase simultaneously with 
the adjustment of E,, in order to satisfy eqns. (1) and (2). 


(3.2.3) Use of Potier Reactance. 

Fig. 2(c) shows the equivalent circuit for nee oa ae 
representation. The reactance representing the machine, Xe 
split into two components X, and (X, — X, wi tg site ele 
behind the latter reactance, ‘and Es is the “voltage behind the 
Potier reactance. Generally this concept is used for the problems 
mentioned in Section 3.1; it is then usual for E to be obtained 
from E, by arithmetical methods. 


(3.3) Methods of Van Ness and Bauer 


(3.3.1) Simulator of Van Ness. 


Fig. 3A is a simplified diagram showing the principle of the 
saliency simulator due to Van Ness.?_ A d.c. signal proportional 
to Iz is produced from the generator output and multiplied by 
(X, — X,) or (X, — Xj); it is then combined with a d.c. signal 
proportional to E or E, in accordance with eqn. (1) or eqn. (2), 
respectively. The output is direct current proportional to E, 
and must be applied to a modulator for conversion to alternating 
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OUTPUT OF SYSTEM 


AMPLIFIER 


Iy CIRCUIT 


DIFFERENTIAL 
AMPLIFIER 


E SIGNAL 


MODULATOR 


Fig. 3A.—Van Ness simulator. 


current, of the appropriate phase, before being fed back to } 
the analyser. 


(3.3.2) Simulator of Bauer. 
A simplified diagram of the Bauer simulator? is shown in 
Fig. 3B. In this case, servo-mechanism methods have been used 
to generate J,. A voltage proportional to the current through 


PHASE 
SHIFTER x 


TO REST 
OF SYSTEM 


DIFFERENCE BON, 
AMPLIFIER i 


PHASE — 
SENSITIVE 
RECTIFIER 


Fig. 3B.—Bauer simulator. 


va 


MOTOR 


R, is subtracted from a controlled voltage in phase with E.. 
This gives a voltage proportional to J, and displaced 90° from 


E,, provided that the relation between the controlled voltage and | 


the voltage proportional to current is the same as the relation 
between J, and J. Any deviation from the 90° phase displace- 


ment between I, and E, is fed back to the motor controlling the — | 


voltage proportional to I, in such a manner as to restore the 90° 


relationship. The voltage proportional to J, is fed through a_ | 
X;) to give a_ | 


high resistance to either (X, — X, Amos (OG e= 
voltage drop in phase with Los ‘Adding or subtracting this | 
voltage from E, will give E or Ei. After rectification, the | 


resultant voltage is compared with ‘a direct controlled voltage | 


proportional to E or E,; the difference is fed to a motor to 
adjust E, in such a manner that E, corresponds to either eqn. (1) 
or eqn. (2). 


This saliency simulator is important, since it appears to be the _ 


first example of a large-scale network analyser with all its 
generator units so equipped. 
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Fig. 48.—New simulator of salient-pole machine in the steady state. 


(4) A NEW METHOD OF REPRESENTING SALIENCY 


Figs. 4A and 48 show a modified version of the vector diagram 
of Fig. 1(b) together with a block diagram of the new simulator. 

A fundamental-frequency voltage, which is always 90° out of 
‘phase with the e.m.f. £, and equal to the component of Vp in the 
direct axis multiplied by a saliency factor (Xz — X,)/X,, is 
iderived. This voltage is added to Vp, the voltage behind the 
armature resistance, to give a new voltage Vy. This voltage, 
‘together with the e.m.f. E and the direct-axis synchronous 
reactance, now represents the salient-pole synchronous machine. 
}\ the transient condition is to be solved, the voltages behind the 
subtransient or transient impedances, the corresponding sub- 
transient or transient reactances, are used instead of E, Xj, 
wad ain it should be noted that the saliency factor may be 
negative, i.e. the voltage to be added to Vp to give V, has to be 
1+0° out of phase with that used for the steady-state condition. 

Referring to the block diagram in Fig. 4B, the scheme uses a 


phase-sensitive rectifier and a filter to give a direct voltage signal 
proportional to the component of Vp in the direct axis. This 
signal is fed to a modulator and a filter to produce a fundamental- 
frequency voltage proportional to this d.c. component and always 
90° out of phase with E. The derived voltage is then multiplied 
by the saliency factor (X; — X,)/X, by means of a calibrated 
potentiometer. A negative-feedback amplifier is used to inject 
this product into the circuit in the appropriate phase to give V5. 
There is a switch which can change the sign of this injected voltage 
for the case of a negative saliency factor. 

It should be noted that this scheme is automatic; when the 
working conditions of the machine are changed, the simulator 
adjusts V, automatically to represent saliency. 


(5) ESSENTIAL FEATURES OF THE CIRCUITS 


(5.1) Phase-sensitive Rectifier 


Referring again to Fig. 48, it will be seen that the function of 
the phase-sensitive rectifier is to accept a signal Vz and to deliver 
a d.c. output proportional to Vpgsin@. The circuit used is 
derived from the balanced rectifier modulator described by 
Tucker!! and is shown in Fig. 5. The input to the phase-sensitive 


+300V 5mA (STAB) 


—300V 5mA (STAB) 


Fig. 5.—Phase-sensitive rectifier circuit. 


rectifier is through a cathode-follower with a transformer output; 
the secondary winding of this transformer provides a path for 
the d.c. component of the modulated wave. The switching signal 
is of large amplitude compared with Vp and is derived very 
conveniently from the rotor of the magslip controlling the phase 
of the input signal to the output amplifier. This magslip has two 
rotor windings at right angles; the signal from one of these 
controls the phase of E and the other is used to feed the square- 
wave generator with a voltage E / 77/2. The 200-ohm potentio- 


meter on the output is set initially to compensate for unbalance 
in the rectifier modulator. 


(5.2) Square-wave Generator 


The square-wave generator is shown in Fig. 6. The signal 
E /7/2, which has to be transformed into a square wave, is 
‘chopped’ by two germanium diodes. An equal-interval square 
wave is obtained by varying the voltage of the common junction 
of these diodes by a potentiometer chain across the h.t. supply. 
Direct coupling is used throughout the square-wave generator to 
reduce differentiation of the square wave. At the output of the 
final stage, phase splitting takes place, to provide the input to the 
phase-sensitive rectifier. 
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TO 
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AWWW RECTIFIER [4 


-—300V 10mA_ (STAB) 


Fig. 6.—Square-wave generator circuit. 


(5.3) Modulator To extract this fundamental component a band-pass filter is g 


The output of the phase-sensitive rectifier is passed through a employed. 


low-pass filter so that the d.c. output only remains. The modu- ; : 
lator is of the same design as the phase-sensitive rectifier and (5.4) Introduction of Saliency Factor yl 
serves to produce a square wave, the amplitude of which is that The fundamental-frequency voltage Vp, is applied, through — ff) 
of the direct voltage from which it is derived; the phase of this an isolating amplifier, to a potentiometer multiplier. This multi- 4 
square wave is determined by, and is of the same phase as, that plier derives the product Vpy(Xq — X,)/X,, which is then — 
of the square-wave generator. The fundamental component of injected between the terminals of the reactance and the machine §& 
the square-wave output from the modulator is proportional to resistance, as shown in Fig. 48; sign-changing is effected by a A 
Vp sin 8 = Vey, which is always 90° displaced in phase from E. switch on the output of the injection amplifier. 4 
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Fig. 7.—Performance of feedback loop of saliency simulator. 
(a) Output/input characteristics. (b) Output/sin 6 characteristics. 
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(| (6) CHARACTERISTICS OF THE APPARATUS AND RESULTS 
OF A TYPICAL PROBLEM 


(6.1) Characteristics 


The overall performance is illustrated by the characteristics 
(of the feedback loop of the complete apparatus, i.e. by the 
| graphs of (Vs — Vp) against Vp for various phase shifts [Fig. 
' Ta), and of (Vs — Vg) against sin 8 for various input voltages 
Ve [Fig. 7(b)]. These graphs show that the loop is linear within 
+3% over the working range. 


OAAR AAR AE VV 


© 


— aa tier ater 
@ —  ~> > --- 
a vAeAy \J \ 
= 0° 6 = 30° 6 = 60° 6= 90° 


Fig. 8.—Oscillograms at different points on feedback loop. 
(a) Input and signal E £80° 
(6) Output from phase-sensitive rectifier. 


(c) Output from modulator. 
(d) Output from feedback loop. 


Fig. 8 shows oscillograms, at various points on the feedback 
(loop, for a series of values of phase shift with Vz = 1 p.u. and 
na saliency factor (X, — X,)/X, = 0-274. 


| (6.2) Study of a Salient-Pole Synchronous-Machine Problem 


simple problem, which could also be calculated and in which the 
»effect of saliency was significant, was considered. The problem 
‘involved a synchronous generator connected through a reactance 
(to an infinite busbar of voltage 1p.u., the resistance of the 
achine being neglected. The constants adopted were as 
ollows: 


X, = Ip.u. 
Xy = 0:7p.u. } for the generator. 
X71 = 0°4p.u. 


X, = 0-Sp.u. for the transmission line. 


Four cases were considered: 


(a) Steady-state conditions with 


| saliency neglected, i.e. 
ix, = AG = peu: 


XX we 
Saliency factor = ae ie) = 0. 
xX; 
) (0d) Steady-state conditions with saliency considered, i.e. 
(Xa — Xy) 22420 


Xx, 


q 
(c) Transient conditions, the problem being solved on a 
steady-state basis, but with saliency neglected, i.e. 


Xy = X, = 90-4p.u. 
Saliency factor = 0. 


‘d) As in (c), but with transient saliency considered, i.e. 
Sziiency factor = — 0-429. 


in cases (a) and (b) the e.m.f. was maintained constant at 
fru. In cases (c) and (d), the voltage behind the transient 


As a further check on the performance of the simulator, a. 
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CURRENT, p.u. 


POWER; p.u. 


TERMINAL VOLTAGE, p.u. 


Fig. 9.—Results by simulator and by calculation of a synchronous- 
machine problem. 


(a) Current/angle characteristics. 
(b) Power/angle characteristics. 
(c) Terminal-voltage/angle characteristics 


The curves show the calculated values. 
The points show the simulator values as follows: 


e@ Steady state, saliency neglected. 

© Steady state, saliency considered. 

x Transient state, saliency neglected. 
Transient state, saliency considered. 


reactance was maintained constant at 1p.u.; this implies an 
initial no-load condition for these two cases. 

Figs. 9(a), 9(b) and 9(c) show the measured and calculated 
results for current, power and terminal voltage, respectively, 
against load angle. The calculated results were derived from the 
equations in Section 11. Comparison of calculated and experi- 
mental results is good except for the high values of measured 
power at load angles greater than 90°; this is because the current 
is high at these values of angle, with consequent rapid increase 
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in the copper losses of the inductances representing the generator 
and line reactances. 


(7) SIGNIFICANCE OF CONSIDERING SALIENCY 

Reference to Figs. 9(a), 9(b) and 9(c) shows that the differences 
between the magnitudes of current, power and terminal voltage 
when saliency is considered and their magnitudes when saliency 
is neglected are of the order of 15, 20 and 15%, respectively. 
The figures of power and current are those for practical values 
of load angle, i.e. angles less than 30°. Also, the significance of 
the power divergence may be made clear by applying the equal- 
area criterion for the two cases; this is illustrated in Fig. 10, 


© 
fo} 


POWER, p.u. 


40 50 60 


30 
8, DEG 


Fig. 10.—Rotor accelerating power. 


(a) Normal condition, saliency neglected. 
(b) Normal condition, saliency considered. 
(c) Faulted condition, saliency considered. 
(d) Faulted condition, saliency neglected. 


which shows the areas proportional to accelerating power for an 
initial input power of 0-4 p.u. in the problem already considered. 
It may be seen from Figs. 9(6) and 10 that the curve of power 
transfer when saliency is neglected lies to the left of the corre- 
sponding curve when saliency is considered, the system being in 
the normal steady-state. When the system is faulted these curves 
are transposed, the saliency-considered curve now being to the 
left; this is due to the shift in phase of the second-harmonic 
component in the expression for power transfer. Thus, from 
Fig. 10, when saliency is neglected the accelerating power is 
proportional to the area ABC; when saliency is considered, the 
area is much reduced and is represented by the triangle DEF. 

For the terminal voltage, the change. in the two cases may 
well be less than 15% on the working portion. The significance 
of neglecting saliency may be better appreciated by noting the 
rate of change of voltage over the working range of load angle. 
In this case the slope of the terminal-voltage curve is approxi- 
mately twice that of the corresponding curve when saliency is 
considered; this point is important under transient conditions if 
automatic voltage regulators are involved. 


(8) CONCLUSIONS 


From the results given in the paper, it is clear that the new 
simulator yields a result in accordance with calculation. The 
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phase-sensitive rectifier, the modulator and the overall feedback 
loop are accurate within 2, 1 and 3%, respectively ; the dis- 
crepancy between measurement and calculation, over the working 


range, is 3°% when the effect of copper losses in the inductance 39 


units has been taken into consideration. Some difficulty was 
experienced with the measuring system when the measured 
readings were small, a condition associated with increasing error. 
Under the worst possible conditions the total errors of the 
simulator were within 5°%. It should be noted that this error 
exists with the same sign whether or not the effect of saliency is jj 
taken into account, and that it includes the errors of the network — s 
analyser. Reasons advanced for considering saliency are thus 
unaffected by questions of accuracy. 

The simulator which has been described represents the steady- 


state saliency (and transient saliency on a steady-state basis) of a 


synchronous machines on network analysers by a simple and 
automatic method. It is thus possible to eliminate the tedious } 
calculation necessary whenever saliency is represented by a } 
combined-reactance method on an a.c. network analyser. The 
results of the problem given demonstrate a simple case, with not 
unrealistic values of reactance, for which the effect of saliency 
is significant. 

The differences between the new scheme described and those 
of Van Ness and Bauer are worthy of note. The apparatus here 
described is simpler than that of Bauer, having less equipment, 
fewer adjustments and thus presumably fewer sources of error; 
it is also simpler than that of Van Ness since it has no differential 6 
amplifier. The two earlier schemes use a d.c. signal to represent | 


the e.m.f., whilst the apparatus under discussion represents the 4 
A further point of importance & 


e.m.f. directly as an a.c. signal. 
from considerations of circuit arrangement is that, in the cases } 
of Bauer and Van Ness, the input to the main feedback loop of [f 


their apparatus is a small signal proportional to current, whereas 4 


in the new method the signal is voltage-derived, much larger } 
and, in consequence, easier to handle. ft 
There is no difficulty in extending the range of the apparatus; 
for example, the addition of a phase-modulating arrangement, 
either electronic or electro-mechanical, will allow for the solution 
of stability problems. H 
It is estimated that the limited amount and cost of the apparatus — : 
involved do not preclude the addition of the direct representation [ff 


of saliency to the generator units of large-scale network analysers. | 
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(11) APPENDIX 


(11.1) Synchronous Machine connected to a Busbar through a 
Reactance 


The case is considered of a synchronous machine with constant 
excitation, connected through an external reactance to a busbar 
of voltage V. The current in the two axes, neglecting resistance, 
<iS 


ie tere aceS 
: Xe + Xy 
pies V sin 
- SMES CL SD, 6 


The total current is 
T=(U3+ IAi2 


The phase angle of the current at the busbar may be obtained 
easily from the expression 


o@ = arc tan (;2) —o 


4 


The terminal voltage of the machine may then be obtained 
from the equation 


V, = [(V + IX, sin ¢)* + (LX, cos ¢)7]!/2 
The power is 
Pe Vile Vo 


VEsinys | V2 1 i | : 
= 3 sin 2 
NILENG wis 2x): CaN aug) 


The angle for maximum power transmitted may be found 


from the equation 
ECG PX)” iE (Xx, + Oy 4 sh 
LMC § coe Oy wa Ue (Xq— X,) 


1 
(cos D)p max aa 4 ( = 


All the equations above may be used for the case of transient 
studies on a steady-state basis, by replacing E and Xq by E; 
and X;% respectively. 
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THE APPROXIMATE SOLUTION OF ELECTRIC-FIELD PROBLEMS WITH THE AID | 
OF CURVILINEAR NETS 


By L. TASNY-TSCHIASSNY, Dr.Tech. 


(The paper was first received 23rd May, 1955, and in revised form 14th May, 1956. It was published as an INSTITUTION MONOGRAPH in 
September, 1956.) 


SUMMARY 


A rough field plot ascertained graphically can be used as the basis 
of a computational method of considerable accuracy. The plot is 
replaced by a net of orthogonal trajectories without sudden breaks of 
direction, the individual meshes being bounded by arcs of circles or 
straight lines. With the nodes of this net as the junction points of 
conductances, the 2-dimensional continuum within the problem 
boundaries can be converted into a network of lumped conductances. 
This network is analysed by measurement or computation. 

The paper deals with the graphical and computational layout of a 
net whose contours follow the assumed trajectories closely, and explains 
the graphical and computational determination of the lumped con- 
ductances. A large number of formulae and computing routines are 
derived, making possible the employment of semi-skilled workers or 
computing aids. The determination of the gradient and other special 
problems, such as computing the areas associated with Poisson’s 
equation or dealing with sharp corners, are discussed and the relevant 
formulae are given. 

The advantages of the method, compared with the use of regular 
or irregular nets with straight-line inter-mesh boundaries, lie in the 
considerable reduction in the number of meshes for the same accuracy, 
and in the possibility of fitting the problem boundaries very closely. 
Two practical examples are given: using 4 x 6 meshes, the field gradient 
at the surface of an edge rounded by a non-circular curve is ascertained 
accurately within 0-6%; using 2 x 2 meshes, the cut-off frequency 
of the Hi; mode in a circular waveguide is determined with an error 
of Jess than 1-:6%; this is an eigenvalue problem. 


(1) INTRODUCTION 


In 2-dimensional field problems a graphical cut-and-try 
method of field mapping to determine the equipotentials and 
lines of force is frequently used by electrical engineers. In this 
method a curvilinear net approximating lines of force and equi- 
potentials is drafted and methodically redrawn until the resulting 
map is considered satisfactory. The accuracy of the method is 
not great. 

An entirely different approach to the solution of field problems 
‘consists in the replacement of the 2-dimensional continuum by 
a regular network of conductances and the analysis of the latter 
by computational methods! or measurements.? Irregularities 
in the conductance pattern must be introduced at the problem 
boundaries. The difficulties involved in this are avoided a priori 
by the employment of irregular nets*-® instead of regular ones, 
or are overcome by special artifices.!-3 

A recent paper? allows a combination of the two essentially 
different approaches. A rough field plot is drafted and approxi- 
mated by parts of circles and straight lines in such a way that 
the orthogonality of the net is maintained, and sudden changes in 
direction of the field lines or contours in the mutually orthogonal 
families of curves do not occur. The resulting net is taken as 
the basis for the replacement of the 2-dimensional continuum 
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by a network of conductances. This electrical network can i& 
then be analysed by computation or measurement. id 

Practical experience with this method has demonstrated its 7 
suitability for engineering applications. One particular feature {§ 
is the possibility of approximating irregular problem boundaries } 
very closely, if not exactly, and this allows a higher accuracy # 
for the values of voltage gradients at the boundaries. In addition, &f 
a considerable reduction in the number of meshes is possible for 9) 
the same accuracy as that obtained with nets consisting of Y 
straight lines, which reduces the number of unknowns in the = 
network to be analysed. This is of particular value if computing 1) 
aids of limited size are employed. { 

A disadvantage of the method is the extra labour required in |) 
laying out the net and in computing the conductances. If the 7 
resulting network is analysed by computation, the relaxation } 
patterns involved are more complicated than those for regular 
nets. This advantage is not very marked, since the linear forms 4 
that must be evaluated in the initial computation of residuals | 6 
can be readily dealt with on desk calculators. For regular nets, |f 
similar complications appear at the boundary meshes only. 

As shown in Reference 7, all advantages mentioned can be § 
realized, although general computing procedures still had to be 
developed to create a practical engineering tool based on the #f 
method. The present paper gives an account of computing [| 
routines and procedures which are suitable for engineering 
purposes. + 

The basis of the method discussed is the well-known mathe- jj 
matical concept of conformal transformation, with the aid of } 
which the 2-dimensional continuum within the problem } 
boundaries can be approximated by a network of lumped | 
conductances. Each mesh in such a network has to be dealt 
with individually, and the transformation equation used in each 
case depends on the type of mesh considered. This is discussed § 
in Section 2, while Section 3 gives the analysis of the particular | 
type of curvilinear mesh involved here, i.e. that bounded by {f 
parts of circles and straight lines. It is shown that such a mesh } 
is always a part of a field map derived from a source and a | 
sink of equal intensities but different polarities, and simple |; 
formulae can be derived for dealing with it. Section 4 provides } 
the graphical, and Section 5 the computational, layout of an } 
orthogonal net the meshes of which are bounded by parts of | 
circles or straight lines or both, and which approximates a given | 


rough field plot. Section 6 contains simple graphical and com- | 
putational methods by means of which the conductances for the | 
meshes in question can be computed. In Section 7 some special | 
points of importance in practical work are discussed, and | 
Section 8 gives two electrical engineering examples. % 

Mathematically, the paper deals with problems governed by 
the differential equation { 


IPR 0 Fav 1} 
mC cee +450 5 a 


This equation describes the current flow in a sheet of unit | 


i 
od 
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thickness and conductivity o, loaded by a transverse current 
. density of —J. J is often zero, but it can be a function of posi- 
tion or of the potential Vand its derivatives. The same differential 
equation applies to 3-dimensional axially symmetrical arrange- 
ments, provided that x denotes the radius and that the products 
of the actual values of o and J with x are substituted for o and J. 


(2) THE CURVILINEAR NETWORK 


Let us subdivide the domain within the problem boundaries 
by an orthogonal curvilinear net in such a way that sudden 
changes of direction of mesh boundaries do not occur and that 
changes in curvature of the mesh boundaries occur only at the 
nodes of the net. In this case a simple common analytical 
function for the transformation of the whole net into a recti- 
linear image does not as a rule exist, but simple functions for the 
‘individual meshes can be established. Since the meshes con- 
sidered here have sides of constant curvature, only one trans- 
formation relation arises which applies to all meshes individually, 
and this fact simplifies the approach. 


Fig. 1.—Curvilinear rectangle. 


Considering any particular curvilinear rectangle AZCD as 
tshown in Fig. 1, we can define 


w=utju=wo=wE+jin). . . . 


as the analytical function that converts the boundaries of this 
‘curvilinear rectangle in the (€, 7) plane into a rectilinear rectangle 
‘in the (u,v) plane in such a way that the images of sides BA 
and CD are parallel to the v-axis and the images of sides AD 
und BC are parallel to the u-axis. As proved in Reference 7, 
the interior of the curvilinear rectangle ABCD can be approxi- 
mated by the arrangement of lumped conductances shown in 
Fig. 2, where |Au| and |Az| are the absolute values of the 
lifferences of the values of u and v for the relevant opposite 
Wsides. The points E, F, G, H, K, L, M, N and J result from a 
subdivision of the intervals Au and Av into four equal parts. 
The transverse loadings to be lumped at the points A, B, C and 
~D correspond to the actual loadings of the rectangles AEJH, 
BFJE, CGJF, and DHJG respectively. 
. The error involved in the values of the conductances is propor- 
Scional to [0(Au?) + o(Av*)], and the multiplying factors of Au? 
nd Av? are expressions of o and V obtained by at least three 
iiferentiations with respect to u and v. The network shown in 
Pig. 2 can be replaced by the simple network shown in Fig. 3, 
f an error is permitted of [0(Av) + 0(Av)] with multiplying 
‘Vactors involving at least two differentiations with respect to u 
ad v. Owing to the nature of the multiplying factors, the 
“rors become smaller, the better the boundaries of the curvi- 
wear rectangle simulate equipotentials and their orthogonal 
‘Faiectories. 


Fig. 2.—Replacement of the interior of a curvilinear rectangle by six 


conductances: 
Au 
Yap = t0x|— Ape Yue 
Av 
Y¥zo = to1|\=— A Yao 


Yop = soul a BG) 


Av 
ip. — Se — Yao 


+ lal) 


Yao = Yep = tou( 


Fig. 3.—Replacement of the interior of a curvilinear rectangle by four 
conductances: 


Au 
Yas = Yop = 40s stl 


Yzo = Yopa = 04/55] 


Fig. 4.—A curvilinear rectangle bounded by arcs of circles. 
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If the mesh is bounded by segments of constant curvature, 
the transformation function w(f) becomes fairly simple and will 
be discussed below. When considering a number of meshes we 
find the analysis still straightforward, although very tedious 
and repetitive. The notation used later can be deduced from 
Fig. 4, which shows a general curvilinear rectangle whose sides 
are parts of circles. Several characteristic designations are 
outlined here: 


One family of contours is denoted by capital letters, e.g. F, G, 


ies 

The other family of contours, being orthogonal to the first, is 
denoted by small letters, e.g. p, g, etc. 

Nodes are specified by subscript, e.g. PFp denotes the point of 
intersection of contours F and p. 

Radii are denoted by one subscript and two superscripts, e.g. 


R* is the radius of curvature of the contour F between the contours 
ss ton of indices the following symbols are used for 
the mesh defined by contours F, G, p and q: 
Zi OG 
n=porg 
e.g. RF = RY or RY 
ve = Prp or Pkq or PGp or PGaq, defining the four nodes of mesh 
pq. 


(3) THE CURVILINEAR RECTANGLE BOUNDED BY 
SEGMENTS OF CONSTANT CURVATURE 


The meshes considered here are curvilinear rectangles bounded 
by segments of constant curvature, i.e. the meshes are built up 
from arcs of circles and straight lines. The problem is to show 
how a mesh of this shape can be analysed. 

As demonstrated in Fig. 4 and discussed below, the type of 
mesh to be investigated can be transformed into a rectilinear 
image by considering the mesh boundaries to correspond to 
parts of equipotential and flow lines in a field produced by a 
source and a sink of equal intensity but opposite polarity, being 
a certain distance apart. Such a field is made up of two families 
of circles, and the mathematics involved is well established. 

A typical mesh as given in Fig. 4 is bounded by the contours 
F, G, p and q, which are sections of two equipotentials and two 
flow lines in the field produced by a source S and a sink ». 
Source and sink are located on the €-axis at a distance +M 
from the origin O (see also Reference 7), and the field can be 
derived from the analytical function 


SoM 4, au) aM 
CHM "(E+ jn) +M 
where uw and v denote the potential and flow functions respec- 
tively. 

Contours Fand G are equipotentials, and the magnitude of the 
potential for each can be found by assuming the real part of the 
right-hand side of eqn. (3) to be constant. Thus, taking 


w=u-+ jv = log, (3) 


u = constant = uz 


the equipotential line Z is defined by a circle of radius R? with 


its centre C?? lying on the €-axis at distance Bz from the origin O. 
RY and Bz are given by 


uz = arc sinh (eo sik nok A 
Z 
B2=ROP+M2 . . . | . 65) 


which represents a family of uz circles. Hence, if the radius of 


curvature of contours F and G is given, it is possible to find Up 
and Ug. 
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The flow lines can be determined similarly by assuming 


jv = constant = jv, 


This leads to a family of circles with all circles passing through S | 
and &. The radius of the circles, r¥°, is given by 


vy = are sin (Jp) bs ah oe i 


FG 
Pn 


and the centre lies on the 7-axis at a distance b,, from the origin O, 0 


where 
b2 = rFG2 — M? sis tsp lees a 


It follows, then, that the values of |Au| and |Av| for the curvi- jy 
linear rectangle bounded by the contours F, G, p and q can be & 
computed with the aid of eqns. (4) and (6), since each contour | 
is part of a circle. The interior of the rectangle can be replaced — 0 
by lumped conductances, as shown in Fig. 2 or 3. Some care % 
is necessary, because arc sin is a multivalued function. The 7 
routine described in Section 6.2 shows how to avoid errors in | 
this connection. ; 

The analysis of mesh FGpq can be generalized, and applies to # 
any mesh of the type considered, and the appropriate &- and § 
y-axes are always uniquely determinable. This can be shown 
by inspection of Fig. 4, whence it follows that the €- and y-axes § 
are the common radical axes of the uz and v, circles respectively.§ I 


(4) THE GRAPHICAL LAYOUT OF A NET WITH SEGMENTS - { 
OF CONSTANT CURVATURE AS MESH CONTOURS 


The problems arising in the practical layout of an orthogonal § 
net with mesh boundaries composed of segments of constant ff 
curvature without sudden break of direction can in a general 
way be described with the aid of Fig. 5. Let A, E, anda, e be @ 


\ 
a! 
} 


s4 


Fig. 5.—Laying out of a net. , 


the mutually perpendicular problem boundaries. Let the point 
Paws Pag Pres Ppa, Ppa and Po., marked by two concentric _ 
circles, be the points of break of curvature, if the boundaries" 
are simulated by segments of constant curvature. Let a very 


: 


ey 


(rough map of interior field lines be drawn, taking care that a 
ifield line is drawn from each point of break of curvature of the 
Jboundaries. This net is the basis for the following steps, and 

ig. 5 shows the minimum of field lines required. The actual 
jayout is made in the following way: 


Part A: 


(a) Select one family of curves, e.g. that marked by capital letters, 
as the principal family and the other as the subsidiary family. 


(6) Select one boundary corner, e.g. the point Pa, as the starting 
corner. 


(c) Assuming a suitable radius, simulate the part Be> of the 
contour B near the point Pga by a segment of constant curvature. 
Find the point of intersection Pgp between this segment Bob and 
the curve of constant curvature )48 that is orthogonal to both 44) 
and B2b and passes through the point Pap. 

(d) Proceed similarly along the next part of the curve B, lay out 
the segments Bod and d4B, and find the point Pgq. Thereby the 
existence of subsidiary contours is ignored, e.g. of the contour c 
for which the points of break of curvature lie on the principal 
boundary £, and not on the principal boundary A. ; 

(e) Continue in a similar way until the last subsidiary contour 

before the subsidiary boundary e is reached. In the example this is 
the contour d and was reached in step (d). 

(f) From the penultimate point Pgqa draw the segment Bde per- 
pendicular to both the segments d48 and e48, and find the point of 
intersection Pge on the subsidiary boundary e. 


Part B: 

To lay out the contour C a procedure similar to that in Part A 
carried out. This procedure starts from that subsidiary boundary 
on which the next point of break of curvature lies, i.e. in the example 

_ it starts at the point Pce. 


Bart C: 
Continuing as in Part B, lay out all principal contours and those 
_ subsidiary contours for which the break of curvature lies on the 
principal boundary A. 


Part D: 
_ Starting for each of the remaining subsidiary contours on the 
_ Opposite principal boundary, i.e. in the example on boundary £, 
determine the run of the remaining subsidiary contours. 


1 It can happen that a segment of an inner contour cannot 
‘satisfactorily be simulated by one straight line or one circle arc 
‘und that it is necessary to break its curvature at a convenient 
Jooint. This does not affect the layout procedure. The only 
“consequence is the addition of an extra inner contour of the 
‘other family through the internal point of break of curvature. 
or the layout of the additional contour we start from the 
mternal point of break of curvature. Furthermore, it may be 
“secessary to add internal contours to make the net finer without 
aaving them ending at, or passing through, a point of break of 
urvature. 


(5) THE COMPUTATIONAL LAYOUT OF A NET 


For an accuracy greater than about 2% in the values of |Au| 
ind |Av|, computations must be used. Although it is possible 
0 extend the computations to all meshes, as in the examples in 
“Section 8, considerable improvement in accuracy can be achieved 
‘»y limiting the computations to parts of the field, e.g. those 

with large potential gradients. Table 1 shows the part, referring 
0 the mesh FGpgq, of a table that has been found useful in the 
‘ystematic attack on the layout of a net. The Table contains the 
est important data required for proceeding in accordance 
vith the routine described in Section 5.5. A universal system 
# Cartesian co-ordinates (x, y) is chosen: xz, and yz, denote 
he co-ordinates of the point Pz,, which could, for example, 
”¢ Pry in Fig. 4. 

)z,(— 90° < Oz, < 90°) is the angle, with respect to the 
wOsitive x-axis, of the normal (outward or inward, as the case 
1¢y be) to the contour Z at the point Pzp. ©z, is the angle by 
‘ch the positive x-axis must be turned anti-clockwise to 
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Table 1 
PART OF A SUITABLE LAYOUT TABLE 


coincide with the direction of the normal. X%%, Y2%, and XFG, 
YFG (the latter two not being recorded in Table 1) are the co- 
ordinates of the centres of curvature C°? and CFG, and RY 
and rF¢ are the respective radii of curvature (see Fig. 4). 
(equal to either 0° or 180°) is the angle to be added to @z, to 
obtain the direction, with respect to the positive x-axis, of the 
outward normal to Z at the point Pz, when approaching from 
between p and g. Similarly, B£% (equal to 0° or 180°) is the 
angle to be added to ©,,, to obtain the direction, with respect to 
the positive y-axis, of the relevant outward normal to n when 
approaching from between F and G. 

Formulae will be used that hold whether the principal 
boundaries of a mesh are the w- or the v-curves. Let I’ charac- 
terize the direction, with respect to the positive x-axis, of the 
positive €-axis, i.e. of the straight line leading from C%$ to C2 
(Fig. 4). Let ®,, be the angle, with respect to the positive 
€-axis, of the relevant outward normal to F?4 at the point Pzp, 
and let ¢z, be the angle, with respect to the 7-axis, of the 
relevant outward normal to n¥¢ at the point Pzn. ®z, and ¢z, 
are either equal or differ by 180°. 


(5.1) Formulae for all Mesh Boundaries being Parts of Circles 
From simple trigonometrical considerations we obtain 
XB4 = xz, — RPA cos (Oz, + «F4) } @ 
Yp4 = yz, — RB sin (Oz, + «29) oer ee 
XFS = xp, + 16 sin Oz, + BES) 
VFO = yz," — 1h? cos (07,41 a) 


Since the outward normal to a line of constant curvature is 
always directed to the same side of it, we obtain 
(oP + 


pa + BEG) + (apa, + BES) = (apg + BEF) + (oR, £ BGG) - (10) 


Further formulae evident from the definitions of the quantities 
concerned are: 


(9) 


bq _ yPa + 0°, if X¢> Xp 
( = arc tan eG ete ae g eit) 
4180°, if Xo < Xp 


Xpa — Xpa 
O,7, = Oz, +7 —T (12) 
Pzn =< Ozn - Bge au Bs (13) 
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where —90° < are tan 0@< 90°. The always-positive distance 
D between C$ and CPi (Fig. 4) is given by 


RIG ae re ee 
cos [T° sin [ 


From Fig. 4 we obtain 


Bz = — R2 cos @z, — rFF sin bzp - (15) 
b, = R32 sin Dz, — rF° cos zn (16) 
and Dish =D ss, (17) 
d= b,~ b= (18) 
From eqns. (5) and (17) we then obtain 
2 

eras ee eae (19) 

Beg 2D 2 

and similarly, from eqns. (7) and (18), 

2 ae Ge 40) 

b, 2d 2 


A closer investigation of Fig. 4 redrawn eight times for <one 
point Pz, according to the possible combinations Bz = 0, 
b, = 0 and «27 = BES or ab = BEG + 180° leads to 
for aft = Be i 
I£B, > 0 :.180° + O,, = 180° + do, \ arc tan (=) 
n 
If b, <0: 07, = $7, 


fe 


— arc tan - 
n 
for «24 = 180° + BES 
If b, > 0: D,,.=.180° + zn 
If b, <0: 180° + O,, aa 
B RY 
= arc tan ce) + arc tan (Fre) 
Se (21) 


(5.2) Formulae for Some of the Mesh Boundaries being Straight 
Lines 

Fig. 6 shows a principal circle Z?7 and a subsidiary circle nF¢, 

Let Az and a, be the distances of the points of intersection 

Pze and P,, of the circles Z?7 and nF@ with the axes € and 7, 


respectively, from the point of intersection P,~ of the axes 7 
and €. We obtain 


Xan = Xne — a, sin T \ 


Yan = Yne + a, cos T GC?) 

Xze = Xye + AzcosI') 
Seat Ss 
Az = Bz + R¥ cos 2; (24) 
G, = br! cos be, (25) 
By = (X#4 — Xp,) cos I + (¥24 — y,,) sin T (26) 
By = — (Ae? — xze) sin T + (YF — yZ,)cosP. (27) 


The angles ©; and ¢,,, are either 0° or 180°. If RP is eli- 


Fig. 6.—Mesh with straight boundaries. 


minated from eqns. (5) and (24), and r¥° from eqns. (7) and (25), 
we obtain a 


+ M? 


28) | 
BZ Ray Cn 
Dai Me 8 
eee (29) BF 
2a, i 


(5.3) Formulae for Two Mesh Boundaries being Concentric P , i 
Circles and Two Straight Lines 1 


The formulae given in Section 5.1 suffice to deal with this case. § 


(5.4) Formulae for all Mesh Boundaries being Straight Lines 


Here XFq ~ XRp = = } 
Veg 0) ip a) Gaiam Gp 


and Dry c= Dr =o I6p == 964 


(5.5) The Routine of the Layout 


The basis idea of the routine is to enable all computations to 
be carried out on the mental level of a computing machine | 
without recourse to any drawing. Even the approximate descrip- {¢. 
tion of such routine must be tedious, and the actual calculations 
are much simpler and quicker than they appear from their | 
description. Ifa drawing is consulted, many steps of the routine 
become so obvious that they may not be realized as steps. be 
Nevertheless, the existence of a foolproof routine is desirable, § 
if semi-skilled personnel or machines are to be entrusted with ot 
carrying out the numerical computations. 4 J 


and the following are to be considered as given: 

(a) The co-ordinates x and y, and the angles 6 and « of all nodes — 
to be followed up from the two principal boundaries and the radii 
of curvature of the segments between them. | 

(b) The co-ordinates x and y, and the angles @ and f of all nodes 
to be followed up from the two subsidiary boundaries and the 
radii of curvature of the segments between them. 

(c) The radii of curvature of the segments of the principal inner 1 
mesh contours (with the exception of the last segments) and the } 
indication (equality or inequality of the angles « pertaining to one | 
point) where the curvature changes its sign. : 4 4 

(d) A schedule giving the order in which the individual meshes | 
are to be examined. “a 


mel great h 


The essential quantities to be ascertained when dealing with : i 
a mesh are the co-ordinates of the centre and the radius of & 
curvature of the fourth, unknown, mesh contour and the 
co-ordinates and angles @, « and f of the fourth, unknown, | 
mesh node. Then an adjoining mesh can be examined. 
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Table 2 


ROUTINE WHEN THE THREE GIVEN BOUNDARIES ARE PARTS 
OF CIRCLES 


Description 


Compute XF7, Yr2, XB%, YP?" from eqn. (8) for n = p. 
Should the result be XG* = X27 and Y2! = Y8%, the con- 
ditions of Section 5.3 are given. 


Compute I from egn. (11). 


Compute Df,, DG», Dr, from eqn. (12). Note: If Or = 0 
or Of, = 180° (for Dz, 4 0), gFG is straight. Consult 
Table 3. 


Compute ¢fp, $Gp from eqn. (13). 


Compute Br, Bg from eqn. (15) for n = p. 


Compute 6, from eqn. (16) for Z = For Z = G. 


Compute re G sin érq from eqn. (15). 


Make $f = Ory or ¢fg = 180° + Deg to render pad 


positive. Compute te a Compute Bre from eqn. (13). 


Compute b, from egn. (16) for Z = F. 


Compute 66% from eqn. (10) for eet = eo 


Compute Dg, and ¢gGq from eqn. (21). 


Compute 9G, from eqn. (12) or (13). If the condition 
—90° < 0Gq <.90° is not complied with, add 180° to 
9Gq ag, BGG. 


Compute xGg, YGq from eqn. (8). 


Tables 2 and 3 give the routines for dealing with a mesh FGpq. 
he premisses are that all data are given referring to the points 
Pgp, Prg, and Pg, (with the exception of f?4), and the radii 
of curvature of the segments F??, G?9, and p¥©. The given 
data are shown in bold type in Table 1. The data referring to the 
gment g¥© and the node Pgg are to be found. 

Table 2 contains the standard procedure if the three given 
mesh boundaries are parts of circles. Suitable checks of the 
numerical calculations are: the values of 5, found in step (/) for 
Z = F and Z = G must be equal; and the values of D found 
rom eqns. (14) and (17) must be equal, or the values of B; 
and Bg computed from eqns. (14) and (19) must be equal to 
hose found from eqns. (15). 

Table 3 contains the deviations from Table 2 if some 
boundaries are straight, the simple cases given in Sections 5.3 
and 5.4 being omitted. The application of the following rules 
is also omitted from Table 3 to save space: 


(a) Do not use formulae computing or containing infinite values 
of radii or infinite values of co-ordinates of centres of curvature or 
infinite values of Bz or b,, i.e. infinite values pertaining to straight 
‘ines. 

(b) For Fea = or G?Y = y make T' = On, or TI = 180° + Onp, 
whichever is more convenient. Do not use eqn. (11). - 

(c) Make of% = «Pf, if Zea = yn, and make Bry = BGn if nFG = E. 
it does not matter whether the values 0° or 180° are allotted to 


Pq FG 
“Zp OF Brn. 


Table 3 
DEVIATIONS FROM TABLE 2 (EXCLUDING THOSE GIVEN IN THE 
TEXT), IF ONE MESH BOUNDARY, OR Two MESH BOUNDARIES, 
EACH FROM A DIFFERENT FAMILY, ARE STRAIGHT 


Straight contours Deviation 


EPI 7 


Compute a, from eqn. (25). Compute 
(rp = 9g) 


Xné, Ynt from eqn. (22) for n=p. 
Compute ag from eqn. (22) for n = q. 
Find M2 from eqn. (5) for Z=G. 
Find , from eqn. (29). Find rf’ cos br, 
from eqn. (25). 

Omit. 


GPq 
(Gp 


Omit. 

Compute a, and ag from eqn. (25). Com- 
pute x,e¢ and ye from eqn. (22) for 
n=p. Compute xgg and yGq from 
eqn. (22) for n = q. 


1) 
6Gq) 


DE 
(rp aa 6G4q) 


gikG =€ 


(See Note 
to Step 3, 
Table 2) 


(Org aa 9Gq) 


Freq 
pFG 


(9x 


Compute D from eqn. (14). Compute 


Br, Bc from eqn. (19). 


Omit. ‘ 
Compute ak? from eqn. (10) for Bre ce 
BGq: 


Omit. 


Compute Bg from eqn. (26) for n = p. 

Compute ag from eqn. (22). Compute 
M2 from eqn. (5) for Z = G. Com- 
pute b, from eqn. (29). Compute 
ra? cos brq from eqn. (25). 

Omit. 


ll Wl ll 


Compute By from eqn. (26) for n = p. 

Omit. 

Compute ag from egn. (25). 
XGq and yGq from eqn. (22). 


Compute 


Hi tl ll 


Omit. 


| 


Omit. 
Compute a, from eqn. (25). Compute 
XGq and yGq from eqn. (22) for n = p. 


(6) THE DETERMINATION OF |Au| AND |Av| 


After completion of the layout of the meshes, the values 
|Au| and |Av| required for the computation of the conductances 
according to Fig. 2 or 3 have to be determined. Methods will 
be used for determining |Au| and |Av| that are simpler than the 
twofold application of eqns. (4) and (6). These methods also 
cope successfully with the ambiguity of the arc-sin function. 


(6.1) Graphical Determination of |Au| and |Ao| 


From eqn. (6) it is evident that the angle A,, (Fig. 4) measured 
in radians is equal to v,. A,, is also the angle between the tangent 
1, to the circle nF at the point S and the positive €-axis. Conse- 
quently, |Av| = |v, —v,| equals the angle |AA| = |A, — A,| 
between the directions J, and /,. Starting from eqns. (3), basic 
considerations show that this relation is correct whether the 
directions of the vectors CEGP,,, and CEGP,,, coincide or differ 
by 180°, provided that the directions of the tangents /, and /, 
are taken along those circle arcs that lead to the points P,,, 
and P,,, directly without passing through the point du. 
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It follows from eqn. (5) and Fig. 4 that the length of the 
tangent drawn from the origin P,; to any circle ZP7 equals M. 
c onsequently, the angle A, between the y-axis and the tangent 
Lz is given by 


or, using eqn. (4) 
uz = arc sinh (tan Az) = amh“' A (33) 
where amh~! denotes the functional relation called ‘inverse 


Gudermannian’. Tables for amh~! are available? and for 
comfortable work a protractor can be made from which amh~!Az 
is read off directly. |Au| is found as the difference of the relevant 
values uy. If the circles are on different sides of the y-axis, the 
absolute values |u,-| and |wg| are to be added; if they are on the 
same side, their difference is to be taken. 

Eqns. (32) and (33) break down if the two circles of one family 
are concentric. In this case we have 


uz = log, RF . (34) 
so that |Au| is found as the difference of the values |u| and |ug| 
ascertained from eqn. (34). |Av| equals the angle between the 
two straight lines into which the v-circles degenerate. 


(6.2) Computational Determination of |Au| and |Av| 


A procedure is given that, without reference to a drawing, 
allows the computation of |Au| and |Av| from the data ascer- 
tained in the layout of the net. Let |AQ| be the value of |Aw 
or |Av| corresponding to the principal contours, and let |Aw 
be the value of |Av| or |Au| respectively that corresponds to 
the subsidiary contours. 


(6.2.1) At Least One Principal and One Subsidiary Mesh Boundary is a 


Circle. 
As shown in Section 9.1, |AQ| and |Aw] can be computed 


by the following routines, as long as |Av| is less than 7 (180°), 
which is always complied with in practical work. 
(6.2.1.1) All Mesh Contours are Curved. 


Compute the quantities 


Og, — Dg 

Ke q P (35 
‘Je = Ci, ou 
boa — Pr 

k Z q 36 
PGp — Prp ( ) 


where the signs of K or k indicate whether the two curves of a 
family are curved to the same or to opposite sides. * 

Allot to Rg? and Rf (or rFC and 7) the same signs, if K 
(or k) is ouuve and different signs if it is negative. Select the 
sign of Rf? (or r?) in such a way that the smaller absolute value 
of H (or h) results from the equationst 


= (Bg + RP) — (Br + Rp) (37) 
le (Ona te \ieOpe 72°) (38) 
* For the purpose of eqns. (35) and (36) the angles (®z, — ®zp) and (¢gn — dyn) 


denote the change of the direction of the outer normal. Care is necessary if ® or ¢ 
passes through 0° or 360° along the mesh boundary considered. 


} H and h/ are the lengths shown in Fig. 4. If the signs of RY (or r®®) are selected 
in such a way that H (or h) has the larger absolute value, the Pealeale tion: although 
correct, yields less accurate results. In Fig. 4 both ce @ and re @ have the positive— 
in this case, the undesirable—sign. fe 
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rFG and h, compute 


Using the signs just ascertained for the quantities RY, H, Wy 


H FT UA gg ae 


eieatls 3 Ret RP? 2 RPA RPA GS 
h h th Te bp yh 
Q = 1 ee ee (40) } 
ph OS 7 EGR aI ala 
Compute |AQ| and |Aw| in the following way: 
‘If O org is greater than 1: 

|AQ| = arc cosh Q | 
|Aw| = arc cosh q “he 
If O org is between 0 and 1: . 
|AQ| = arc cos Q (41) |}, 


|Aw| = arc cos q 


If O or q is between —1 and 0: 
|AQ| = a — arc cos |Q| 
|Aw| = a — arc cos |q| 


By arc cos is understood the angle in radians between 0 and 4 
1/2. : 


(6.2.1.2) One Mesh Contour is Straight, 
Curved. 


This may occur in one family only or in both families. A | 
family in which the opposite mesh contours are curved is dealt > 
with as described in Section 6.2.1.2. For the family in which 


the Opposite One is 


I) 
one mesh contour is straight, compute Q’ or q’, as the case” 2 
may be, in the following way: 


If Bz cos Dz, 20; Q’ = F a 
; ee), 
and if by COS Pn, 20; g’ = + 7FG (43) 


In eqns. (42) and (43) Z and n refer to the curved contour of } 
the family in which one contour is straight, and y and € are the 
axes that are members of the other family. The point Pz; § 
(or P,,,) is that point of the two intersections with the axis a 
(or 7) of the contour Z?7 (or n¥©), produced into a whole circle, }) 
i.e. in the case of a v-curve, reached from the point Pz, without | fr 
passing through S or &, and, in the case of a u-curve, nearer § 
to the origin P,;. In practice, cos M7, (or cos Py,) will have ¥ 
the same sign as the two values cos Dz, (or cos ¢7,). 


The values of Q’ and q’ are used for the quantities Q and q 
in eqns. (41). 


+ 


(6.2.2) Two Contours of One Family are Straight. 


Let AA (or Ad) be the angle between two intersecting opposite | 
straight mesh contours that are principal (or subsidiary), and 
let r, and r, (or Rg and R;) be the radii of the concentric circles 4] 
that. are the corresponding subsidiary (or principal) na a 


contours. Then, as the case may be 
[AQ| = |AA| (44a) | 
FG) tad 
|Aw| = log, 76 (446) | 
Rea 
or [AQ == ilognas Real (45a) 
|Aco] = | Ad (456) | 


6.2.3) All Mesh Boundaries are Straight. 
In this case 


AQ = || =F (Gn — Xp_) COS Ben + Gn — Yrn) sin B2,| 46 
per |h| = | — (%zq — Xz») sin 02, + (¥zp — ¥zq) COS Oz,| eo, 


(7) ADDITIONAL PROBLEMS 
(7.1) Potential Gradients 


For regular nets, formulae exist that allow the approximate 
omputation of the partial derivatives )V/)x and dV/dy from the 
ootentials of several neighbouring nodes. If the nodes are not 
arranged in regular arrays, formulae for the partial derivatives 
are not available in textbooks, but could be developed. These 
“ormulae would be cumbersome, because they would represent 
-he solutions of simultaneous linear equations in which the 
unknowns would be dV/dx, )V/dy and—for more accurate work— 
nigher derivatives as well. ; 

Much more convenient work and greater accuracy are obtained 
py using conformal transformation formulae. If the magnitude 
bf the potential gradient g in a certain direction at a certain 
point of the (u, v) plane is known, the magnitude of the corre- 
sponding potential gradient y in the (€, 7) plane, i.e. the actual 
magnitude of potential gradient, is given by 


y =|dwidl|g . (47) 


“o difficulty exists in finding the corresponding directions with 
‘he aid of the angles Dz, and ¢z,. Therefore the knowledge 
bf the absolute value of the complex number dw/d€ suffices. 
When differentiating eqn. (3) with respect to € and replacing 
© by w with the aid of the same equation, we find, after some 
‘ransformations with the subscripts.Z and n added, 


dw| __ eh Uz — COS, 
at\ | M | 


‘in this equation cosv, is to be taken as sometimes positive, 
sometimes negative. Using eqns. (4)-(7) and investigating the 
signs, we obtain the very convenient form 


dw Q' +q’ 
dt M | 
where Q’ and q’ are given by eqns. (42) and (43), and |M| by 
qns. (5) or (7). 

If the uz contours are concentric circles, eqns. (48) and (49) 
reak down. In this case |dw/d¢| is computed from 


dw 1 
es) Seen te 0 
dt A i ree (50) 


Re 

If the mesh contours, i.e. the lines of constant values uz and v,, 
n the -plane, follow very closely the equipotentials and flow- 
ines of the problem, the potential gradient, g, in the w-plane 
-an be computed as the ratio of the difference Av of the relevant 
»otentials, and the relevant distance in the w-plane. If this is 
sot the case, a correction allowing for the curvature of the 
ines of constant V can be applied. In practice, the potential 
sadient at a conductor surface has usually to be ascertained. 
“hen the image of the conductor surface in the w-plane is a 
itraight line. If the image in the w-plane of an equipotential 
diacent to the conductor surface can be approximated by a 
ircle (Fig. 7), the gradient, g, in the w-plane can be computed 
y the following formulae:7 


(48) 


(49) 


At the point P;: 
a,(2p, + a) V/ [ay/(2p; + ay)] AV 


(51a) 
a,(2p, + a;) = bt arc tanh V/[a,/2p1 ar a;)| ay 
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Fig. 7.—Diagram for correction in gradient computation. 
At the point P: 
s t a,|(2p, — AV 
a,(2p> ay) a/ [ al ¢ P2 a>)| : (51d) 


~ @x(2p) — a) — 63 are tan! 4/[a,/(2p, — a,)] ay 


To find the value of p; or p the following procedure suffices 
for the large radii of curvature that usually occur. The equal 
values of the potentials of the points T,; and P, (or T, and P3) 
are known, and so are the slightly differing values of the 
potentials at the points U, and Q; (or U, and Q,). The distance 
5, (or 65) defining the point S, (or S,) that has the same potential 
as the point U, (or U,) can be found by linear extrapolation 
(or interpolation). Then p; (or p2) is given by 


42 (52) 
me D5, | 


(7.2) Transverse Loading at Nodes 


Fig. 8 shows three neighbouring principal mesh boundaries, 
F, G, H, and three neighbouring subsidiary mesh boundaries 
P, gq, r. As mentioned in Section 2.1, the transverse loading by 
the current density, —J [see eqn. (1)], is to be lumped at the 


Fig. 8.—Subdivision of meshes to allow for transverse loading. 
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various nodes. With reference to the load to be lumped at the 


node Pg, Jet 

AQi, = $A.QFOP2 oi 

Aw, = tAwFGra { * 

and let similar symbols be used for the other relevant combina- 
tions of the subscripts F, H, and p, r. Then four quarter interval 
points Pr, Py, Pp, and Py, are determined. Let Srp etc:, 
denote the area allotted to the point P,,,, etc. (see Section Dali): 
We obtain for the current loading, —Jg,, to be lumped at the 
node Pg, the value 


lGq = Spd Ep 5 Sip) up ci Sir Jr oF Sir Jip (54) 


where J;,,, etc., are the values of J at the points Php, etc. If the 
variation of J with the position does not differ very much from 
a linear variation, eqn. (54) can be approximately replaced by 
the more convenient form 


Nog Sa Sint Sap te See Sadi og ee Ad Sey FSup) 


+ AI (St, + Sig) + AT Szp + Sp) + ATe(Sizy + Sir) 
(55) 


In eqn. (55) fas fe etc., denote the (algebraic) difference of the 
values of J, at the approximately defined points ae etc. (Fig. 8) 
less the value of Jg, at the point Pgq. In many cases the first 
term in eqn. (55) is the only one that is significant. The com- 
putation of the areas Srp etc., can be sufficiently well approxi- 
mated by the formula 


4AQ, Awry 


~ [dwlatp2 etc. . . c ° (56) 


Srp = 
1 4 : : ; 
where [dwfdl is the Jacobian at the point Pp, etc., of the 


w — ¢€ transformation (see, for instance, Reference 10) and is 
given by eqn. (49). 


Fig. 9.—Sharp corner, 


(7.3) Sharp Corners 


Sharp corners formed by two straight lines meeting at an 
angle frequently arise as contours in engineering problems. 
The question of sharp corners was investigated in Reference 7. 
The most important result is given in Fig. 9 and by eqns. (57) 
and (58), namely 


The neighbourhood of a sharp corner of aperture (pz), bounded 
by two straight lines of arbitrary lengths ¢ and three ‘circles of 
radius R drawn symmetrically so that all adjacent mesh contours 
intersect each other at right angles (Fig. 9), can in very good approxi- 
mation be replaced by two networks of conductances between the 
points ABCD and ABC’D’ where the arrangements of the con- 
ductances correspond to those shown in Figs. 2 and 3 and their 
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values to those shown in Figs. 2 and 3 for Au = Av = 1. Tou 
meet the requirement of perpendicular intersection the conditions 


t sin (p7/4) 
ae 1/+/(2) — sin (pa/4) ° “7 
C t sin [(1 — p)7/4] (58) 


1//(2) — sin (p7/4) © 


which follow from geometrical considerations are to be fulfilled. “ 
The mesh contours shown in Fig. 9 can easily be made to fit into a 
normal pattern of curvilinear rectangles. 


(8) EXAMPLES "4 
Two simple examples will demonstrate the force of the use 4 
of curvilinear nets. So that a proper judgment might be made, } 
no graphical constructions were used, and all computations } 
were carried out to five digital places. We can expect the | 
computational error in the conductance values and potentials} 
to be not greater than 1 part in 500. 


(8.1) Voltage Gradient at a Rounded Edge , 


| 
The problem of the maximum voltage gradient at the ined 
contour of the arrangement shown in Fig. 10 (left) has been 


EXTENDING 
TO INFINITY 


Fig. 10.—Rounded edge in the example in Section 8.1. 


dealt with analytically by Cockcroft.!! Using the method of [ 
conformal transformation he approximated the circular part of § 
radius r of the inner contour by an analytically well-defined | 
curve called a ‘constant-stress curve’, selected so that the voltage #4 
gradient along it is constant. Without any field plot, the constant- | 
stress curve allows the computation of the maximum voltage § 
gradient with the aid of algebra, the arc tan, and the logarithmic § 
functions. The conditions for the ratio r/h = 0-240, for which 
computational results are available from Figs. 7 and 8 of 
Reference 11, will be investigated in two directions: First, the | 
accuracy of the method described in the present paper will be | 
checked by comparing the value of the maximum gradient | 
ascertained by it with the value found by Cockcroft’s formula; | 
second, the error introduced by Cockcroft’s approximation. of | 
the inner contour will be checked when the new method is | 
applied to the circular and the constant-stress contours. j 

From Fig. 7 of Reference 11 we obtain for the gradient alon 
the constant stress curve the value y = 1-92AV/h, where AV | 
is the difference in potential between the contours. This value | 
will be computed alternatively by a relaxation method. Using | 
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ra) 223 —+}.— 1:39 439 


4:16 667 


Fig. 11.—Example of net when using the constant-stress curve as inner boundary. 
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Fig. 8 of Reference 11 we find that the constant-stress curve 
can be simulated by three circles of radius R and p [see curve (b) 
in Fig. 10, right-hand side]. The original circle of radius r is 
represented by curve (a). Fig. 11 shows the layout of a suitable 
net. For reasons of symmetry, only one half of the corner 
need be dealt with, the line of symmetry ‘1’ being a flow line. 
The point D2* of the sharp-cornered mesh DE12 is found by 
eqns. (57) and (58) from the condition that the radius of the 
arc D12 should coincide with the centre of the original inner 
arc (a) (Fig. 10). The contour D24 is the continuation of the 
arc D12. The contour C14 is an arc concentric with the arc 
D14 in an arbitrarily selected radial distance (1:39439 length 
units), whereas the arcs B13 and B34 are concentric with the 
arcs Al3 and A34 given from Fig. 10 (right-hand side) in an 
arbitrary distance from them (0:600 length units). Selecting 
the point E7 as the origin of the general system of Cartesian 
co-ordinates (x, y) (Fig. 11), we obtain as premisses the figures 
given in bold type in Table 4. 
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conductances shown in Fig. 11 if the simpler network of Fig. 3 
is taken as the basis throughout. 

As boundary conditions the values 1 000 for the boundary A, 
0 for the boundary E, and the values corresponding to a uniform 
field distribution along the boundary 7 were assumed. The 
last assumption reduces the gradient slightly from that corre- 


sponding to the actual conditions, but the error should be & 
negligible, judged by the comparison of one rounded corner 
associated with two infinitely long straight lines and two rounded } 


corners at a finite distance.!! The potentials ascertained by a 
relaxation procedure, and the residuals corresponding to them, 
are entered in Fig. 11. 

For the gradient at the point Al computed according to 
Section 7.1 we obtain either 1910/h or 1908/h according to 
whether the radius p,, appearing in eqn. (51a), of the curvature 
of the image in the wAB!3-plane of the line B13 is computed on 


the basis of the potential of the point B2 or the point B3. The ~ f 


correction factors for the curvature of the image of B13 are 


~§ 


Table 4 
PART OF THE LAYOUT TABLE TO THE EXAMPLE IN SECTION 8.1 
1 2 3 4 
5-470 73 5-470 73 4-18100 4-48758 4:-16667 
A 2-695 94 2-695 94 3-094 482 3-000 00 3-000 00 
—45° 180° 1-35000 180° —26°20°5’ 180° 1-350 00 180° —17°11-1’ 180° 0-32091 180° 0° 
Straight Straight Straight Straight 
5-470 73 5-470 73 3-607 78 4-48758 3-566 67 
B 2-695 94 2-695 94 3+27209 3-000 00 3-000 00 
—45° 180° 1-95000 180° —26°20:5’ 180° 1-95000 180° —17°11-1’ 180° 0:92091 180° 0° 
Straight 0° 0° Straight 
15-101 89 10-091 08 
0° 0° 
5:16667 5-166 67 2-659 15 5-166 67 2-606 67 
(S 3-000 00 3-000 00 BDiLSwil 3-000 00 3-000 00 
—45° 180° 2-56000 180° —22°30’ 180° 2-56000 180° —11°37-3’ 180° 2:°56000 180° 0° q 
Straight Straight Straight Straight ‘ 
5+16667 5+16667 5-166 67 1-21228 | 
D 3-000 00 3-000 00 3-000 00 3-00000 i 
—45 180° 3-95439 180° — 22°30’ 180° 3:95439 180° —11°37-3’ 180° 3-95439 180° 0° a: 
Straight 3-95439 6-42015 | Straight 
0 0 0 0.0 
E Straight 4-81430 Straight 3-928 22 Straight 3-000 00 
Sharp angle 0° 0° 0° 


The selected net has the advantage that six meshes, namely 
AB12, AB23, AB34, CD23 and CD34, are formed by concentric 
circles and straight lines, and that for the remaining non- 
singular meshes only three different transformation functions 
are required, i.e. those governing the meshes BC13, BC34 and 
DE24. Owing to these advantages, the order of the computa- 
tions required to fill in the remainder of Table 4 differs slightly 
from the standard order. The radii and centres of curvature 
of the principal curves (marked by capital letters) can be com- 
puted from simple geometric relations. Then, starting from A3, 
we compute the radii and angles connected with the line 3, and 
starting from E2 we compute those connected with the line 2. 
The data referring to the meshes inside the rectangle AE47 are 
easily computed. From the data ascertained we get the lumped 


* Instead of the notation Pp», etc., the simpler notation D2, etc., wi : 
examples. De i P , &tc., will be used in the 


0:9907 and 0-9897 respectively. 


net described is negligible for practical purposes. 


To obtain an idea of the error introduced by replacing the | 


circle (a) by the constant-stress curve (b), the approximate 
procedure was repeated with the net shown in Fig. 12. The 
contours B, C, and D were chosen as circles concentric with the 
boundary A, and the equivalent of the contour 3 in Fig. 11 was 
omitted. In Fig. 12 the resulting lumped conductances and the 


potentials and residuals found by a relaxation procedure were © 
entered. For the gradient at the point Al the value y = 2087-6k — 
results, and the correction factor for curvature in the wABl2_plane — 

Comparing the value 2087-6/h gradient with the © 
computed average value of 1909/h for the gradient of the | 


is 0:9853. 


The maximum voltage § 
gradient computed with the aid of the comparatively coarse | 
curvilinear net is about 0:5-0:6°%% smaller than the theoretical — 
value of 1920/h. The error occurring when using the curvilinear | 
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349 PO. 


E D 
— 121228 ——*}+— 139439 ——»}«— 0:960 ——*}e-0-600 
h= 1/0:240 = 4:16667 r= 1:000 —-| 


Fig. 12.—Example of net assuming inner boundary to be circular. 
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constant-stress curve, we can conclude that the value computed zero; (h) the subsidiary boundaries 1 and 3 are flow lines. The | 
by Cockcroft must be increased by about 9-3-9-4% to obtain lumped conductances computed on the basis of Fig. 2 are 
the value for an edge rounded off by a circle. entered in Fig. 13. Since the curvilinear rectangles between the |) 

: ; principal boundary C and the singular point D degenerate into 
(8.2) Cut-off Wavelength for the Hi, Mode in a Circular triangles, the corresponding values of AQ are infinite and those } 

Waveguide of Aw are zero. Hence the line C is an equipotential. With 

The rigorous solution of this problem with the aid of Bessel the exception of the small and easily estimated area between C 
functions is known; Liebmann!? explained and dealt with the and D, all required areas were computed with the aid of eqn. (56), we 
problem with the aid of a resistance-network analogue consisting the results being entered in Table 5. The sum of the areas is & 


of 15 square and 7 irregular meshes (Fig. 15 of Reference 12). 0-773 94, i.e. about 1:5°% less than the correct value of 77/4. 
The differential equation 
2V eV Table 5 
: Dive 


governing the problem is the differential equation of an eigen- 
value problem. For o = 1 the density of the transverse current 
loading, —J = — k3V, is proportional to the potential V in 
such a way that for its physical realization negative resistances 
between the points of potential V and potential zero would be 
required. The method of finding the eigenvalue kZ = (271]Xo)? 
with the aid of a resistance analogue consisting of physical 
(positive) resistances, where Ag is that wavelength (measured in 
free s ) corresponding to the cut-off frequency of the wave- ; foe 
pace p g quency Bucci PaE 
guide, is explained by Liebmann. Shaw? deals with the solution : 479-02: 
of eigenvalue problems by relaxation methods, his method 
being one of successive approximations; after some modifications ; 
(see Section 10.2) this can be expressed by the rule ; 612-70 Bia sone 


P 
Knew = Kou(1 +5) Soca We eo (00) 


where P, is the total power supplied to the network at the nodes 
by reasonably small residual currents,* and P, is the corre- 
sponding total power supplied to the network at the nodes by Table 6 


POTENTIALS OF THE INDIVIDUAL NODES IN THE EXAMPLES IN | 


c q: 
Dito on 01022k3V, SECTION 8.2, ADJUSTED TO A VALUE OF 3438 OF Nope BI | 
Ps Method 1 2 
é 
3438 3726 4214 
3 438 3 842 4279 
0% +3-1% 
5 540 5621 
3 5391 5391 5391 
—2:7% —4:1% 
I: With the aid of the function V = 10000 J4(1-841 in 0 P | 
ee Ba the aid of four regular and two wo AE hee (method in : 
If the transverse loading of the nodes corresponds to the first. i 
i term of eqn. (55), repeated relaxations and a change of the value | 


of k§ according to eqn. (6) lead to the values of the potentials 
1 2 3 of the nodes contained in Table 6 and an eigenvalue k3 = 3-3 347, 4 
after all values are adjusted to the value 3438 of the node Bl. # 
The corresponding wavelength Ao, expressed in units of 0-2 times. . 
the negative resistances. The correct value of ké is stationary the radius, as done by Liebmann, is 17-20, ie. 0-82 Zo MOre 
with respect to slight changes of the potentials of all nodes. than the exact value of 17-06. Liebmann obtained for Ao the 
Fig. 13 shows the way in which the circular quadrant of unit valae 17°44, which is 2-27% higher than the exact value. He | 
radius was divided into virtually four meshes. A single common attributes the discrepancy to the open-circuiting of the boundary | 
transformation function suffices, and the point D is one of its ~ 72 inherent part of his method—at 12 mesh points, te 


Fig. 13.—Net used for the example in Section 8.2. 


two sources, while the point Al is the midpoint between a For the purpose of comparison, Table 6 also contains t | 
source and a sink. As Liebmann explains, the boundary con- accurate values of the potentials and the deviations from the An 


ditions are: (a) the potential along the principal boundary A is It is noteworthy that the deviations are greater than tho e 4 


occurring in Liebmann’s method: hi i ‘ati “ 
itt eae current of a node is the current entering this node from, or leaving -+2-Q and —1-5° hing his maximum deviations are 
it towards, the point of zero potential to make the potential distribution in the net. Yo» Yesulting in a range of +1-75 °%, whereas © 


work comply with Kirchhoff’s first law. i i ; 
the range in the present method is +4 %- Nevertheless, the’ 
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cut-off wavelength is ascertained more accurately (0-82% 
compared with 2:2°%). The smaller error in the cut-off wave- 
vength found with the aid of a small number of curvilinear 
rectangles appears to be inherent in the method, and not 
accidental. If the error of —1:5% in the area is uniformly 
distributed, the wavelength increases by 0:75°%, resulting in an 
srror of about +1-6%. If the remaining terms in eqn. (55) are 
sonsidered on the basis of an interpolation from the results in 
fable 6, a rough estimate shows that the error in the wavelength 
will be slightly reduced, although the errors in the values of the 
individual potentials may increase. 


(9) REFERENCES 


(1) SOUTHWELL, R. V.: ‘Relaxation Methods in Theoretical 
Physics’ (Clarendon Press, Oxford, 1946). 

(2) LIEBMANN, G.: ‘Precise Solution of Partial Differential 
Equations by Resistance Networks’, Nature, 1949, 164, 
p. 149. See also British Journal of Applied Physics, 1950, 
I, p. 92. 

(3) SHAw, F. S.: ‘An Introduction to Relaxation Methods’ 
(Dover Publications, Inc., 1953). 

{4) Tasny-Tscutassny, L.: ‘The Triangulation of a Two- 
Dimensional Continuum for the Purpose of the Approxi- 
mate Solution of Second-Order Partial Differential 
Equations’, Journal of Applied Physics, 1949, 20, p. 419. 

(5) Tasny-Tscuiassny, L.: ‘Asymmetrical Finite Difference 
Network for Tensor Conductivities’, Quarterly of Applied 
Mathematics, 1955, 12, p. 417. 

(6) MACNEaL, R. H.: ‘An Asymmetrical Finite Difference 

Network’, ibid., 1953, 11, p. 295. 


for the Approximate Solution of Field Problems’, 
Australian Journal of Physics, 1955, 8, p. 8. 

\(8) HALL, H. S., and STEVENS, F. H.: ‘A School Geometry, 
Parts I-VI’ (Macmillan, London, 1913), p. 336. 

\(9) GREENHILL, A. G.: ‘The Application of Elliptic Functions’ 
(Macmillan, London, 1892), p. 16. 

10) CourANT, R.: ‘Differential and Integral Calculus’ (Blackie, 
London, 1951), Vol. II, p. 535. 

11) Cocxcrort, J. D.: ‘The Effect of Curved Boundaries on 
the Distribution of Electrical Stress round Conductors’, 
Journal I.E.E., 1928, 66, p. 385. 

12) LieBMANN, G.: ‘The Solution of Waveguide and Cavity- 

Resonator Problems with the Resistance-Network Ana- 

logue’, Proceedings I.E.E., Monograph No. 38 R, May, 

1952 (99, Part IV, p. 260). 


(10) APPENDICES 
(10.1) Derivation of Eqns. (35)-(41) 

The angle AA = Av, which is equal to the angle Cho S CXS 
Fig. 4) can be computed from the triangle Gs S Gr? by the 
osine rule 
rE a. Pas — qd? 

TTS 


(61) 


cos Av = 


i the radii r¥° be given algebraic signs, and let them be 
sitive if the point of intersection P,,, of the segment considered 
f the circle nF@ with the 7-axis is on the positive side of the 
entre CFS of this circle. If in eqn. (61) the radii are substituted 
vita their correct algebraic signs, the quantity Av, so long as it 
, smaller than 7, results correctly, provided that 0 << Av < 7/2 
1 cost Av > 0, and 7/2<Av < 7 forcosv <0. Ifdinegn. (61) 
. eliminated from eqn. (18) and then b, and 4, are eliminated 
‘oon eqn. (38) we obtain eqn. (40). 
Vox. 104, Part C. 
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By using the expansion 
cosh (Au) = cosh (ug — ug) = cosh ug cosh up — sinh ug sinh up 
eliminating cosh wz and sinh wz with the aid of eqns. (4) and (5), 
and by using eqns (17) and (37) with analogous sign conventions, 
we obtain first 

Dq2 pqQ2 —= fy2 
PE® + RP D (62) 
2RPIRPA 
and then eqn. (39). The relation between cosh Au and |Au| is 
unique. 

Since eqns. (61) and (62) have the same structure and can no 
doubt exist whether the function arc cos or arc cosh is to be used, 
no distinction need be made between the cases where the 
principal or subsidiary boundaries are the u-curves and the 
symbols AQ and Aw can be introduced. 

The rules in the text. referring to eqns. (35) and (36) are the 
mathematical expression for the fact that the two values of R8? 
or r¥@ have equal or opposite signs. A simple algebraic check 
applied to eqns. (39) and (40) shows that a simultaneous change 
of the signs of both R2? and R2? or of ne and vee, and the 
corresponding change of the value of H or A, have no influence 
on the value of Q or q. 

Eqns. (42) and (43) follow from the combination of eqns. (4) 
and (5) or (6) and (7), and from a check based on sketches of 
the possible combinations of the signs of Bz or b,, and the angles 
concerned. The graphical analysis (Section 6.1), as well as a 
limiting procedure for R24 —> 00 or r¥ —> co applied to eqns (39) 
and (40), lead to the same results. 


cosh Au = 


(10.2) Approximate Solution of the Eigenvalue Problem of 
Eqn. (59) with the Aid of a Relaxation Method 
Let V,, V,, etc., be the potentials of the nodes of the equivalent 
lumped network. By Vo is understood the potential zero of the 
appropriate part of the boundary. Then a residual R, can be 
expressed as the difference of two terms S, and 7,, so that 


R, = S, — T, . (63) 
s=n 

where S, re x We = Ge y (64) 
s=0 

and T, = hea oe (65) 


G,, is the lumped conductance connecting the nodes r and s, 
and A, is the equivalent area pertaining to the node r, ie. the 
area which, multiplied by V,, corresponds to the loading of the 
node according to eqn. (55). Since even values of the potentials 
of the nodes that are approximate are not known in the first 
instance, we must start by neglecting all terms but the first in 
eqn. (55). A term k2A, can be considered as corresponding to a 
fictitious negative conductance connected between the nodes r 
and zero. 

For a set of values V,, V, for which all residuals R, are zero, 
k2 can be found by multiplying all right-hand sides of eqns. (63) 
by the relevant potential V,, adding the multiplied right-hand 
sides, and making them equal to zero. We obtain 

TP aie Be 
Let k% given by eqn. (66) be considered a function of arbitrary 
values of the potentials V,. By differentiating k% with respect 
to all quantities V, and making the partial derivatives equal to 
zero, we get eqn. (63) for all R, =0. Hence k2 is stationary 
for slight deviations of the potentials V, from their correct 
values. A recurrent method is now obvious: assume a suitable 
value of (k2),ja; reduce the residuals as far as conveniently 
possible; and use eqn. (66) to find an improved value of (k@) new: 
For practical work it is more convenient to use eqn. (60), which 
can easily be derived from eqn. (66) when considering eqn. (63). 
5 
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SUMMARY 


Governing in electric power systems by time-error provides a method 
of control with many advantages over speed governing, particularly 
if a high value of governor gain is used. The paper describes the 
operating results of a time-governed miniature system, the design of 
the governor for stable operation and the associated tie-line controllers. 


LIST OF SYMBOLS 
K = Time-error governor gain, per-unit/rad. 
K, = Stabilizing feedback gain. 
K, = Tie-line angle controller gain, p.u./rad. 
K, = Tie-line torque controller gain. 
M, = Load torque. 
M,, = Prime-mover input torque. 


NY . 
M, = Tie-line torque transmitted. 


Di time in radians.* 


T, = Starting time of machine set, rad. 
T, = Time-constant of stabilizing feedback, time-radians. 
T, = Damping torque/speed change. 

Tinz = Damping torque/speed change between areas ” and z. 
T, = Electrical synchronizing torque coefficient, p.u./rad. 
T’ = Steam header time-constant, time-radians. 

T” = Servo-motor time-constant, time-radians. 
x, = Alternator quadrature-axis synchronous reactance. 
x, = Tie-line reactance. 
@ = Time-error angle. 
@ = Alternator torque angle. 
¢ = Damping factor. 


Per-unit notation is used throughout. 


dG) INTRODUCTION 
(1.1) History of Governing 


The speed governor is almost as old as the steam engine itself; 
Watt and Maxwell were both at different dates concerned in 
modifying the inherent regulation which an engine possesses, by 
some form of closed-loop system actuated by speed. The 
invention of Watt’s pendulum governor was inevitable; the 
greater the power that is available the more exact must be its 
control if its application is to remain within the bounds set by 
materials, economy and knowledge. 

As time passed it was this very exactness that caused difficulties 
and progress. A small error involves a high loop gain, and a 
high gain tends to give instability in any but a perfect system. 
Because of the imperfections of governed apparatus and valve 
gear, some governors later included dashpots which can now be 
recognized as lead-lag elements having a stabilizing effect. 


* Time measured by the angular rotation in radians of a synchronous machine. 
For a 4-pole, 50c/s machine, time in radians = 157 x time in seconds. 
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Again, cases are known of hydro governors which were stable ( 
if belt-driven, but not if gear-driven. Maxwell in his early work (6 
dealt with both the throttle-speed and the friction-speed governor. § 
The latter, in which friction is applied according to the speed % 
error, can readily be seen to have a powerful stabilizing effect; 9 
a perfect speed governor, too, will damp oscillatory system per- } 
formance. Such a governor having a typical per-unit (p.u.) 7 
regulation of 0-05 would be equivalent to a damping-torque’ 
coefficient of 20-0 (p.u. torque/p.u. speed change), in the system § 
equation, which is a very large value indeed. Owing to time lags § 
in the governor and elsewhere, nothing like this figure is realized ® 
in practice. 

With the growth of electric power generation, the problem of 7 
tight control for economic operation was supplemented by that 
of the necessity to keep accurate electrical time. The first problem 4 
was dealt with very efficiently by the turbine engineers but without © 
taking into account all the inherent regulating properties of an 
electrical synchronous system. The second problem has often 
been dealt with either by a clock-watching operator or by the 
engineers of the electricity supply undertaking installing an inch- }} 
ing control operated from a clock on the governor-speed setting ¥ 
screw. 

The problem, however, is not what supplementary controls 9 
need to be added to a speed governor to give it the correct § 
transient and steady-state characteristics, but what is the best 
comprehensive control to ensure results consistent with good } 
power-system operation in regard to frequency, tie-line and # 
time control. 4 

In electric power systems the speed governor has little to | 
recommend it beyond the simplicity that has characterized it | 
since its inception. Speed, but not its derivative or integral, can | 
be momentarily judged by eye relatively easily for a rotating 
machine, and can be measured without difficulty by centrifugal } 
force. On the other hand, a synchronous electric system has }; 
an inherent regulation associated with its torque angle, and since } 
it is the electrical steady-state and transient errors that require | 
modifying, the controlled variable should surely be the torque } 
angle. It is partly for this reason that the governor should be 
controlled by time-error (small changes in time-error, measured } 
as rotor angle, constituting changes in torque angle) and not the | 
first time-derivative of rotor angle, which is speed. If stabilizing ) 
circuits? are required, they may be designed from servo- | 
mechanism theory calling for a second or third derivative term. | 

In January, 1952, the author constructed a time-error governor | 
to operate without any stabilizing unit at a gain of 0-05p.u. i 
torque/radian time error. The error pick-off consisted of a / 
synchro-differential which rotated according to the time-error } 
angle between a voltage generated by a standard set and one | 
generated by a pilot generator on the controlled set shaft. The * 
rotation of the synchro-differential operated the throttle through 
a contactor servo-mechanism. The governor performance is | 
described in Reference 1 and the principles of operation in a | 
parallel synchronous system were described in an article? in 
February, 1953. Similar work was apparently being conducted 
by Electricité de France at this time, for in October, 1953, Cahen | 


and Chevallier published the results5.6 of tests using the very 
low gain of approximately 0-0003p.u./rad. The time-error 
governors as used in the study to be described are completely 
Glectrical in nature. The error is represented by the out-of- 
balance voltage between synchro transformers on the shafts of 
he standard and controlled sets. 


(1.2) Operating Principles of the Time-Error Governor 


Fig. 1 is a vector diagram representing the rotors of a standard 
ime set and two closely coupled sets, together with a vector Sia 
epresenting the phase of the common stator voltage. The time- 
rror angle @ is the angle by which the rotor of a particular set 
ags in relation to the standard, and ¢ is the torque angle by which 
he set rotor leads in relation to its generated voltage. From 


Fig. 1, 

6,+4,=0+¢4, . . : . . (1) 
Iso, the power generated is given by 
Leak s1P1 
Py = T,2 


i @ is small and if 7, is considered a constant. If the turbine 
orque is made proportional to the time-error by the governor, 


P, = KO, 
P» = K,0, 


and 


Substitution in eqn. (1) gives 


Eels ip 
aie a ES 


_ £2 
Re OT Ke Ts 


pr a load (P, + P>) is divided in the ratio 


1 ee 1 
1m eeey Ky T 2 (2) 
P, Ss AES is - ieee p 4 : ‘ 2 

Ky 4 


which is a constant and therefore indicates stable load distribu- 
tion. (In a speed-governed system the load is divided inversely in 
-he ratio of the governor regulations.) It is shown in Reference 2 
that, by considering the transient vector diagram of an alternator, 
the relationship of eqn. (2) also holds in general for transient 
conditions. In all the systems constructed to date, including the 
pne described here, 7, is much greater than K and, in conse- 
quence, load impacts are distributed according to the governor 
Zain settings. In the interests of power-system stability studies, 
mowever, work is being continued by the author on the lines of 
aking the value of K approach closely that of T,. Stabilization 
d tie-line control, loads and alternator characteristics, all tend 
0 complicate the analysis, but basically eqn. (2) still holds. 


(1.3) Miniature Electric Power System 


In investigating a new control, such as time-error governing, 
1 miniature system has many advantages over other methods of 
etermining system performance. It is sufficiently close physically 
@ reveal the difficulties that might arise in the operation of a 
ull-scale system, and the method of overcoming them in the 
*niature system can probably be repeated there. Again, because 
f its physical similarity, there is a possibility of making the 
6-called constants of the system vary in the same way as those 
of the parent system. Lastly, advocates of the speed governor 
an be convinced of the workability of time governing by a model. 

As a guide to the design of a miniature system, a series of 
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solutions to eqns. (3)-(9), but without the stabilizing terms, was 
obtained by means of a differential analyser.4 The main object 
was to arrive at an approximate value of the maximum gain at 
which a simple time governor could work and be stable, in a 
system having typical inertia, damping, header and servo-motor 
time lags. The miniature system, then, with properly designed 
stabilizing feedback, could be built round a considerably higher 
value of gain. 


(2) DYNAMIC EQUATIONS AND OPERATION OF A 
SYNCHRONOUS SYSTEM 


(2.1) Machine Set Time-Error-Governed 


Throughout the paper small deviations from steady-state are 
considered, the quantity being prefixed by the symbol A. For 
this reason the coefficients of the equations may be taken as 
constants. For the isolated time-error-governed turbo-alternator 
set feeding a static load, 


T, p’Ad + T,,pA0 =F AM, = AM, . e . (3) 


where A@ is measured against the continuously increasing rotor 
angle, and 
KAQ 
AM 


2a(Ip BM) Cipeea) 


if a simple time-error governor is used. 

For optimum performance a stabilizing circuit is required, and, 
if a second derivative feedback is used with one predominant 
time-constant, 

A@ 


Kp 
AM, = b : 
p Pine ae ©) 


(4) 


where K;, depends on the gain of the stabilizing feedback network; 
T, is the predominant time-constant of the stabilizing 
circuit in radians. 


(2.2) Two Interconnected Synchronous Systems 


If two turbo-alternator sets are connected through a syn- 
chronous tie each will affect the other to an extent depending 
upon the characteristics and strength of the tie. The equations 
for incremental load changes are: 


Typ? AO, + Ty, PAO, + Tz12p(A0, — AG.) 
ar Ty12( AP, ae Aé3) + AM, = AMi . (6) 


Top? AO, + Typ pAO2 + Ta12p(A8, — AO) 
-- T,12(A0, — A@;) + AM, = AMp ° (7) 


where T;;. = Tie-line damping torque coefficient, i.e. the p.u. 
torque change through the tie-line per p.u. change 
in relative system speeds. 

12 = Tie-line synchronizing torque coefficient, i.e. the 
p.u. torque change per radian of relative angular 
displacement of the two sets. 


Te 


Ss 


Subscripts 1 and 2 refer to the first and second machine set 
respectively. 

The quantities in eqns. (6) and (7) are referred to one machine 
set as base. 

Again, the terms AM,, and AM,, in eqns. (6) and (7) may be 
replaced by the respective governor transfer-function times Aé. 

For time-error governing with stabilization 


AM, Ad; ( 


= 8 
foe Uap eb ini) » 
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Aé, K,p? 
ae Ls K. a0 9 
and Mp = erp a tHe) © 


(2.2.1) Closely Coupled Governed Sets in Parallel. 


If the synchronizing torque coefficient of an alternator T, is 
very much greater than the governor gain K, the time-error 
angle @ is much greater than the torque angle ¢ and A@ is also 
much greater than Ad, whence AM;,/AM), = K,/K2 approxi- 
mately, after a load impact AM), + AM). This applies truly 
only when the stators are connected to the same busbar, in which 
case AO, = Aé,. 

Eqns. (6), (7), (8) and (9) become 


we Kyp? 
eee arf 
T,p +1 
Tp? + Ty? +——_——— | Al, = AM, (10) 
aiP diP (T;p ae I\(T;'P de 1) 1 li 

Eee 

2 * TP+1_ lag _ an il 

Ty2P* + Tgp + 2= R (11) 


(Tp + 1I)My’p + 1) 


In eqns. (10) and (11) it is assumed that the rotors are effectively 
locked together at a fixed angle. The damping-torque coefficient 
T, is associated then with the prime-mover and load damping 
only and is not affected by amortisseur windings on the alternator 
rotor. 


(2.2.2) Machine Rotors in Free Oscillation. 


It is also possible for the two rotors discussed in Section 2.2.1 
to oscillate with each other almost independently of the governor 
action, more or less in free oscillation since the resulting frequency 
will be much higher than that of the governor oscillations. 

On the assumption that the turbine throttle is fixed so far as 
these oscillations are concerned, the equation describing the 
system is: 


(Tp? + Ty12P + T512)A012 = 0 (12) 
where 7) = FaiTa2 
en aC T 2 


and 73,2 is a composite damping coefficient. 
The solution of eqn. (12) is: 


AO\. = Fe~ 4/20 cos (2 — ay + c| 


“pe 
a2 and B= Ts12 
i ig 


a a 


where A = 


F and G depend on initial conditions. 
The natural frequency of oscillation is w) = +/B, and the actual 


frequency is ./(B — A?/4), while the envelope curve of the 
damped oscillation has the form Fe~(4/2)¢, 


Eqn. (12) may be rewritten in the standard form 
p? + 2laop + w =0 
A i 
where , the damping factor, = eee et, 
2/ (TT 12) 
Standard non-dimensionalized curves may be used to read off 
directly the first and successive overshoots. 


(2.2.3) Governed Set Operation when connected to an Infinite Busbar. 


In Fig. 1, if S,2 is a vector representing a machine stator and 
the phase of the infinite busbar voltage, the angle (9 + ¢) to the 
standard time reference is fixed because of the infinite nature of 
the system. 
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STANDARD 


Fig. .—Rotating vectors representing standard time, machine rotors ' 


and alternator stator voltages. | 


The time-governed set can operate in steady state only in the» 
condition in which K@ = T,¢, and will be quite stable if the} 
damping coefficients associated with oscillations of 6 and ¢ are 
sufficiently large. A@=Ad in magnitude since S cannot 
oscillate with respect to the standard. Only one mode of) 
oscillation will be apparent—one similar to the free electrical) 


oscillation. Eqn. (6) becomes 
4 2 4 
Leo > ae thee 4 
Ty Mt, PT Pe 
_ TES Cee era | 


(2.2.4) Remotely Coupled Governed Sets in Parallel. a | 


* 
When one or more of the alternators is coupled to the remainder |) 
through a high impedance, e.g. a long tie-line, the synchronizing} 
torque coefficient 7, = [1/(x, + x,)] is reduced, and in conse-% 
quence AO can approach Ad in magnitude. | 
Fig. 2 shows the changes in angle of the rotors and point S of if 
the system indicated when the load torque is increased by a small# 


amount AM, + AM». The diagram is drawn to represent 


TIE— LINE 


STANDARD 


Fig. 2.—Rotor-angle changes in two time-governed systems conne od 
by a tie-line when subjected to an increase of load. 


\pproximately two sets working at the same load and governor- 
gain setting. While T,;¢, = T,» and the ratio ,/¢, is there- 
ore fixed by the electrical circuit, the ratio 0,/@, can be given 
ny value by the throttle-setting control of the turbine, which 
aries the working torque independently of the working angle 6. 
This control is quite distinct from and independent of the 
sovernor-gain setting and corresponds to the speed-setting 
screw of the speed governor. It is essential if Fig. 2 is to be 
vossible, because K,0, ~ K,0> if K, = K>. 

It can be seen that the voltage at point S after the load impact 
aust move back through A6, + Ad, from consideration of 
et 1, and through A@, + Ad, from consideration of Set 2. 


dence AG, ae Ad, = Aé, == Ad, (14) 
1 x 1 
L AM, Retiee TT aKING 
‘herefore Le es DES ISD eet ad 
Ke Ty 
1 the steady state, or 
Ky 
Ag" T, ‘ 
INO i a SAD Gitte ot 


The rotors can, however, still oscillate with each other as in 
ections 2.2.1 and 2.2.2. It is possible, then, that the two modes 
if oscillation, one due to governor and the other due to electrical 
Drsional pendulum, are no longer independent. 


(2.3) Tie-Line Controllers in a Time-Error-Governed System 


Tie-line controllers and their application to conventional speed- 
verned systems have been described elsewhere.!»? Tie-line 
sontrol in a time-error-governed system raises no extra difficulties 
d again may be described as integral or proportional in 
peration. 


°.3.1) Integral Controller. 
The modern tendency in power systems is to use the con- 
nuously acting integral type of tie-line power controller, some- 
mes called a floating control system, which ensures that the 
oeed of the throttle-setting motor is proportional to the tie-line 
‘eviation. Since the valve position (and the turbine torque) 
‘epends on the position of the throttle motor shaft there results 
n integral type of controller having a describing equation of 
oe form 
pAM,; = = pe 

fe Lape tT op be) 


here AM; is the part of AM, due to action by the tie-line 
ontroller and AM, is the tie-line torque deviation. 


(16) 


2.3.2) Proportional Controller. . 

A proportional type of controller may have a torque motor 
astead of the throttle-setting motor, and its shaft position (and 
eRCe M;) would depend on the tie-line deviation, thus 


AM” a K,AM, 
PG Pa) 


| Such a controller is more stable generally than that described 
2 eqn. (16) but has a steady-state position error associated with it. 
1 other words, the tie-power will not be kept exactly at the 
c4ired value but will deviate inversely as the controller gain. 


(17) 
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(2.3.3) Angle-Sensitive Tie-Line Controller. 


The angle-sensitive controller is peculiar to a time-error- 
governed system, and is discussed here because no description 
appears to have been published elsewhere. For simplicity it is 
assumed that the internal torque-angle deviation, Ad, of a 
machine is much smaller than the time-error-angle deviation, 
A@, and can be neglected. Fig. 3 shows two machines, or areas, 
individually loaded and connected by a tie-line in which the 
torque transfer is to be kept constant. 

It will be noticed that the reference vectors from which 6; 
and 3 are measured are displaced by angles ¢, and x, from the 
time standard; 01 and 0, are the angles as measured by the 
governor, while 6, and @, are the true time-error angles. The 
ratio 7,/ is not important, but %, + x, is the angle between 
tie-line ends for the approximations taken and for the special 
case shown in which 6; = 43. Variation of , or x, acts as a 
throttle-setting control in the effect on 0; and 6; and the conse- 
quent response of the governors of turbines | and 2. The 
variation in tie-line torque can therefore be made to change %, 
or ys, in a manner tending to reduce the variation. This is the 
tie-line-torque controller. In order that the controller can 
discriminate between an increase of load in one area and an 
equal decrease of load in the other, the controller is also made 
time-angle sensitive. 

Eqns. (18) and (19) describe integral-type controllers at each 
end of the tie-line. Each controller sums the torque and angle 
signals and is phase-discriminating. 


i= 1 
PAM; Cp, ae CD a Ker AG a9 K,,AM,1) (18) 

Mite 1 
pAM;» To FIN + KoA + KrAMy) . (19) 

where AM,, = — AMp. 


For each value of tie-line-torque deviation there will be a 
value of time-angle deviation which will leave the controller 
unmoved. 

Under such quiescent conditions, 


pAM, = K,A0 + K,AM, =0 


M, K, 
whence ‘ — —£p.u./rad, numerically. 
NODS EK 


It can be seen that if the time-error governor gain of, e.g., 
area 2, Ky, is made equal to K,»/K,, the controller of area 2 will 
not operate for a load change in area 1, although AQ, will change 
momentarily, but the controller of area 1 will operate the throttle 
of machine 1 until the load has been absorbed, when A@, reverts 
to zero. 

Under these conditions the complete equations are: 


(Tq P* + Tg pP)AB, = AM, + Ty12(AO, — AO;) + AM, . (20) 
where 


AM, a K,A0; K,p*Ad; 


p+ DT p+) We+oC?+DGet+D 


7 K,A0; K,1T,12(A8, — Ad,) (21) 
PEP DT ps1) pip A pa) 
and similarly for area 2. 
Rearrangement of eqns. (20) and (21) gives 
(Tq1P? + Tap + T12)A0, = AMZ, + AMy 
KT. 
T asi | Q pie) 
fat epee ep |e co 


Fig. 3.—Two areas having their;time governor references displaced from the time standard to allow for a large tie-line angle. 7 
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where 

AM;, =| — = = Kyp? 

Ey Tpt+DT pth Wpt+HnC?~+DGe+D) 
Key 


Ky T, Ab 
pI'p + 1T”p + 5 ‘ 
(23) 


pips hG ps1) = 


If K,, is chosen so that for a 0-1p.u. change in tie-power a 
prime-mover torque change of 1-0p.u. follows in 30sec (giving 
a somewhat higher value for K,, than is used in conventional 
tie-line controllers), 


1:0 


a) Sx ilSy7/ 


AM,,,) (from tie-line controller) = 7G 


D = 0:1Ky, 
whence K,, = 0-002. 

Because of this low value of gain it is proposed to neglect the 

KyTs12 

DED, SANG) Dal) 
T,12, in spite of its integrating nature; as can be shown, it is 
unlikely to affect the stability of this particular system. 

Eqn. (22) then becomes, for area 1, 


term of eqn. (22) in comparison with 


1h ze _ AM}; AM, 
+ 14-0, “(24) 
Ty12 s12 T 12 : 
and for area 2, 
le 2 T 32 AM; AM 
ap + =p +1)Ad, = —* + + A 25 
T3512 ea ) 12 T 512 , ( ) 


The block diagram of this system is shown in Fig. 4 while the 
feedback function AM’/T. HT ;12 is shown in Fig. 5. Suggested values 
of the parameters and the gains of the controllers in decibels 
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(using, where possible, values used in practical power systems) 
are given below the diagram in Fig. 5; the two areas are taken 2 
as being identical. The forward elements are quadratic functions | 
representing the basic oscillatory system where the natural} 
frequency of oscillation wo = +/(Ty12/T,) and the damping ii 
factor ¢ is given by 2¢/w = T,/T, A reasonably strong tie!) 
is used with T,,;. = 0:2, i.e. a 10% ion transfer occurs when the |i 
electrical angle between tie-line ends is 1-0 electrical radian or | 
0-5 mechanical radian as used here. tf 

The feedback elements Ay... Hy can influence the forward f 
element G only when GH is greater than 0dB. This is only the d 
case for H3; and Hy, and at frequencies so remote from the | 


Fig. 4.—-Block diagram representing two machines or areas coupled by 
a tie-line. 


predominant mode of oscillation, w 9, that they will have little | 
effect. If, on the other hand, any of the control elements (e.g. ‘hn 
governor gain K) had a gain approaching T,,» in value, the tie- | 


line power oscillations would be influenced. 1 
it 
(2.3.4) Stabilization of Tie-Line Controllers. J 


Integral controllers which operate on the speed of the throttles 
setting motor are likely to cause a response more oscillatory than | 
their proportional counterparts. Accordingly, some authors? - 
Suggest simple derivative stabilizing feedback for this type of | 
controller. If, however, the servo-motor and steam-header time 
lags are considered (and they must be), simple derivative feed- : 


G 
+ + + ee AS 
a 1.2 1 
\ S ei (a) pe+al(a.)p+1 
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5.—Modifications necessary to Fig. 4 if time governors and angle- 
sensitive tie-line controllers are used. 


Ts12 = 0-2. K/Ts12 = — 91d 
Ta = 1050rad. K»p/Ts12 = Kal Tae = = — 15dB. 
oo = 2-16. Ke|Ts32 = — 43 
Ta 3 3-0. Ki!Ts12 == es 3406 
= 0-1. ae = 03sec. 
K = 0:07. == OISCCr 
K; = 0-002. 


K, = KK; = 0-0014. 


ack has a limited stabilizing effect. An alternative scheme is 
ut forward here and analysed. 

_If two areas connected by a tie-line are considered as a com- 
josite system, i.e. with composite inertia and damping, the angle 
‘tween tie-line ends, @,,, may be considered the variable and 
e tie-line power, T,6,2, the controlled quantity. If the 
overnor and controller gains are of the same order as those 
iven in Section 2.3.3, the tie-line power oscillations may be 
escribed by a second order system, thus 


(T; p? + Tap + T12)A0,. = AM, + AM, (26) 
here 7; = T ate 
a a. 


qn. (26) is represented by the forward element G, in Fig. 6. 


1 
G, ae 12 1 ‘A 
() Pp we al 
Ty T, 
here wy = Ai ae = 8 
a 


wy Ts2 

_ It is proposed to consider all the load and prime-mover torque 
‘eviations as zero, except for a part of the torque of one prime 
1over which is modified by the tie-line power as interpreted 
y the element H. If the parameters of Fig. 5 are used, 

= 3-O6rad/sec and ¢’ = 0-15; tie-line power swings are 
‘aay to be very oscillatory, with a first overshoot of over 1 -6p.u. 
aa a frequency of 0-487c/s. 
& stabilizing feedback element H, as shown in Fig. 6, may be 
4, given by 


Wie 0-28 p? 
~ (Tp +1’ + 1) 
eae. — 7” = 0-3 sec; 
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AM) / "12 


Fig. 6.—Block diagram representing two areas coupled by a tie-line 
considered as a composite system. 


This element will be required to perform physically a triple 
differentiation on the tie-line power according to the equation 


Kp 6}, 
CUD a) Cli ee 


p(AM,, tie-line stabilizer) = (27) 
where K; = 0°28/T,1. = 1-4. 

The resulting stabilized system has been solved for a step 
disturbance and the response is given in Fig. 7. 
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Fig. 7.—Tie-line power swings in the system shown in Fig. 6. 


(3) RESULTS OF GOVERNED-SYSTEM OPERATION 


Two machine sets were used to obtain the results given here. 
A step-function electrical load disturbance caused rotor oscilla- 
tions; the change of angle between the rotors of the test machines 
and that of a third standard reference set were recorded on a 
high-speed pen recorder. 

The oscillograms obtained are the practical interpretation of 
the equations in Section 2 which were used in the design of the 
tests. The steady-state load exchanges as predicted in Sections | 
and 2 are confirmed and the effect of varying the circuit para- 
meters is shown. The acceleration time-constant T, was kept 
constant at the low value of 1050rad, which equals 6-7sec, 
for both machines throughout the study. The values of the 
damping-torque coefficients T,, were of the same order as those 
associated with practical working conditions. The governor- 
gain constants K,; and K,, although less than a machine syn- 
chronizing-torque coefficient, were considerably higher than 
anything contemplated to date and begin to approach the syn- 
chronizing-torque coefficients of longer tie-lines. The governor 
servo-motor time-constant T’’ was kept constant throughout the 
study at 0-35sec (55rad) but the steam-header time-constant T’ 
was made zero in some tests and approximately 0-3 sec (47 rad) 
in others. For the two sets in parallel two values of tie-line 
reactance were used, zero and 1:9p.u. In all the tests of which 
the results are shown the governor incorporated a second 
derivative stabilizing feedback. 
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(3.1) Isolated Time-Error-Governed Set 


Eqns. (3) and (5) describe the stabilized isolated governed set. 
Oscillograms (a), (b) and (c) in Fig. 8 show the effect of load 
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Fig. 8.—Record of A6;; Set 1 isolated; 0-85 p.u. load (1 kW base). 
Tar = 10S50rad; Ta = 3-5. 
(a) K, = 0-08; Tj = Osec; T;’ = 0-35sec; AM; = 0-014p.u. 
(b) K, = 0-16; TA = Osec; ra = 0-35sec; AM;= 0-042p.u. 
(c) K; = 0-08; T; = 0:29sec; T;” = 0-35sec; AM; = 0-014 p.u. 


disturbances AM, in the change of rotor or time-error angle; 
detailed information is given beneath the Figure. The effect of 
including the steam-header time lag is shown by comparing 
oscillogram (a) with oscillogram (c). The oscillations are more 
sustained in the case of machines having a steam-header time lag, 
but not seriously so for the values of K and T, used. A doubling 
of the gain value [oscillogram (6)] has a greater effect in this 
respect and the frequency of oscillation is increased to approxi- 
mately 0:33 c/s. 
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(3.2) Closely Coupled Time-Governed Sets in Parallel 


Oscillograms (a) and (6) in Fig. 9 and (a)-(c) in Fig. 10 record d 
the rotor time-error angle of one set after a total load disturbance. h 
of 4:2% was applied to the paralleled sets. Those in Fig. 9 are} 
for no-load or synchronizing conditions and show the natural jh 
higher-frequency mutual rotor oscillations. Eqns. (6)-(9) | 
describe the motions fully, but it is more convenient to separate }) 
the two predominant modes of oscillation and consider them) 


independently. The difference in their respective frequencies of | 
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Fig. 10.—Record of A6@2; Sets 1 and 2 in parallel; 0-85 p.u. and 4 
0-93 p.u. load. f 
Tn = Tox = 1050rad. Tip el 9. 7 
Ta = 3°5. Ty = 525. 
Ta = 3°1. Ts12 = 3°9. 4 
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Fig. 9.—Record of A@2; Sets 1 and 2 in parallel; no-load. 


Ta = Ta2 = 1050rad. 

Ta = 2-7. 

Taz = 3-0. 

K, = 0:06, Kp = 0°11. 

T; =T, =0-35sec. 

AM; = 0:042p.u. 

Ripple frequency, 2-1c/s. 
(a) Tj = T, =0. 


(6) Tj = 0-29sec; T) = 0-32sec. 


T, = 525rad. 
Tyi2 = 1°6. 
Tip = 3°5. 

xt = 0. 


‘1 and approximately 0-25c/s justifies this. The higher- 
“equency oscillation is according to eqn. (12) and is an inherent 
(roperty of the electrical system. 

_ The governor oscillations are according to eqns. (10) and (11) 
1 which the electrical oscillations are assumed to have no effect. 
s the sets are similar the governor response of the other set is 
dentical but its higher frequency deflections are the negative of 
aose shown. The values of 7, and T,, are higher than those 
ssociated with a practical system during synchronizing, and a 
uction of governor gain would be necessary in the interests 
f stability. Oscillograms (a)-(c) in Fig. 10 correspond to load 


DEGREES 


} (a) 
iy 50 
id 
3 
20 
< 
o 
& 
& 
f 
A 
Ey 
Vie 50 (b) 
fe) 
fe) 
a 
6 2 4 6 8 10 12 
TIME , SEC 
ig. 11.—Record of A@;; Sets 1 and 2 in parallel; 0-85 and 0-93 p.u. 
load. 
Ta = Taz = 1050rad. T,, = 525rad. 
Ta = 3°5. Ty12 = 2:1. 
Taz = 371. Ts12 = 1°2. 
K,; = 0-08, Kz = 0-07. x = 1-9p.u. 


T, =T, =0-35sec, 
AM; = 0-042 p.u. 
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(b) T; = 0:29sec; T; = 0-32sec. 
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Pig. 12.—Record of A@2; Sets 1 and 2 in parallel; 0°85p.u. and 
0-93 p.u. load. 


Data as in Fig. 11. 
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conditions and were continued long enough for both sets to 
attain the steady-state shaft swing angle, showing that the load 
distribution is proportional to the governor gains, in that 
Ae, — Aé, finally. ; 


(3.3) Remotely Coupled Time-Governed Sets 


The oscillograms in Figs. 11 and 12 show the rotor oscillations 
of governed machines connected through a high tie-line reactance. 
This approaches the case described in Section 2.2.4, but the 
governor gain is still less than one-tenth of the tie-line syn- 
chronizing-torque coefficient. As would be expected from the 
value of T;, no mutual oscillations take place between rotors. 
The inherent frequency of such oscillations is 1-15c/s, which is 
less than 5 times the governor oscillation frequency. Some 
interference might be expected, but oscillograms (6) in Fig. 11 
and (6) in Fig. 12 show records of approximately the same 
frequency and damping as those of (c) in Fig. 10, the time- 
constant of the envelope decay in both cases being approximately 
12sec. A tie-line reactance of 1:9p.u., therefore, does not make 
the governing less stable. The steady-state conditions are 
described in eqn. (15). 


(4) CONCLUSIONS 


The purpose of the paper has been threefold. First, it has 
been to show that time-error governed turbines driving 
alternators in a synchronous system, with circuit parameters 
usually found in power systems, can work with stability and 
produce the required steady-state errors; to do this convincingly, 
something more than the solutions of the equations in Section 2 
by means of a differential analyser is required, and a model 
system having the same characteristics proves it beyond doubt. 
Secondly, the purpose has been, in the new scheme of control 
proposed, to consider the new practical operating techniques 
required, and a model system is the best way of doing this. 
Thirdly, in a control system in which angle is the controlled 
quantity, to show the need for careful consideration to the 
application to tie-lines, where the angle between ends may be 
large and variable. 

In connection with the first point, time-error governors with 
reasonably high gains require stabilizing feedback. For the 
governor action to contribute to the electrical stability of the 
system during the critical first swing, a very high governor gain 
is necessary. Such a gain appears to require stabilizing circuits 
giving conditional stability only; any change in gain will make 
the system unstable. 

Of all the parameters of the electrical system, the most 
important from the point of view of governor operation appears 
to be the damping coefficient T,. In a governed system, other 
than one in which the governor gain approaches the electrical 
synchronizing-torque coefficient, the damping comes from the 
prime mover and the electrical load. High values of 7), arising 
from the action of alternator amortisseur windings have little 
effect. 

Apart from the value of governor gain used, the time lags 
associated with the throttle-valve servo-motor and the steam 
header have a profound effect on governor stability. The values 


used in the laboratory apparatus for these time-constants are 


about 0:3sec; this represents modern steam practice. However, 
a high-head hydro-electric set might have a penstock time- 
constant of 4:Osec. The effect of the stabilizing feedback is to 
mask these time-constants but not to remove their effect 
completely. 

It is suggested that the results of tests given will lead to 
governor parameters which may be recommended for use in 
a time-governed power system. The conservative system of 
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stabilizing used limits the governor gain K to less than 
0-08 p.u./rad for a typical steam turbine having steam-header 
and valve servo-motor time-constants of 0-3 sec (approximately) 
and 0:35sec, respectively. The total load and prime-mover 
damping used (7) ranges from 2:5 to 3-5; it must be borne in 
mind that it is not always possible to rely on as much damping 
as this, in which case the governor gain must be reduced if the 
system is to remain stable. On no-load the value of Tj is very 
small and the governor gain must again be correspondingly 
reduced. 

The test oscillograms show the response of the governed 
system to be somewhat oscillatory. There is a tradition among 
speed-governor designers requiring them to make their systems 
critically damped or over-damped; however, there does not 
appear to be any reason why appreciable overshoot should not 
be allowed in the interests of speedy response, and, indeed, 
alternator rotors can oscillate with respect to each other for a 
short time after a switching disturbance with little ill effect. 
This is exactly what was happening in the tests; although it is not 
suggested that the degree of stability of, e.g., oscillograms (c) 
Fig. 10, (b) Fig. 11 and (6) Fig. 12 is sufficient, the point is made 
that a critically damped system is not necessary or desirable. 

In the practical design of the governor attention must be paid 
to the way in which the throttle setting control can be used to 
allow the error pick-off synchro to work in the middle of its 
characteristic. The operating value of governor gain in con- 
junction with the maximum operating angle swing of the synchro 
(about 60°) will determine the magnitude of the load impact or 
swing that the set can take. The effective angle swing of the 
synchro can be increased by gearing, but this would mean that 
any drift in the synchro supply voltage would be accentuated in 
its effect on system load level. 

The throttle setting control (which is a bias voltage in the servo- 
motor amplifier, or alternatively a device for rotating the stator 
of the governor synchro) may also be used to take up large 
angular differences between two systems connected by a long 
tie-line. It is through the throttle setting voltage that the tie-line 
controllers and stabilizers operate in their action on the turbine 
input torque. Apart from the necessity of taking up the tie-line 
operating angle, time-error governed areas connected by a long 
tie-line work with much the same degree of stability as closely 
coupled areas. 
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SUMMARY 

The paper presents merely one aspect of the general problem of propa- 
sation over a coastline, but special consideration is given to it since it 
liffers from other effects in being present only at oblique incidence. By 
.dopting a model for the coastal region the analysis given in Part I of 
the paper (see page 43) may be used to provide expressions for the angle 
‘ef refraction appropriate to various positions of the transmitter and 
iver relative to the coast. It is shown that the onset of the refrac- 
ion occurs abruptly at the coastline, the theory suggesting that the 
lirection of propagation is initially turned through an angle 7/2. 
ithin a wavelength of the coast, however, the refraction depends 
‘ritically upon the way in which it is defined, and expressions which 
ure equivalent at larger distances here lead to widely differing values. 
mevertheless, if the transmitter is far away, it is certain that the refrac- 
joa is largely confined to within a few wavelengths of the discon- 
imuity and, moreover, decreases as the receiver recedes from the 
‘oastline; ultimately the original direction of propagation is restored. 
ut, if the transmitter is itself within the coastal region, there is a 
rmanent distortion of the field and a directional error which is 
rirtually independent of the position of the receiver. 


(1) INTRODUCTION 


When a radio wave crosses a discontinuity in the earth’s 
tlectrical properties its direction of propagation may be appre- 
ctiably changed at points close to the discontinuity. This 
henomenon is usually termed ‘coastal refraction’ and was first 
bserved during the 1914-18 War. 

It was natural to seek an explanation in terms of the difference 
n the velocities of propagation on the two sides of the boundary, 
ior it was known experimentally that the velocity increases with 
nereasing conductivity. Although the change in velocity is 
mall, it was thought to be sufficient to affect the direction of a 
wave passing over, for example, a coastline. 

The first treatment was by T. L. Eckersley,! who reasoned by 
inalogy with ordinary refraction theory. At a surface separating 
0 distinct media the angle through which an incident ray is 
eviated may be shown to be 


nz —1 


2n 


Where f is the angle of incidence and n is the refractive index 
of one medium relative to the other. By interpreting ” as the 
atio of the velocity, v,, over land to that, v,, over sea and using 
he theory of Zenneck wave propagation, Eckersley was led to a 
efraction of the correct sign (i.e. towards the normal on crossing 
from sea to land), but of a magnitude much less than that 
bserved in practice. 
The Zenneck wave, however, travels at a greater effective 
“etocity the lower the conductivity of the earth, a fact which may 
¢ verified from the tilt of the wavefronts. Eckersley had failed 


{ €orrespondence on Monographs is invited for consideration with a view to 


/ ul ication. se 
| | x. Senior, who was formerly at Cambridge University, is now at the Radar Research 


ts olishment. 


Q = 


tan B 


“ 


Monograph No. 201 R 
Oct. 1956 


RADIO PROPAGATION OVER A DISCONTINUITY IN THE EARTH’S ELECTRICAL 
PROPERTIES—I. COASTAL REFRACTION 


By T. B. A. SENIOR, M.Sc., Ph.D. 


(The paper was first received 20th May, 1955, and in revised form Bee Ae 1956. It was published as an INSTITUTION MONOGRAPH in 
October, 1956. 


to realize this and had accidentally inverted the ratio v,/v,; the 
agreement with the observed sign of refraction was thus removed. 

Further experimental measurements of coastal refraction were 
given by Smith-Rose,” who reported that ‘the magnitude appears 
to be of the order 3° to 5°, although greater errors [in bearing] 
of up to about 10° are sometimes experienced’, but no theory was 
put forward to account for them. Indeed, the failure of the 
Zenneck wave analysis led Barfield? to conclude that the refrac- 
tion must be the result of causes other than the difference in 
superficial velocity. He suggested that an alternative explanation 
lay in the continued transference of energy across the boundary 
at right angles to the general direction of travel of the waves; this 
would give rise to a kink in the wavefronts near to the boundary 
and would explain the facts qualitatively. 

For a further 17 years, however, coastal refraction remained a 
largely unsolved problem, and it was not until 1942 that a satis- 
factory theory was developed. The work of Griinberg*»> and 
FeinbergS$ has been discussed in Part I,2 but it should be 
emphasized that they were concerned with a study of coastal 
refraction in addition to mixed-path attenuation. For an inci- 
dent plane wave Griinberg obtained a refraction of the correct 
sign and showed that it decreased with increasing distance from 
the coast. The theory was generalized by Feinberg® to the case 
of a point-source transmitter located at a finite distance from 
the boundary, and expressions were given for the refraction at 
various positions of the receiver relative to the coast. 

More detailed experimental evidence of the refraction was also 
available as a result of the work of Alpert and Gorozhankin,!° 
who carried out an investigation of the field structure at a site 
on the Black Sea coast. Curves of equal phase velocity and 
bearing error were plotted, and these reveal a very complicated 
type of field behaviour. The main peculiarity is a decrease of 
phase velocity over the sea in directions close to B = 7/4 at a 
distance of two to five wavelengths. With increasing distance 
from the coast the complex field structure disappears, and the 
phase velocity approaches that of free space. As regards radio 
direction-finding from a transmitter on land, the bearing error 
changes sign at 8B = 7/4, a behaviour which Feinberg® has 
sought to explain by considering a transition region separating 
the homogeneous land and sea media, and by placing the ‘equi- 
valent shore line’ some distance behind the actual coast. Similar 
results were found for a transmitter over the sea. 

Meanwhile, the use of war-time radio-navigation systems had 
provided a more precise knowledge of the velocity at which waves 
are propagated over the surface of a relatively homogeneous 
earth. It was known that the Zenneck theory was irrelevant as 
regards propagation from an aerial near the ground, the true 
‘surface wave’ being of the kind calculated by Norton.!!.!2 
Near to the source this wave undergoes a progressive change of 
phase, corresponding to a velocity less than that in free space, 
and the velocity becomes equal to that in free space only at 
large distances. The variation of velocity with distance is in 
agreement with that obtained by Alpert ef al.!3 and Ryazin'* 
using methods different from that of Norton. 
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The fact that the velocity (in practice) is less than that in free 
space has been amply confirmed by experiment (see, for example, 
Ratcliffe!5), and led T. L. Eckersley!® to resurrect his original 
method for treating coastal refraction. With the Sommerfeld, 
rather than the Zenneck, theory of propagation, he succeeded in 
deriving an angle of refraction of the correct sign, but the solution 
appears to indicate that there is no refraction on short or very 
long waves. Moreover, the refraction is of the required magni- 
tude only if there is a 2°% difference in the velocities over land and 
sea; such a difference cannot be accounted for on the basis of 
an ideal earth with no irregularities, but would occur ‘if the land 
emerged from the sea in a hill of about 2000m radius’. Indeed, 
the analysis suggests that, if the land is flat where it joins the sea, 
there should only be a negligible amount of refraction. 

The reason for the failure of Eckersley’s rejuvenated theory lies 
not in the values taken for the velocities of propagation but in 
the formula for the refraction in terms of these velocities. The 
formula is derived on the assumption that coastal refraction is 
analogous to refraction in the optical sense and is really an 
expression for the deviation of a ray incident on the interface 
between two media representing land and sea. The analogy, 
however, is unjustified, since in coastal refraction the wave never 
actually changes the medium in which it is travelling. 

In spite of its name, coastal refraction is essentially a diffraction 
phenomenon (see Reference 17), and once this has been realized 
it seems likely that the field will be profoundly disturbed in the 
immediate vicinity of the coastline. Such a disturbance does 
occur within (about) a wavelength of the coast, and the refraction 
is primarily due to the rapid change of phase velocity in this 
region, rather than to the difference of velocities for land and sea 
propagation. If Eckersley’s formula has any bearing on the 
problem at all, its application would appear to be restricted to 
distances from the coast at which the velocity has settled down 
to that characteristic of the particular medium. At such dis- 
tances the refraction is negligible, the influence of the coastline 
having disappeared. 

The present theory attacks the problem from the diffraction 
aspect rather than from the change in velocity at the boundary, 
and in this respect the approach is similar to that of the Russian 
authors. On the other hand, Clemmow’s more rigorous discus- 
sion!8 of the mixed-path problem is confined to propagation 
normal to the boundary and is therefore inappropriate here, 
although justification for applying the solution to each radial 
separately does exist by virtue of the remarks in Section 5 of 
Part I. 

An idealized form of coastal region is again assumed and is 
replaced by the model represented in Section 2. The solution 
for any type of transmitter can then be obtained by using the 
technique described in Section 4.4 of Part I, and the resulting 
expressions for the field components provide the basis for the 
analysis contained in the present paper. 

Since coastal refraction occurs only at oblique incidence, it is 
necessary to choose either a point-source transmitter or a three- 
dimensional plane wave. The latter is treated in Section 3, and 
it is shown that many of the accepted features of coastal refrac- 
tion can be explained in terms of this simple solution. Indeed, 
the expression for the angle of refraction is almost identical with 
that derived in Section 4 for the more realistic case of a dipole 
source. 


(2) THE MODEL FOR THE IDEALIZED PROBLEM 
The problem considered is that in which vertically polarized 
waves are propagated across a straight-line discontinuity in the 
electrical properties of a smooth flat earth. The situation is 
further specialized by the assumption that one of the media 
(medium 2) has infinite conductivity, and this is replaced by an 
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infinitely thin, perfectly conducting half-plane lying in the inter- > 
face of the air (regarded as free space) and medium 1, the latter 
being taken to fill completely the region below the interface (see 
Fig. 1). Such a model, of course, is a valid representation of the |) 


FREE SPACE 


MEDIUM 1 


Fig. 1.—The model of the idealized problem. 


physical problem only as regards the determination of the field 
above the earth’s surface, and attention will be confined to this — 
region. f 

The assumption of perfect conductivity for an earth con- j% 
stituent may sometimes be justified, sea water, for example, often (> 
fulfilling the condition to an adequate degree of accuracy. For 
this reason media 1 and 2 will be referred to as land and sea | 
respectively, but whilst consideration will mainly be given to an {5 
investigation of the behaviour of the field near to a coastline, the 7) 
results obtained are appropriate to any mixed-path problem in | 
which the above assumptions may be supposed satisfied. | 


(3) THE TRANSMITTER AT INFINITY 


If the transmitter is sufficiently far from the coastline, the — 
incident field may be treated as a plane wave. The simplicity of © 
the solution in this case makes it an ideal one with which to — 


commence a study of coastal refraction. 


int 
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(3.1) The Dependence on Field Component 14 


As in Part I the perfectly conducting sheet is assumed to ¥ 
occupy the half-plane y = 0, x > 0 of some Cartesian co-ordinate 4) 
system (x, y, z), the remainder of the plane y = 0 representing 
the surface of a land of complex refractive index 1/n. A 3- # 
dimensional plane wave is incident in the direction (—cos « cos B, | 
—sin « cos f, sin 8) and is defined in terms of the wave function* | 


w = es/yY@ cos cos B+y sin « cos B—z sin 8) 


by eqns. (29) in Part I; it is characterized by the absence of | 

any component of magnetic vector normal to the earth, and the # 

appropriate Fresnel reflection coefficient for a land of infinite } 
extent is therefore 

_ sina cos B — 

p sin & cos Bay 


The total field was obtained in Part I, Section 3.2, by an ele- 
mentary method consisting of a combination of ray theory and | 
diffraction theory. The solution is valid providing the trans- 
mitter lies far over the land, and if the receiver is on the surface | 
of the sea the only non-zero field components are specified by 


eJt/4 
aus 


A(E,) = (1 =r pom lAlveyx cos f) cos 40] 


5) 2 a | 
F sin- 6 + cos* 6 cos a g—/¥x(1t cos a) cos 8 
+ j cos $a B p } 


1 — sin? « cos? B V (2yx cos B) 


* Rationalized m.k.s. units are employed and a time factor ¢fYet is s pil 
: “ : f uppr 
throughout; y is the propagation coefficient. Ppresse@ 


elz/4 


a.) = a(t — (1 —p) Wi fFlverx cos B) cos 4«] 


; e—iyx(1+ cos «) cos ‘| 
+-J COS $a 
ein eW, (2yx cos f) 


ein 


4(H,) = 241 —(1— py FlV yx cos f) cos 1a] 


where the symbol A denotes the factor by which the free-space 
‘deld must be multiplied to give the total field, and F(a) is the 
Fresnel integral 
co 
F(a) = | e—Is ds 


a 


))f all components these three are least affected by the approxi- 

nate nature of the solution, suggesting that an enhanced accuracy 
“can be achieved by basing the subsequent analysis upon them. 
Such a policy has the added virtue of being convenient from the 
»xractical standpoint, since it is usually the vertical electric or the 
norizontal magnetic field that is measured. 
_ In the region where coastal refraction is important the argu- 
‘nent of the Fresnel integral is small [for example, when « = 170°, 
n/ (2yx cos B) cos 4a < 0-1 if x cos B < 16-5A] and this allows 
"he integral to be replaced by its series expression to give 

2 sin a cos B 


2yx sec B 
7/4 at 
7 + sin «cos B [ “aul nae sey) 7 ) 


1 _ sin? B + cos? B COs a E—2/Y* cos B cos? *) 
( IT = sin? & cos? B 2yx cos B 


A(E,) = 


(1) 
2 sin « cos B 
7 + sin «cos B 


ree sec z) (1 pean, Cos i cos? bat | (2) 
7 2yx cos B 
2 sin « cos 8 


HOE 1 + nent cover tan/(2=SEF | 
7 + sin a cos B 7 


(3) 


The dependence of the factor A upon field component is 
sential in order that the conditions at the edge of the con- 
ucting sheet be satisfied. Thus, E, and H,, become infinite as 
-> 0 whilst H, remains finite, and these contrasting types of 
haviour are reflected in the presence or otherwise of the terms 
1/x. Such terms, however, are only appreciable near to the 
ast. Taking first the component E,, the term in 1/x may be 
eglected if 


ACH) = E + néel™l4 cosec ta 


pACZT,) = 


Stik SECDICOS20| in ane 5 G g: (4) 


cosa having been replaced by —1) and the corresponding 


«relation for H, is 
Vere sec pric) tem ee = (5) 


Some values of }sec B|cos 2B| and 4sec f are given in Table 1. 


Table 1 
[- p 0° iS? 30° 45° 152 
Eo sec cos 2f| | 0-500 | 0-448 | 0-289 | 0-000 | 0-500 | 1-673 
| fers Al 0-500 | 0-518 | 0-577 | 0-707 | 1-000 | 1-932 


THE EARTH’S ELECTRICAL PROPERTIES—II. COASTAL REFRACTION 141 


It will be seen that the factors A differ only within (about) a 
wavelength of the coast and may be assumed to be identical in 
calculations of mixed-path attenuation where the effect of the 
discontinuity extends for many hundreds of wavelengths. On 
the other hand, even slight differences must be taken into account 
in a full study of coastal refraction. The effect is here confined 
to within a few wavelengths of the coast, and undoubtedly a large 
proportion of the refraction takes place in the first wavelength. 

It is natural to ask if there is any justification for applying the 
above expressions for the field components at distances which 
are not in accordance with the inequalities (4) and (5). The 
solution which has been obtained is not exact and does not 
completely satisfy the boundary conditions on that part of the 
land surface adjacent to the discontinuity. As a result of the 
mismatch it will contain a perturbation which may propagate 
for some distance over the sea in spite of fulfilling the boundary 
conditions there and having the correct behaviour at the coastline. 
Since coastal refraction is determined by the derivative of the 
phase, a small discrepancy in this could have an appreciable 
effect upon the angle of refraction. In Part I, however, the 
phase of a located transmitter was derived from the solution for 
a plane wave and was shown to be in remarkably close agreement 
with the more exact calculations of, for example, Clemmow.!8 
This fact gives some confidence in assuming the above solution 
to be valid right up to the coastline, but the main justification 
for so doing is based upon physical sense rather than mathe- 
matical reasoning. 

To bring out the dependence on field component, the angle 
of refraction will be determined using each of E,, H, andc i, 
and it is clear that the results will differ amongst themselves. 
There is then the problem of deciding which set (if any) has 
practical significance. 

The obvious method for attempting a measurement is to rotate 
a frame aerial about a vertical axis until a minimum or null 
signal is received. If the field is a plane wave, a null corre- 
sponds to the loop lying along the phase front of E,, a position 
which also specifies the direction of the horizontal magnetic field. 
With the present field structure, however, the horizontal magnetic 
field is elliptically polarized and there is no position of the loop 
for which the induced signal is a minimum independently of time. 
Indeed, T. L. Eckersley! has suggested that it is necessary to be 
‘several wavelengths’ from the coast (to allow the wavefronts to 
settle down) before the angle of refraction can be definitely 
measured. The field components will then have the same phase, 
but the refraction itself will be extremely small. 

In spite of these difficulties it would appear that a significance 
can be attached to a theoretical treatment in terms of either the 
vertical electric or the horizontal magnetic field. Four expres- 
sions for the angle of refraction can be obtained in this way, 
three of them by employing the deviation of phase fronts from 
their undisturbed (free-space) positions, and a formula will now 
be derived which enables the refraction to be deduced from the 
phase of any one component. 


(3.2) A Formula for the Angle of Refraction 


The incident field is a plane wave, and the horizontal sections 
of the undisturbed phase fronts are therefore straight lines per- 
pendicular to the direction of propagation. Let P(x, 0, z) be a 
point on the far side of the coastline at which the refraction is to 
be calculated, the origin of co-ordinates being at the place where 
the normal to the undisturbed phase front at P intersects the 
coast. If it is assumed that the phase is a decreasing function 
of distance (implying that increase of distance corresponds to a 
negative phase change), the undisturbed phase at P may be taken 
to be y(x cos «cos —zsinf). The phase at an adjacent 
point Q having co-ordinates (x + dx, 0, z+ 5z) is then 
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y[(x + 8x) cos « cos B — (z + 82) sin 8], and if Q lies on the 
same phase front as P, 

dz = dx cos « cot B 


Although the disturbed phase front at P is not strictly a 
straight line, each small portion of it can be treated as such. 
Let Q be that point on the same front as P for which /AXW=F/2. 
If ¢ is the total phase, the difference in phase between Q’ and Q 
is f(P) — d(Q) and hence 


QQ = —-[4) — ¢Q)] 


“red 
MY 


and 


PQ = 4/[(Sx)? + (6z)7] 


leading to the following expression for the angle Q) between the 
disturbed and undisturbed phase fronts at P: 


1 dd dd 
Q = arc tan Ee i cos? c. cot A) (= + cos « cot pxt)| 
(6) 


It will be observed that substitution of the free-space phase 
into eqn. (6) yields no contribution to Q. This result is physically 
necessary and enables us to replace ¢ by #4, where this denotes 
the phase of the appropriate factor A. But A, and therefore 44, 
is independent of z. Since cos« ~ — 1, eqn. (6) reduces to 


© = are tan ( = p Bes) 


(7) 


This will be regarded as the formula for the angle of refraction 
based upon the displacement of the phase fronts of a field com- 
ponent whose phase (relative to that of the free-space field) is ¢ 4. 
A positive value of © corresponds to refraction away from the 
normal to the coastline and in the expected direction for propaga- 
tion from land to sea (that is, from a medium of low to a medium 
of high complex refractive index). 

Although 7 is, in general, complex, the subsequent analysis 
will be carried out under the assumption that 7 is real (a pure 
dielectric earth). The expressions for Q are only applicable to 
this case, but are sufficient to illustrate the type of refraction 
produced by each of the various field components. 


(3.3) Refraction in Terms of the Component E, 
If « is replaced by 7z, eqn. (1) gives 


et n cos 28 
V/ (myx sec 8) cos B 


hat 2na/(- aa 3) 


and hence, by substitution into eqn. (7), 


$4 = 


— arc tan 


(8) 


aa 


n tan B 


Q = arc tan ae ae) 


a 2n Cos 26. Li cos 26 


/ (myx sec 8B) cosB  2yx cos 
Bye 2) |) a os 2B 
E +2n/( =) +(1 V (aryx sec B) ae) 
(9) 
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To appreciate this result it is convenient to introduce a new jj 
variable 
fo seo 


where r’ represents the distance of the receiver from the coastline } 
measured in the direction of propagation, and eqn. (9) then 
becomes 

Oe areitan 


i 2n as 2 fox I = 2 tt 
Aang 1 ear tan? 8) Zyrl(t tan? f) 


Voy") yr if : | | 
1+2 i a { = ete 

Mr" [elf [-adne-me| 

.. . . CORE 

If B> 7/4 the numerator of the fraction is always positive, | 


leading to a positive value of Q. If f is less than 7/4, however, 
the numerator changes sign when r’ = r; (say), where ff 


ac ~ tan® | 1 VC eet) | 


and is negative for r’<r, but positive otherwise. Some values a 
of r, for a pure dielectric earth with 7 = 1/3 are as follows: 
B= Oss 


“ = 0-135A 7 
B= 1577. =0-123X 

B= 30°, 7,.==0-OMA 
For r’ <r; the refraction is towards the normal on crossing | 


from land to sea and is of opposite sign to that which is expected. 
In fact, inspection of eqn. (10) shows that for very small values 


Olgas 
“an NG) 


provided that B= 7/4. Immediately the coastline is crossed the {f 
wave is refracted through an angle 7/2 towards or away from ff 
the normal according as B < 7/4 or B > a/4, respectively. If 7 
the initial refraction is negative, it rapidly decreases in magnitude jf 
and becomes positive within a distance of about a tenth of a 

wavelength; if the refraction is initially positive, it remains so. 


° 


4 M 
5 
(1) | 


Q ~ arc tan | 


(3.4) Refraction in Terms of the Component H, 
From eqn. (2) the phase of the H,, component can be written as 


1 + 9 sec By (ssp) 


| H 
4} 
}) 
$4 = — arctan (12) ¥ 
” : 
yx sec B i 
Secs) 
and the corresponding expression for Q is : : 
Sec? Biv slesces 6 i 
1+2 ~+-x i 
Q=aretan J 7 ABP eae MMC ME WARY ti) ese 3 
Vryr) ae sec? B) 2h 
ihe} x We | E Seep) | a 
c e ay i a icant | 
(13) | 


This is always positive and reduces to the same form as (0) | 
when yr’ is much greater than unity. If B is sufficiently large, 
say B > 60°, eqn. (13) is essentially equivalent to eqn. (10) for 
all values of r’, the approximation in going from eqn. (10) to 
eqn. (13) being to neglect unity by comparison with tan2 B. 
For small 8, however, the differences between the values of Q 


Lae ts? & 


i 


eo 


determined from the E,, and H,, components may be appreciable, 
\particularly at points very near to the coastline. 


(3.5) Refraction in Terms of the Component H, 
From eqns. (3) and’(7), 


sand this also is never negative. It is, in fact, the limiting form 
of eqns. (10) and (13) when yr’ is large compared with unity and 
/\1s identical with eqn. (10) when B = 77/4. 


Q = arc tan 


(3.6) Refraction in Terms of the Horizontal Magnetic Field 

. If the total field were a plane wave the direction of the hori- 
: zontal magnetic field relative to the x-axis would be given by 
tan I’ = |H,|/|H,| 


and although the assumption of a plane wave is valid in the 
present problem only at large distances from the coastline, it is 
‘clear that some measure of the refraction is provided by the 
complement of the angle [. Since 


H, = Y cos « cos? Beir cosacos @—z sin 8) A(T) 
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A(H,) 


A(H,) 


Le 


it follows that cos « cot B 


x 


and hence, from eqns. (2) and (3), 


E + anal) | [ i reap 


V(ryr’) 


For the undisturbed field [T = I’, where tan I‘ = cot f, and if 
the angle of refraction is taken to be Q = I‘ — IT, then 


E ie nal (=) J = 


[ + 2m) + E + Fe 
(15) 


V(ryr’) 
which is obviously never negative. The expression, however, is 
not easily compared with those obtained in Sections 3.3—3.5, and 
it is more convenient to rely on a comparison of numerical values. 


tan I‘ = cot B 


Q = 8 — arc tan 


tan B 


l 


(3.7) A Discussion of the Results 
The results shown in Table 2 exhibit several striking features. 


* The angle of refraction Q (measured 
(n = 3) is calculated using 


(a) the deviation of the phase fronts of Ey 


(d) the change in directi 


distance r’ (in the direction of proagation) is 


(b) the deviation of the phase fronts of Hz 
(c) the deviation of the phase fronts of Hz 
on of the horizo 


and H,, = Y sin B cos Bei cos%cos 8-2 sin 8) 4( FT) For small values of f all the four methods lead to approximately 
Table 2 
Q* 
» 
0-5 1-0 2-0 3-0 4-0 5-0 6-0 7-0 8-0 9-0 10.0 
B = 15° 
(a) 18-0 12-0 6°5 4-5 3°5 25 2-0 2-0 1:5 15 1:5 
(db) 34-0 WPS) 8-5 SD 4:0 3-0 2-5 2:0 2-0 {BGS} 15) 
(c) 26-0 15-0 8:0 5:0 4-0 3:0 2°5 2:0 2:0 1S) 1-5 
(da) 27:0 15:0 8-0 5:0 4-0 3-0 2:5 2:0 2:0 1S) 1-5 
pi— 0° 
(a) A527 0F ee 1580.9 10"One)) 7°50 6-01 23520 4-00 Some oe Ome 
(b) W700 39-0 19:0" 12-0 9-0, 7-0 5-5 45 24-0 SE Gee 3-0 
(c) S6cOla 10 160 At. —-8:0. 6:04) 65-0 45) eet On aie Simm 
(d) BSA0u SOF algOe 11.0, 8-0 ey 16:50eaeeS-O med 0:) 5 ao 0am 
p= 45° 
(a) 96:0 54-0 28-0 19-0 14-0 11-0 9-0 Hos 6:5 S195) 5:0 
(db) 149-0 74-0 35:0 DES) 16:0 12°5 10-0 82D 7:0 6:0 5°5 
(c) 96:0 54-0 28-0 19-0 14-0 11-0 9-0 os) 6:5 ao) 5:0 
(da) 96:0 56:0 29-0 19-0 14-0 11-0 9-0 Fa) 6°5 325) 5:0 
B = 60° 
(a) 259 128 61:0 39-0 28-0 21°5 Ib7/fOes 14-5 12-0 10:5 9-0 
(b) 326 157 72-0 45-0 32-0 24-0 19-5 16:0 13°5 11-5 10-0 
(c) 167 94-0 49-0 32-0 24-0 19-0 15-0 13-0 11-0 9-5 8-5 
(da) 174 99-0 52:0 34-0 25:0 19-5 16-0 13-5) 11:5 10:0 9-0 
B=78° 
(2) 4194 496 237 146 102 76:0 60-0 49-5 40:5 34-5 30-0 
(b) 919 575 260 182 112 83-0 65-0 SYI05) 43-5 37-0 32:0 
(c) 359 212 109 71:0 52:0 40:5 33-0 DIS 23:5 20:5 18:0 
(ad) 323 169 94-0 63:0 46-0 37-0 29-5 24:5 21-0 18:0 16:0 


in minutes) for a purely dielectric earth 


(Section 3.3), 

(Section 3.4), 

(Section 3.5), 

ntal magnetic field (Section 3.6): the 
measured in wavelengths. 
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the same value of Q at points more than half a wavelength from 
the coast. As B increases the methods (c) and (d) continue to 
be in agreement, but (a) gives values less than, and (5) values 
greater than, these for small values of r’. When pia 45°, 
methods (a), (c) and (d) yield almost identical results. For 
larger values of B, (a) and (b) are in agreement, as are (c) and (d), 
but the former pair give results considerably in excess of the 
latter. This difference becomes more pronounced as f increases. 

It should be remembered that r’ is the distance from the coast- 
line measured in the direction of propagation, and for large values 
of B, even quite large values of r’ correspond to points still in 
the immediate vicinity of the coast; e.g. if B = 75°, r’ = 10A is 
equivalent to a normal distance of only 2:6X. Moreover, for 
large values of 6, exceeding 60°, say, the accuracy of the solution 
(see Part I, Section 3.3) decreases rapidly with increasing values 
of 8. It would therefore be unwise to attach great significance 
to the above results for B = 75°. 

No explanation can be discovered for the anomalous behaviour, 
very near to the coast, of Q found by method (a). It may be due 
entirely to the approximate nature of the solution, for in reality 
there is little justification for applying it when x is less than 
(about) a wavelength. Nevertheless, the above calculations 
suggest that the solution remains valid to within a wavelength of 
the coast, the values of (2 being in reasonable agreement, as 
regards order of magnitude, with the more reliable experimental 
measurements. 


(4) THE TRANSMITTER AT A FINITE DISTANCE FROM 
THE COAST 

A discussion of coastal refraction based entirely upon the 
solution for a plane wave is only appropriate to the case in which 
the transmitter can be assumed to be at infinity. When the 
transmitter is at a finite distance, a similar treatment is possible 
in terms of the solution for a point source, and this will now be 
followed through. 


(4.1) A General Expression for Q 


The transmitter is taken to be a vertical electric dipole situated 
over land and at a large but finite distance from the coastline. 
If its height yg is in accordance with the inequalities [Part I, 
eqn. (9)], the approximate technique described in Part I, Section 5, 
is applicable, and for a receiver on the surface of the sea the 
solution reduces to the form 


2yolro einl4 2yRr’\ | EIR 
Tee Te 7) ( : ) 
Yolrg +7 Vn ro yR 
[see eqn. (18) Part I], where rj and r’ are the distances of the 
transmitter and receiver, respectively, from the point at which 
the direct ray crosses the coast. The angle which this ray makes 


with the normal to the coastline is denoted by f. 
Using eqn. (16) the modification to the free-space field is given 


by the factor 
estl4 2yRr’ 
A=/1 n le 
| tye re )| Oey, 


and since yo does not occur explicitly in this expression, all 
dependence on yo having been absorbed by the ‘effective’ height- 
gain function (Y9/r9)/(Vo/r9 + 7), it is reasonable to suppose that 
eqn. (17) will also be valid for a ground-level transmitter. 
Although it will be assumed that this is so, it is not essential 
for the purposes of the analysis, and, indeed, to take yy 40 
merely seryes to complicate the results, the magnitude of the 
refraction being virtually unchanged in view of the restrictions 
upon yo imposed by the conditions [eqn. (9) Part I]. 

The angle of refraction will be calculated from the deviation 


(16) 
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of the phase fronts of E,, this being the only field component 
readily available. A formula for Q in terms of the rate of change 
of phase with distance from a point source can be obtained in a 
manner directly analogous to that for a plane wave, and bearing 
in mind that the horizontal sections of the undisturbed phase 
fronts are now circles centred on the transmitter instead of 
straight lines perpendicular to the direction of free-space propaga- 
tion, it can be shown that 


(18) 


Q = arc tan 


- 5) we 


where ¢, is the phase of the factor A, and R, f are independent (; 
polar co-ordinates referred to the transmitter as origin. A 4) ' 
similar formula has been employed by Feinberg.® 

To determine Q it is necessary to consider the variation of D 
phase with angle 8. Let / be the normal distance of the trans- 
mitter from the coast. : 


Then ro.= 1 sec'B 
and r’ = R—IsecB 
ar ein l4 sl R 
giving A= {! + Ee Ee cos B — 1) |} 
Hence 


1 


1+2n v|rR(F cos B — 1) | 


(19) i, 


i) —" _ arc tan 
4. Grd 


and since R, f are the only variable co-ordinates, eqn. (18) can ae 


now be used to provide an expression for Q in the form 


tan B 1 


Q = arc tan 


ac Sa ee 
4yr yRr’ 1 mr 
l+y ( -) io (=) 
Tro 27 V \yRr 
(4.2) The Nature of the Refraction 
It is clear that the above expression can never be negative, and 


the refraction is therefore away from the normal on crossing # 


from land to sea. This is true even at points near to the coastline. 8 
In fact, for positions of the receiver such that r’ < A/10 (say) the } 
term [1 + 7\/(yRr’/7r¢)] can be neglected by comparison with | 
1/2n\/(mrlyRr’) to give 


x 7 tan B i 
Q, ~ arc tan aoe | (21) ¥ 


from which it would appear that the refraction at the coastline 
is 7/2 for all non-zero values of 8. In contrast with this, the 
same method of derivation applied to the solution for an incident 
plane wave gave an initial refraction of +7/2 according as 
B2zar/4. i 
Egn. (20) can be used to study the nature of the refraction as 4 
the receiver moves away from the coast. Commencing with a 4 
value 77/2, the angle first decreases at a rate proportional to Jr’. I 
When the approximate form of eqn. (21) is no longer applicable, 
a comparison of the relative magnitudes of the terms in eqn. (20) 
shows that the further decrease of Q is primarily due to the factor 
1/r’. Finally, at large distances from the coast, say r’ > 40A,_ | 
eqn. (20) can be simplified by neglecting [1 + 1/2n/ (arolyRr)} | 
compared with n/(yRr’/zr), - 


©. ~ arc tan fe my (5) 
4nyr yRr’ 
which decreases as (r’)— 3/2, Under most circumstances, however, 


Q will have become effectively zero before eqn. (22) may be 
applied. 


and then 


(22) 4 
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Fig. 2.—The angle of refraction for a point source as a function of the 
radial distance from the coastline. 


In Fig. 2 the refraction Q is plotted against r’ for the five 
angles 8 = 15°, 30°, 45°, 60° and 75°, the case considered being 
that of a transmitter above a pure dielectric earth (7 = 4) and 
at a normal distance of 300 wavelengths from the coast. 
Eqn. (20) has been used in the calculations. The rapid decrease 
ef Q with increasing r’ is clearly shown, and for all except the 
iargest values of f the refraction is negligible at r’ = 10A. 

Comparison of the results with those obtained from the solu- 
tion for an incident plane wave reveals an almost complete 
agreement with the calculated values based upon the deviation 
of the phase fronts of H,. The relevant expressions for Q are 
also similar, as may be seen by writing eqn. (20) in the form 


tan B VG) 
V(aryr’y ry |2 
: [ sh anal (Oe )| iy 


This is identical with eqn. (14) if +/ (ro/R) is replaced by unity, a 
valid approximation for rg > r’. 

At first sight the agreement is a little surprising, for it would 
seem more natural to expect a correspondence between the two 
equations based upon the component E,. We recall, however, 
that the solution for a point source was given in terms of E,, 
the expression for which was approximated in such a way as to 
be analogous to that for the component H, of the line-source 
solution. This has the effect of removing those features charac- 
teristic of a component £, (one of which is the infinity at the 
boundary) and impresses upon £, the form and behaviour of a 
component H,. The change is immaterial at points more than 
a wavelength from the coast, since there H, ~ YE,, and in 
particular the rates of change of phase with distance are the same 
for both components, a fact which is reflected in the values of 
shown in Table 1. But in the vicinity of the coast the com- 
ponents are of essentially different form, and to apply the approxi- 
mation here merely converts the expression for E, into one for H,. 

Although there is doubt as to the validity of the analysis when 
x <X, a possible failure of the solution in this region is not of 
great practical importance. The refraction here depends critically 
en the manner in which it is defined, and any measurement would 
therefore require the isolation of one field component, a procedure 
which may not be feasible in view of the complicated field struc- 
fare near to the coast. Furthermore, any actual coastline is 
Ikely to differ appreciably from that which has been assumed, 
 #5e transition from land to sea taking place gradually, and a 
. model in which the change-over is abrupt would then be inappro- 


Q = arc tan (23) 


priate. Nevertheless, if an expression has to be obtained for 
the angle of refraction immediately beyond a sharp discontinuity, 
there is more justification for employing the approximate solution 
for a plane wave rather than that for a point source: in fact, it 
would appear that the simple solution for a plane wave provides 
a theory of coastal refraction of quite sufficient accuracy for most 
practical purposes. 

One other feature of the above formulae has still to be con- 
sidered, and that is the dependence of Q upon the angle at which 
the field is incident. From eqn. (20), 


tan Q oc tan B 


the constant of proportionality, «, being a function only of r’ and 
ro. This relationship is illustrated in Fig. 3, in which the angle 
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Fig. 3.—The relation between Q and tan f [egn. 20]. 


of refraction (in radians) is plotted against tan 8 for different 
values of r’.. Since tan Q ~ Q, the resulting curves are straight 
lines passing through the origin, typical gradients being as 
follows: 

r =), x =0-0157 

r’ = 3A, kK = 0-0055 

r’ = 5); x =0-0031 


Some experimental confirmation is furnished by a series of 
measurements of coastal refraction obtained at a direction-finding 
station on Cyprus, reported by T. L. Eckersley.! The wave- 
lengths employed were between 800 and 1 100m and the receiver 
was ‘within a mile’ of the coast. It was found that the angle of 
refraction was roughly proportional to tan f, the gradient of the 
mean straight line being 0-019. In view of the variation with 
bearing angle of the radial distance of the receiving station from 
the coast, the agreement with the present theory is surprisingly 
good. 


(5) FURTHER EXAMPLES 

The preceding Sections have been devoted to a study of coastal 
refraction when the propagation is from land to sea. The 
formulae given are only applicable to this case, the restriction to 
a transmitter over the land being one which is imposed upon the 
technique for dealing with propagation over a mixed path by the 
model assumed for the discontinuity. 

The corresponding problem of a transmitter over the sea may 
be treated using an alternative model in which an imperfectly 
conducting sheet represents the land medium. The solution for 
a line source on the basis of this model was outlined in Part I, 
Section 6, and if the modifications appropriate to a point source 
are carried out, we have [from eqn. (21) Part I] 


4a [iF | 


(24) 
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This is valid under the assumption that R ~ ro, and for simplicity 
the factor rj/R will be replaced by unity. Eqn. (24) then becomes 


ves i 2 anv BYR caylee pit (25) 


7 


leading to the following expression for the angle of refraction: 
__ tanB 1 
+a © 
7 2n yr’ 


In this the denominator is positive for all real values of » and 
r’; the refraction is therefore negative, i.e. towards the normal, 
and is in the required direction for propagation from sea to land. 

The above equation is similar to that given in Section 4.2, and 
though it will not be studied in detail, two particular cases may 
be noted. At points far from the coastline, 


Q. ~ arc tan |- ee) er ae) 


[cf. eqn. (22)], whilst for positions of the receiver very near to 
the coast (say r’ < A/10), 
y tan B | 


Q ~ arc tan eS 


and comparison with eqn. (21) shows that the refraction is then 
exactly half that found for propagation in the reverse direction. 

All the formulae so far obtained have been for a transmitter 
which is far from the coast and a receiver which is relatively near, 
but by virtue of the reciprocity condition the solutions must also 
be applicable to the case in which the positions of the transmitter 
and receiver are interchanged. As an example, consider 
eqn. (26). Ifr’ and f are replaced by rj and 7 + B respectively, 


tan B 1 
Le Y / 
Ayr pl 2S) ie Pal a chee 
7 2n yro 

and this represents the coastal refraction at a distant receiver, the 
transmitter being over land and near to the coast (rj < R). It 
is independent of r’, and providing the transmitter lies in the 
coastal region, is non-zero for all positions of the receiver, 
leading to a permanent directional error persisting even to 
infinity. This residual effect is a direct consequence of coastal 
refraction, and in spite of its obvious importance in connection 
with the siting of direction-finding stations, it does not appear to 
have attracted much attention. A similar result holds for a 
transmitter near to the coast and on the seaward side of it, as 
may be seen by applying reciprocity to eqn. (20). 

Finally it must be emphasized that the analysis contained in 
the paper is based on the assumption of a pure dielectric earth, 
and if 7 is not real the formulae will be completely changed. 
Thus, if the frequency is sufficiently low for arg 7 to equal 7/4, 
the equation corresponding to eqn. (26) is 


Q. = arc tan 


(28) 


Q = arc tan 


(29) 


tan B 1 
Q = arct Ep eitag 2S ei a RS ae ees a, 
oe 2yr’ 2yr’ 1 7 ey 
nl) + al Gee) 
7 |7)| 2yr 
and is valid for a transmitter far out over the sea. Such fre- 


quencies have been considered by Furutsu,!2 whose general 
expression for {2 can be reduced to manageable proportions 
providing the transmitter is over land and near to the coast. 
Application of reciprocity to his result leads to a formula which 


is identical to eqn. (30) when this is approximated by taking 
2yr’ < mI|n|?. 


(6) CONCLUSION 


In spite of the renewed theoretical interest in coastal refraction, 
there is still a notable lack of reliable practical data, and most of 
the measurements which do exist have been obtained incidentally 
in the course of other work. Consequently the coastlines have 
not been selected especially for an investigation of refraction, and 
generally the influence of relief has been such as to outweigh 
by far any effects arising from the change of conductivity. In 
presenting a simplified treatment of coastal refraction it is realized 
that some of the theoretical assumptions are open to question, and 
the value of the theory for practical purposes can only be assessed 
by a comparison with the results of experiments more specifically 
designed for a study of these effects. 
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SUMMARY 
Strain-energy methods have been used to study the mechanical 
behaviour of cat’s-whiskers in semi-conductor devices, and the con- 
dition for zero HOES contact pressure and deflection has been 


expressed in the form {2 dl = 0, where x and y are parameters 


which define the shape of he whisker and J is the moment of inertia 
of the whisker cross-section. For wire whiskers this is equivalent to 


L . 
[oa =0. The theory is perfectly general, and can be applied to 


sine whiskers of any shape. Formulae have been derived for cal- 
culating components of pressure and deflection parallel with and normal 
to the crystal face. Experiments on large-scale whisker models have 
shown close agreement with the theory. 


(1) INTRODUCTION 


The continuing interest in the crystal detector, after 25 years 
of development in radio and radar techniques, has kept the 
so-called ‘cat’s-whisker’ in the limelight. In the early days of 
broadcasting much of the interest derived from the absorbing 
task of finding a ‘sensitive spot’? on a sparking crystal whose 
rugged contours ensured good mechanical stability at the point 
of contact. It is not generally realized that the stark smoothness 
of the modern crystal presents an equally absorbing problem to 
the designer of semi-conductor diodes, who has to ensure stability 
of the whisker at its point of contact on the crystal. 

In semi-conductor crystal development attempts have been 
made to secure better electrical characteristics by using crystal 
surfaces of exceptional smoothness, and thus with low coefficients 
of friction. It is therefore a problem of practical importance to 
design whiskers which do not produce a transverse component 
of contact pressure, since transverse forces will tend to cause 
the whisker to skid on the crystal surface. This problem can be 
solved by strain-energy calculations, and the theoretical results 
can be tested by measurements on large-scale models. The 
calculations are developed from basic theorems which can be 
found in textbooks on strain-energy methods. * 


(2) GENERAL THEORY 

A hypothetical plane cat’s-whisker of unspecified shape is 
shown in Fig. 1. The whisker is securely fixed to a rigid support 
at F and makes contact with a plane semi-conductor crystal 
surface at O, the planes of the whisker and the crystal being 
mutually perpendicular. It will be convenient to take co-ordi- 
nate axes X and Y through the contact point O, parallel with and 
normal to the crystal surface and in the plane of the whisker. 
The shape of the whisker can be defined in terms of the co-ordi- 
nates (x, y) of points on the whisker. 

Pressure is applied by a movement of the point of contact O 


* PrpparD, A. J. S.: ‘Strain Energy Methods of Stress Analysis’ (Longm: G 
London, 1928), pp. 19-22. cesar Ss 
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Mounting 
Point 


Fig. 1.—Forces acting on whisker. 


relative to the mounting point F. The movement is usually 
normal to the crystal face, and the whisker is usually normal to & 
the crystal at the point of contact, but these are not necessary — 
conditions and will not be accepted as restrictions in the general 
development of the theory. 

The shape of the contact point of the whisker (e.g. ellipsoidal, J 
hemispherical, oblique cut, etc.) may have some effect on the ~ 
limiting value of friction, but it is unlikely that any practical — 
shape of whisker point would have the effect of introducing an 
angular constraint between the whisker and the crystal in the 
plane of the whisker. It will therefore be assumed that all types 
of contact point can be regarded as being equivalent to a freely — 
pivoted joint. Ina practical case this assumption will be justified fh 
if the solution leads to a transverse pressure component which is _ 
less than the limiting frictional value for the type of contact point — 
in use. 

The forces in the whisker at a general point G, at which the 


piu makes an angle 0 with the X-axis, are the axial force, | 


P,, the shear force, Q,, and the bending moment, M,. The 
forces acting on the whisker at the point of contact ‘are the 
transverse force, F,, and the normal force, F,,. 

By examining the equilibrium of the section OG of the whisker |; 
these forces can be related in the following way: af 


P, = £,sin 0 + F, cos 0... i... 2 yom “4 
OQ, = FJ sin. 0 — FE. cos Uae ere mo) | 
Mi FX, = Fy, se 


It is now necessary to introduce symbols dealing with the ; 
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| cross-section dimensions and mechanical properties of the 
\ whisker, namely 


= Moment of inertia of whisker cross-section. 
A = Area of whisker cross-section. 

L = Total length of whisker contour. 

£& = Young’s modulus. 

N = Rigidity modulus. 


The strain-energy expressions derived from eqns. (1)-(3) are 


f 1 ("P2 
ompression: U, = aR dl 


v6 
1 J : 
= sz | 4h, sin? + F,cos6)?dl . (4) 


Shear: 
1 nO 2 
rie sin, Oi Fr cos.0)*dk 2) 5) 


Bending: 


pg ly laser (0) 


In most practical designs of whisker the strain energy due to 
‘bending will be much greater than the other two. For simplicity, 
‘\the strain energies due to compression and shear will therefore 


Total strain energy = U ~ — ae —(Fx — Fiy)*d-- . @) 


» Castigliano’s first theorem can now be applied to give the 
‘deflections of the contact point C under the action of the applied 
“forces F,, and iy: This theorem states, ‘The partial differential 
icoefficient of total strain energy expressed in terms of the external 
loads, with respect to one of the external loads, is the movement 
of that load in its line of action.’ Hence: 


LW Ey — FX) 
Be tcn | So agg 


TOF E 
0 
is ze 
Bae Pe xy 
ee ee | eee | cleo Bateemrs oom ss 
| nice 18; Ts @) 
0 0 
WwW 1 ( x(Fx— F,y) 
ee eat 
Deflection 6, oF, al = 
0 
L c 
Fog a| ie Hee los XY 
——— a <= — . . . . 9 
2 | i # | ae ) 
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(4) CONDITIONS FOR ZERO TRANSVERSE FORCE AND 
DEFLECTION 
The condition for zero transverse force and zero transverse 
“Hlelection at the contact point are independent and may be 
‘vatisfied independently or simultaneously. The three cases will 
we dealt with separately. 


149 


(3.1) Condition for Zero Transverse Force 
This is obtained by inserting F, = 0 in eqns. (8) and (9), thus 


ac al (10) 
as x? 
8, = pl! (11) 
0 
This can be expressed in a single equation 
a; 
| dl 
5 if 
SEP a Sey Been eee 


For crimped wire whiskers, in which J is constant along the 
entire length, the condition is 


fi 
xydl 
cara 
eo _ (12a) 
¥ 
| x?dl 
0 
(3.2) Condition for Zero Transverse Deflection 
This is obtained by inserting 5, = 0 in eqn. (8); 
a3 Ya 3/3 al =0 
[ 21 
F Ti 
Therefore = (13) 
rf Bary 
vA 


For crimped wire whiskers, in which J is constant along the 
entire length, the condition is 


. (13a) 


(3.3) Condition for Zero Transverse Force and Zero Transverse 
Deflection 


The simultaneous condition is given by putting 6, =O in 


eqn. (10); 
Cc ho 


This result can also be obtained by putting F,. =U in eqn. (13). 
The corresponding condition for a crimped wire whisker in 
which J is constant along the entire length is 


18 


| ao. 


0 


(14) 


(14a) 
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(4) PHYSICAL INTERPRETATION OF THEORY 


Up to this point the theory is perfectly general and can be 
applied to plane whiskers of any shape. For a whisker of any 
specified shape it is now possible to calculate components of 
pressure and/or deflection, parallel and normal to the crystal 
face. Conversely, it is possible to specify conditions which the 
configuration of a practical whisker must satisfy if zero transverse 
force and/or deflection is to be observed. * 

The following general conclusions can be drawn. 


(4.1) Condition for Zero Transverse Force 


In the preamble to the theory it was stated that the movement 
of the whisker relative to the crystal, by which contact pressure 
is produced, need not necessarily be normal to the crystal face. 
Eqns. (12) or (12a) define the direction of movement which will 
result in zero transverse force. Only in special circumstances 
(described in Section 4.3) will this direction be normal to the 
crystal. 


(4.2) Condition for Zero Transverse Deflection 


This is the condition commonly encountered in practice on 
devices in which contact pressure is produced by moving the 
whisker normal to the crystal face. Eqns. (13) or (13a) show 
that in the general case there may be a transverse component of 
contact pressure. The equations define the ratio of the normal 
and transverse components of pressure. 

It is obvious that the transverse component of force will be 


L 
negligible only if the integral | “al is zero, or small relative to 
0 


E 


2 
the integral | “dl With in-line single-crimp whiskers of the 
0 
Le YZA 
MY 


(d) 


Fig. 2.—Types of crimped whisker. 


(a) In-line single crimp. 


i (c) Symmetric double crimp. 
(6) Out-of-line single crimp. : 


(d) Corrected double crimp. 


types shown in Fig. 2(a) the product xy will not change sign 
L 
within the range of integration, and the integral | ~dl must 


therefore be finite. Consequently, single-crimp ahictere must 
produce a transverse component of contact pressure, and the 
effect will, of course, be more pronounced with short stubby 
whiskers. 


* British Patent Application No. 18702, 1955. 
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An exception to the rule for single-crimp whiskers is the out-of- 
line single-crimp whisker shown in Fig. 2(5), for which the product 
xy will change sign where the whisker contour crosses the Y-axis. 
Whiskers of this type are, effectively, double-crimp whiskers and 
should be treated as such. 

In double-crimp whiskers, such as that shown in Fig. 2(c), the 
product xy changes sign in the middle of the range of integration 


fe 
and so the integral ( “al can have a small value and may be | 


0 : 

zero if the whisker is suitably proportioned. Consequently, 
double-crimp whiskers will, in general, produce a smaller trans- 
verse component of pressure than single-crimp whiskers. 


(4.3) Condition for Zero Transverse Force and Zero Transverse 
Deflection 


The condition expressed in eqns. (14) and (14a) is the ideal } 


one for zero transverse force on a whisker whose pressure 
is applied by a movement normal to the crystal face. The 
equations may be interpreted in the following way. For the 


je 

< x ; 

integral | “dl to be zero, either x or y, or both, must change 
0 

sign within the range of integration, i.e. a crimped whisker must 


be double-crimped, and a cantilever whisker must at some 
portion drop below the level of the crystal face. Furthermore, 


eqn. (14a) shows that in a double-crimped whisker the crimp §& 
nearest the crystal should have larger x-dimensions to compensate 
for the larger y-dimensions of the second crimp, as shown in 


Fig. 2(d). Eqn. (14) expresses a similar condition for cantilever 


whiskers, in which the cross-section of the whisker is also t 


involved. 


The ideal condition should not be difficult to achieve in practice - & 


in either the crimped or the cantilever types of whisker. 


(5) DEFLECTION FORMULAE 


The conditions for zero transverse force and/or zero transverse 
deflection having been defined in eqns. (12)-(14), the basic deflec- — 


tion formulae (8) and (9) can be modified to suit each special case. 


In devices in which pressure is applied by a movement of the — 
whisker normal to the crystal, 6, = 0 and the relation between 4 


F,, and F, is defined in eqn. (13). In this case 


For the ideal design of whisker, which satisfies the eqn. (14), | 


F,, = 0 and 6, = 0, and the deflection formula becomes 


L 
Wee ees 
=F | dl 


0 


(16) 


When the formulae are applied to crimped wire whiskers on. 
which J is constant along the whole whisker length they are 


modified as follows: 


L iz 
F 
General case: 6, = a| y*dl.— Z| xydl (8a) 
0 
F je F on 
8, = Z| x?dl — zi | xydl (9a) 
0 0 
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Zero transverse deflection: 


L 2 
P @ xydl 
aes F, 2 0 
ea | ed oe (15a) 
0 | ydl 
0 
rt 
Ideal case: Se a 2 
ase ie z| x2dl (16a) 
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(6) EVALUATION OF INTEGRALS 


Methods have been devised to simplify the evaluation of the 
| definite integrals in actual design problems. With crimped wire 
whiskers the integrals to be calculated are < 


if L re 
| 2a | va and i xydl 
0 0 0 


Practical whisker shapes can be treated as a series of straight 
' lines and circular arcs, and the ees can therefore be taken 
i ar stages: 
ly 13 


ly 
f(x, y)dl + | F(x, y)dl + | Fe a on (17) 
nN 


ln 


[A (x, ydi = 


0 


where /;, />, /3, etc., are the lengths of whisker contour from the 
contact point to points of tangency and inflection. All that is 
required, therefore, are formulae for evaluating the integrals for 
a straight line and for a circular arc at a general position in the 
( co-ordinate field. 

\ The general case of a straight line is illustrated in Fig. 3(a). 
) The line of length A connecting the points M and N makes an 
}; angle % with the X-axis. 

Freedom equations for the line are 


X =X», +Acos % (18) 


(19) 


From these equations the integrals can be evaluated as follows: 


[n—*[ y+ Gemve toe y] co 


[ra = vl Pn)! alt C) sin & + : sin? ‘| (21) 
in 


_ \3(/Xm¥m , Xm sin’ + y,,cos% _ sin pcos pb 
| xydl 3( mr 7 + ee). 22) 


V= Vn + Xsin fs 


“in 


The general case of a circular arc is illustrated in Fig. 3(d). 
1 Phe arc PQ has a centre of curvature C and radius p and the 
‘terminal radii CP and CQ makes angles ¢, and ¢, with the 
) X-axis. 

Freedom equations of the arc are 


x =x, + pcos ¢ (23) 


=y, +psing (24) 
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(a) 


(6) 


Fig. 3.—Evaluation of integrals. 


(a) Straight line. 
(6) Circular arc. 


From these equations the integrals can be evaluated as follows: 


i dl = | (B+ 5) ty a) 


: Sin ¢, — sin ¢,) + (sin 26, — sin 24 | (25) 
lq 
y-dl =p | (G+ (bq — p) 
| ea=e|G+a)e-4 
2 (cos $, — cos $,) — i (sin 26, — sin 24.) | (26) 
l 
[ xydl =p EG =.) “e(cos Pg — COS Pp) 
p p 
+ “A¢sin oy Sin) — jfeos 26, — COS 24 | (27) 


The equations given are all in a convenient form for easy 
numerical evaluation of the integrals. 

It is not possible to give general formulae for dealing with 
cantilever whiskers, in which there may not be a simple relation 
between J and J. Whiskers of this type should be dealt with by 
calculating the section moment of inertia, J, and the co-ordinates 
(x, y) at a sufficient number of points to enable a graph of the 
functions to be plotted. A planimeter can then be used to 
evaluate the integrals by measuring the areas under the curves. 
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(7) PRACTICAL APPLICATIONS OF DESIGN THEORY 


The transverse component of contact pressure expressed as a 
percentage of the normal component of pressure, has been 
calculated for the typical shapes whose dimensions are given in 
Figs. 4(a), 4(b) and 4(c), and the results are given below. 


Single-crimp [Fig. 4(a)] . we a 22:0% 
Symmetric double-crimp [Fig. 4(b)] 8: Ey 76% 
Corrected double-crimp [Fig. 4(c)] oe se PIHIE 


The dimensions of the corrected whisker shown in Fig. A(c) 
were arrived at by the approximation x,»; = x2¥2, which is 
je 


far from being an exact solution of iF xydl =0 (x;, y; and 


Xp, Y2 are the co-ordinates of the corners of the two crimps). This 
whisker is actually slightly overcorrected. If necessary, an exact 


ih LL 


t 


Fig. 4.—Dimensions of whiskers. 
(a) Single crimp. 
(6) Symmetrical double crimp. 
(c) Corrected double crimp. 


solution could be arrived at by graphical interpolation of several 
trial calculations. 

To summarize, the calculations show that single-crimp whiskers 
will produce a high transverse component of contact pressure, 
which can be reduced by using a double-crimp whisker of similar 
dimensions. Transverse pressure can be reduced still further (to 
zero if necessary) by a suitable reduction of the size of the crimp 
furthest from the crystal. 


(8) EXPERIMENTAL RESULTS 


Delicate measurements on actual-size whiskers were avoided 
by constructing the large-scale whisker model shown in Fig. 5. 
The model, consisting of +in square-section steel bars connected 
by clamps designed to allow length-wise adjustment without loss 
of angular rigidity, was erected vertically to a height of approxi- 


Fig. 5.—Large-scale whisker model. 


mately 24in on a rigid base, which represented the mounting 
point of the whisker. The top end of the uppermost limb repre- 
sented the point of contact with the crystal. 


Contact pressure normal to the face of the crystal was simulated — 
by placing a weight on a collar at the top of the model. The 


| 
. 
| 
| 
f 
| 
| 


transverse component of contact pressure was simulated by the 


| 


i 
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tension in a thread attached to the top of the model and pulling 
horizontally to one side. Suitable arrangements were made for 
measuring this tension. Vertical and horizontal deflections at the 
top of the model were observed with a measuring microscope. 
Single-crimp, double-crimp, and corrected double-crimp 
arrangements were tested. Deflections were measured at zero 
transverse load, to test the deflection formulae (10)-(12), and also 
formula (14) in the special case of the corrected whisker. The 
tension in the thread required to restore the transverse deflection 
to zero was measured, to test eqns. (8) and (13). The vertical 
deflection under these conditions was measured to test ean. (9). 
In this way all aspects of the theory were thoroughly tested. 
These experiments confirmed theoretical predictions of the 
general behaviour of crimped whiskers, namely that double- 
crimp whiskers produce less transverse pressure than single- 
crimp whiskers, and that a suitable reduction in the size of the 
second crimp reduces the transverse pressure component to zero. 
Discrepancies between theoretical and actual values ranged up 
to 20%. Statistical analysis of the experimental data showed 
that these discrepancies had a high degree of significance, and 
an examination of the experimental procedure showed that they 
could be accounted for to a large extent by defects in the experi- 
ments (e.g. the distributed weight of the whisker model which is 
aot taken into account by the theory, was appreciable compared 
with the applied load). In present practical devices, the dis- 
‘tributed weights are insignificant compared with the applied 
pressures. This does not discount the theoretical basis, but 


indicates that the experimental work may not apply to practical 
conditions. 

It was concluded that the experiments were in sufficiently close 
agreement with the theory to justify using the theory for design 
purposes. There is good reason to believe that the theory is 
valid for plane whiskers of any shape, either in the form of 
crimped wires or cantilevers. 


(9) CONCLUSIONS 
The principal conclusions can be summarized as follows: 


(a) A general theory of contact pressures and deflections of plane 
whiskers has been developed, and formulae for calculating deflections 
have been derived [eqns. (8) and (9)]. 

(6) The theoretical conditions for zero transverse contact pres- 
sure and/or zero transverse deflection have been determined 
[eqns. (12)-(14)]. 

(c) A theoretical study of crimped whiskers has shown that 
double-crimp whiskers have generally less transverse contact pressure 
than single-crimp whiskers, and for zero transverse contact pressure 
and deflection a double-crimp whisker with unequal crimps is 
required. 

(d) The general behaviour of crimped whiskers, as predicted by 
theory, has been confirmed by experiments with a large-scale whisker 
model. 
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SUMMARY 


A simple method is presented for the rapid calculation of cyclic 
rating factors for cables laid direct in the ground and cables in ducts. 
The method may be applied without difficulty even in the case of 
complicated load curves, but for single-peaked load curves the calcula- 
tion is especially simple. Tables of relevant functions are included as 
are additional tables of parameters for cables conforming to B.S. 480: 
1954. Examples are given illustrating the ease and speed of the 
proposed method, together with the variation of cyclic rating factors 
with soil thermal constants. 


LIST OF SYMBOLS 

a,, = Symbol defined in Section 6, given numerically 
by Tables 1 and 2. 

d = Outside diameter of the cable. 

f = Group rating factor for cables laid direct in 
the ground. 

g = Soil thermal resistivity. 

k = Ratio of outer cable temperature rise to core 
temperature rise, under steady conditions, 
for an isolated cable. 

k = Value of k in the presence of remaining cables. 

! = Depth of the axis of the cable below the ground 
surface. 

n = Number of cores per cable. 

p = Constant proportion of peak load persisting for 
the remainder of a peaked load cycle, as 
defined in detail in Section 6. 

t = Time, seconds. 

A = Symbol defined in Section 3. 

B = Symbol! defined in Appendix 11.1. 

D = Thermal diffusivity of the soil. 

G’ = Internal thermal resistance between each core 
and sheath of each cable. 

G, = External thermal resistance of a single cable, 
or of one cable of a group. 

G; = External thermal resistance of a cable whose 
outer diameter coincides with the inner duct 
wall. 

G, = External thermal resistance of one cable of a 
group. 

G; = Thermal resistance of filling material between 
each lead sheath and armouring for an 
S.L.-type cable. 

G, = Thermal resistance of the protective covering 
over the lead sheath of each cable, i.e. 
bedding, serving, etc. 

G, = Thermal resistance between the outer cable 
surface and the inner duct wall. 

P = Losses per unit length of cable. 

O = Quantity defined in Section 3. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

The paper is based on Report Ref. F/T184 of the British Electrical and Allied 
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Q’ = Symbol defined in Section 3. 
S = Thermal capacity of the cable. 
T = Time, hours. 

T,, T, = Times in hours, defined in Section By, 

Yo, Yj,..-, ¥23 = Magnitudes of the appropriate hourly rect- @ 
angular pulses into which the square of the & 
daily cyclic load is decomposed. Each of | 
the Y’s is expressed as a fraction of their 
maximum value. 

a«(T) = Ratio of transient outer cable temperature rise | 
to steady-state outer cable temperature rise. — 

BCT) = Symbol defined in Appendix 11.1. 

0(T) = Transient core temperature rise of a cable at a 
sufficiently large time T hours after the appli- 
cation of a step function load for the effect 
of the thermal capacity of the cable to be 4% 
negligible. i 

A = Sheath loss factor. a | 
A, = Armour loss factor. 


(1) INTRODUCTION 


Published tables of current ratings (maximum permissible cur- 
rents) for British Standard cables are based on the continued § 
application of a constant alternating or direct current. In & 
practice the maximum load is usually applied only for a limited & 
time, and the maximum current may then be increased without 
the maximum permitted conductor temperature rise being 
exceeded. Such increases in current rating, where the applied | 
load is cyclic, are given by cyclic rating factors. The range of | 
cyclic rating factors available until recently has been rather [ff 
limited,!-*»3 although relevant formulae have been well 
known,” 34> as has been the use of an analogue computer for 
making the necessary calculations.® 

Four recent papers’ 891° describe the contribution of a 
working group of the American Institute of Electrical Engineers, 
on the subject of cyclic loading of pipe-type cables and buried 
lead-sheathed cables. The first of these covers ground mainly 
common to the remaining three, whilst each of the latter recom- 
mends a different procedure, the difference between the final | 
results being negligible in view of the uncertainties regarding the }{ 
thermal constants involved.'! Only rectangular and sinusoidal | 
loss cycles are covered®-? by methods appropriate for routine | 
application, complicated loss cycles being treated by tedious 
superposition methods.® 10.5 ff 

For sinusoidal loss cycles the American methods provide areal | 
advance in the rapid calculation of cyclic rating factors. The 
scope of immediate application is limited to load cycles of 
minimum loss factor 0:3. This is presumably because the effect | 
of the thermal capacity of the cable itself is omitted from the 4 
calculation, and this effect became important at loss factors 
lower than 0-3, especially for large-diameter pipe-type cables. 
It is of interest to note that the experimental results used to check 
the calculations are those of an early E.R.A. report.!2 

The American work is put forward with application limited 
to cables laid direct, the cyclic ratings for ducted cables based on 
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a large number of field measurements having been published 
earlier in that country.” !3 

The present paper describes a new, simple and rapid method 
for the calculation of cyclic rating factors which may be applied 
without difficulty even in the case of very complex load curves. 
When the load curve assumes the form of a constant current for 
one portion of the cycle and a different constant current for the 
remainder of the cycle, the calculation becomes especially simple. 
Examples are given of the application of the method to cables 
jaid direct in the ground and to cables in ducts. 

In the body of the paper, the effect of the thermal capacity of 
the cable itself is assumed negligible as is usually the case. In 
Appendix 11.1 it is shown how this factor may be taken into 
account if desired, with little consequent increase in the amount 
of calculation. 


} (2) BASIC FORMULAE FOR THE TRANSIENT HEATING OF 
A BURIED CABLE 


It has been shown by Whitehead and Hutchings?»? that the 
transient core-temperature rise 0.(T) of a cable, at a sufficiently 
long time T hours after the application of a step function load 
for the effect of the thermal capacity of the cable to be negligible, 
is given by 

0{T) 
0,() 


k = Ratio of outer cable temperature rise to core temperature 
rise, under steady conditions. 
a(T)= Ratio of transient outer cable temperature rise to steady- 
state outer cable temperature rise. 


Se tip OUL) eaese Sila, en) CL) 


|. The effect of the thermal capacity of most British Standard 
 cables!4 on consequent cyclic rating factors is negligible for 
times T of one hour or longer. Further, by neglecting the 
i thermal capacity of the cable the rate of rise of the core tem- 
+) perature is somewhat overestimated and the corresponding 
cyclic rating factors are slightly underestimated, or on the safe 
side. Therefore, for the purposes of the present paper, con- 
\ sideration of the effect of the thermal capacity of a cable on the 
% cyclic rating factor is relegated to Appendix 11.1. 

; Several formulae for «(T) have been presented, each based on 
different idealizations of the heat-flow problem. Following the 
4} usual practice we limit ourselves to those formulae treating the 
% surface of the ground as an isothermal. 

When the cable is considered as replaced by a continuous line 
source of heat at the cable centre, with a constant rate of heat 
liberation per unit time per unit length of the source, and when 
1 the cable is also assumed to possess the same thermal properties 
}; as the soil in which it is buried, the resultant formula for a(?) is 
4 readily obtainable from expressions given by Buller* or Carslaw 
+; and Jaeger, and is 


eee el? 
— B(— ip,) +E(—5, ei (3) 
ui log, (162d?) 


f—w ime; Sec; 
d = Outside diameter of cable, cm. 
1 = Depth of the axis of the cable below the ground sur- 


face, cm. 
D = Thermal diffusivity* of the soil, cm?/csec. 


—Ei(—x) is the exponential integral function defined by 


— Ei(— x) = 


x 


ram» 


E 
=a 
Uu 


* Thermal diffusivity = 1/(thermal resistivity x density x specific heat). 
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The assumption that the cable material possesses the thermal 
properties of the soil is not so unjustified in practice for the 
times under consideration as would appear at first sight.4> 16 
Excellent tables of the exponential integral function have been 
published by the National Bureau of Standards.!? The formula 
(2) is often referred to as the exponential integral formula. 

When the cable is considered as a continuous cylindrical sur- 
face source with a constant heat flux per unit area per unit time 
crossing its surface, an exact expression for «(T) may readily be 
obtained from Carslaw and Jaeger!>) or from formulae quoted 
by Buller.4 However, this exact expression for a(T) involves an 
infinite integral of a combination of Bessel functions, and is not 
suitable for extensive calculations. Buller* has given a correction 
factor to be applied to the exponential integral formula (2) so 
as to give closer agreement with the formulae of Carslaw and 
Jaeger, but for small cable thermal capacity this correction 
factor is negligible. Whitehead and Hutchings?»? obtain an 
expression for (7) for a continuous cylindrical surface source 
by integrating the effects of identical continuous line sources 
around a circle coinciding with the cable diameter. Their expres- 
sion is obtained after approximations dependent on the depth 
of laying of the cable being much greater than the cable radius, 


and is ie e: 2 
— Ei( — =) + (log, 2) exp & spr) — Bi( — a) 


ae log, (16l2/d2) 


(3) 


This formula has been used as a basis for the present work, 
but for the range of values of the parameters involved, the per- 
centage difference between the values of a(t) given by the 
eqns. (2) and (3) is quite small, even for the most unfavourable 
cases. A more extended comparison between eqns. (2) and (3) 
is given in Appendix 11.2. 


(3) BASIS OF METHOD OF CALCULATING CYCLIC RATING 

; FACTORS 

The heat dissipated in a cable may, with sufficient accuracy for 
the present purposes, be taken as directly proportional to the 
square of the applied current. 

The core temperature rise of a buried cable at time 7, hours 
after the application to the cable of a rectangular current pulse 
of duration T; — T> hours is 0,(T;) — 8,(T>), and from egn. (1) 
is given as a fraction of the steady-state core temperature rise 
for the same current by 


(Ty) — 9(T2) 


A.(00) 


= [1 —k+ka(T)] —[d —k + ka(T))] 
= Ko(T,) — o(T>)] } cold 
eer) ea iar 


Hence the transient core temperature rise at time 7, hours 
after the end of the last of a large number m of identical rect- 
angular current pulses, each of duration T, — J>, and repeated 
at intervals of 24 hours, has an upper limit given by 


5 [0.(7, + 24m) — 0,(T; + 24m)] 
m=0 0,(00) 


ah > [ox(T, + 24m) — «(T, + 24m)] for T,> 1 
m=0 


1—k-+ke(T,) +k > [o(T; + 24m) — «(24m)] for T, = 0 
m=1 


I 


1—k+k y [a(7, + 24m) — a(24m)| for T7=90 . (4) 


m=0 
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VALUES OF Q FOR SOIL THERMAL Dirrusivity 0:02 CM?/SEC 


Cable diameter or inner duct diameter (in) 


wt 
fe 


0-50 | 0-75 | 1:00 125 OO) 1:75 | 2-00 | 2-25 | 2-50 | 2-75 | 3-00 | 3-25 | 3:50 | 3-75 | 4:00 | 4-25 | 4-50 | 5-00 6:00 


0-539|0-504|0-475|0-450|0-429|0-410|0-392/0-374|0-358|0-344|0-330|0-316)0-303| 0-291 |0-279| 0-268} 0-257) 0-237)0-200 
0-071 |0-076|0-080/|0-084 | 0-087| 0-090] 0-093|0-095|0-097|0-099|0-101|0- 103] 0-105) 0-107|0-108|0-109)0-110)0-112|0-115 
0-045|0-04810-051|0-054|0-056|0-058/0-060| 0-061 |0-062| 0-064] 0-065 | 0-067) 0-068 | 0-069|0-070|0-071| 0-072] 0-074| 0-077 


0-034] 0-037|0-039|0-041 | 0-043|0-044|0-046|0-047/|0-048|0-049|0-050|0-051| 0-052} 0-053|0-054)0-055|0-055| 0-057) 0-060 
0-029] 0-031 |0-033|0-034|0-035|0-037|0-038|0-039|0-040| 0-041 |0-042|0-043)0-043|0-044/0-045 | 0-046] 0-046|0-047|0-050 
0-027/0-028|0-029|0-031|0-032|0-033|0-034|0-035|0-035|0-036|0-037|0-038| 0-039] 0-039 |0-040/0-040|0-042)0-044 


0-022|0-024|0-025/0-026|0-028|0-028|0-029| 0-030}0-031| 0-032] 0-032/0-033|0:034| 0-034) 0-035 | 0-035 |0-036|0-037)0-039 
0-020] 0-022| 0-023|0-024/0-025|0-026|0-027/|0-027|0-028|0-029|0-030|0-030| 0-031 | 0-031 |0-032| 0-032 |0-033}0-034|0-036 
0-019| 0-020) 0-021 |0-022/0-023|0-024|0-025)0-025|0-026|0-027)/0-027|0-028| 0-028 | 0-029) 0-029|0-030/0-030)0-031)| 0-033 


0-017]0-019|0-020|0-021|0-022|0-022|0-023|0-024| 0-024|0-025|0-025|0-026/0-026/0-027|0-028|0-028|0-029)0-029/0-031 
0-016|0-018|0-019|0-020) 0-020] 0-021 |0-022}0-022/0-023|0-024| 0-024 | 0-024 | 0-025 |0-025|0-026|0-026|0-027)0-027|0-029 
0-015|0-017|0-018|0-018 | 0-019} 0-020] 0-021 |0-021 |0-022|0-022|0-023|0-023|0-024|0-024|0-025|0-025]0-025)0-026/0-027 


12 |0-015|0-016|0-017|0-018/0-018|0-019|0-019|0-020/0-021 |0-021 | 0-022) 0-022 |0-022|0-023|0-023|0-024|0-024|0-025|0-026,; 12 
13 |0:014/0-015|0-016|0-017|0-017|0-018|0-019|0-019/0-020}0-020| 0-021|0-021|0-022|0-022|0-022|0-023|0-023|0-024|0-025; 13 
14 |0-014/0-015|0-016|0-016|0-017|0-017|0-018|0-018|0-019|0-019|0-020|0-020|0-021|0-021|0-021|0-022/0-022|0-023|0-024| 14 


mm OO Arad AW Ne OO 
o 
oS 
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—a : 
RHRO1O CID WVRwW NHO 


— pe 


15 |0-013/0-014|0-015|0-016/0-016|0-017|0-017|0-018/0-018|0-019)0-019|0-019|0-020|0-020)0-021}0-021 |0-021|0-022)0-023) 15 
16 |0-013/0-014|0-015|0-015/0-016|0-016|0-017|0-017/0-018|0-018) 0-018] 0-019|0-019| 0-020) 0-020)0-020/0-021|0-021)0-022| 16 
17 |0-012/0-013|0-014|0-015/0-015|0-016|0-016|0-017|0-017/0-017/0-018]0-018|0-018|0-019]0-019)0-019/0-020|0-020)0-022| 17 


18 |0-012/0-013)0-014|0-014]0-015|0-015|0-016|0-016|0-017)0-017|0-017|0-018)0-018}0-018/0-018|0-019|0-019/0-020)0-021} 18 
19 |0-012}0-012/0-013|0-014|0-014/0-015|0-015/0-016|0-016|0-017|0-017|0-017|0-017)0-018}0-018|0-018|0-019}0-019|}0-020} 19 
20 |0-011}0-012|0-013)0-013}0-014|0-014/0-015|0-015/0-016|0-016/0-016|0-017/0-017}0-017|0-018|0-018|0-018)0-019|0-020) 20 


0:011/0-012]0-012/0-013|0-013/0-014|0-014}0-015|0-015|0-015|0-016/0-016|0-016|0-017|0-017/0-017/0-018/0-018/0-019| 21 
22 |0-011]0-012|0-012/0-013|0-013/0-014/0-014|0-014/0-015)0-015|0-016)0-016|0-016|0-016|0-017/0-017/0-017}0-018|0-019| 22 
0-010]0-011)0-012/0-012|0-013}0-013|0-014/0-014|0-015/0-015|0-015/0-015)0-016|0-016|0-016/0-017/0-017/0-017/0-018) 23 


Table 2 
VALUES OF Q FOR Som THERMAL DiFFusivity 0:01 cm2/sEc 


Cable diameter or inner duct diameter (in) 


Lf ie2 OOM E2725 2:75") 32005525 4:50 | 5-00 


0-335/0-316|0-297)0- 0-263 |0-248|0-234 0-174|0-153 
0-093 |0-096|0-098)0- 0-102|0-103|0- 104 0-108/0-108|0- 
0-061 |0-063|0-064)0- 0-067/0-068}0-070 0-074/|0-076|0-077 


0-048 )0-049)0-050|0- 0:053|0-054/0-055 0:059|0-060|0-063 
0-040)0-041|0-042)0- 0:044|0-045|0-046 : 0-050)0- 
0-035|0-036|0-037|0- 0-039|0-040|0-041 0-044 


0-032|0-033|0-034)|0- 0-035|0-036)0-037 0-040 
0-029)0-030)0-031|0- 0-033/0-033/0-034 : 0-037 
0-027/|0-028)0-029)0- 0-030/0-031/0-032 0-034 


0-026|0-026|0-027)0- 0-029 |0-029)0-030 0-033 
0-024/0-025|0-026|0- 0-027|0-028]0-028)0- 0-031 
0-023 |0-024|0-025)0- 0:026|0-026|0-027 0-029 


0-022|0-023)0-024)0- 0-025|0-025)0-026 0-028 
0-021 /0-022|0-023)0: 0-024) 0-024|0-025 0-027 
0-021/0-021/0-022)0- 0:023)0-024)0-024 0-026 


0-020|0-021]0-021)0- 0-022/0-023|0-023 0-025 
0-019/0-020/0-021)0- 0-022)0-022/0-023 0-025 
0-019|0-019|0-020)0- 0:021/0-022/0-022 0-024 


0:018}0-019|0-020)0- 0-020)0-021|0-021 0-023 
0:018/0-019|0-019)0- 0-020|0-020|0-021 0-023 
0-018]0-018|0-019/0- 0-020|0-020)0-020 0-022 


0-017|0-018)0-018)0- 0-019|0-020)0-020 0-022 
0-017|0-017|0-018/0- 0-019/0-019|0-019 0-021|0- 
0-016|0-017|0-017/0- 0:018}0-019)0-019 0-021 |0-022|0-023 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 
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| o(7) being given by the right-hand side of eqn. (3) with 
| t= 36007. 
| This infinite series is very slowly convergent, and does not 
| appear to be directly summable in terms of analytic functions. 
However, it can be summed numerically by means of an artifice 
depending on the fact that if T, — T, = 1 hour, say, then 24 
; such sets of pulses, suitably displaced and each of the same 
| amplitude, constitute a continuous load. 

Consider the sum of the 24 values of 


O = ¥ fo(Ty + 24m) — oT + 24m). (5) 


| for T; — T, = 1 and 7, = 0(1)23 for any given values of the 
parameters D, d and /. Each value of Q represents the outer 
cable temperature rise at a time 7, hours after the repeated daily 
application of an hourly load pulse, expressed as a ratio of the 
ultimate outer cable temperature rise on application to the cable 
of a constant load of amplitude equal to that of each of the 
pulses. Hence the sum of these 24 values is unity. Suppose 
then that the 24 values of 


O! = > [o(T, + 24m) — oT, + 24m) 
0 


m= 


for T; — T, = 1 and T, = 0(1)23 are calculated, corresponding 
49 (n + 1) successive days with applied load. The sum of these 
. 24 values will not be unity, but will be close to unity provided 
| that m is chosen to be sufficiently large. The procedure adopted 
| in the present paper has been to divide the difference between 
i the sum of these 24 values of Q’ and unity by 24, and to add this 
1 constant amount to each of the 24 values of QO’, so that the sum 
( of the consequent values is unity. The values so obtained have 
}| been taken as representing the required values of Q, provided 
that there is no change in these values (to the required accuracy) 
when 7 is increased by unity before subdivision. This process of 
}: successive approximation has been found to be rapidly con- 
1) vergent, the calculation being necessary for a maximum of 
a 5 days’ load. 
) The core temperature rise at any time during the cycle for a 
cable carrying a daily cyclic load can then readily be calculated 
}\ by the addition of the 24 terms, each term being weighted by the 
} amplitude of the corresponding hourly rectangular pulse into 
which the square of the daily cyclic load is decomposed. 
Denoting Q, = Q for T, — T, = 1 and 7, =r hours, and 
{further denoting the magnitudes of the appropriate hourly 
1 rectangular pulses into which the square of the daily cyclic load 
Ji is decomposed by Yo, Yj, . . ., Y23, where each of the Y’s is 
: expressed as a fraction of their maximum value, the cyclic load 
% as a whole may therefore be multiplied by the following cyclic 
% rating factor for the same core temperature rise: 


. Cyclic rating factor 
1 


~ W[¥od — & + KOs) + Y4KOQ, + YokQ) +... + Yo3kQ)3] 
1 
~ [Gd — Yo + K(%oQo + V1.0) + -- - + ¥23023)] 
Denoting Ds “a 
B= ¥oQ)+-%10, +... + ¥23023 = us TO; = DOT) 


1 
4/(d — BY + A] 


The direct application of this formula is later illustrated by 
rractical examples. 


(6) 


Cyclic rating factor = 
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Calculated values of Q for T, = 0(1)23, and for cable diameters 
of 0-5 (0:25) 4:5, 5-0, 6-Oin and depth of laying 3 ft are given 
in Table 1 for soil thermal diffusivity of 0:02cm?/sec and in 
Table 2 for soil thermal diffusivity of 0:01cm2/sec. 

The range of cable diameters has been extended to 6in to 
permit utilization for cables in ducts. Two values of thermal 
diffusivity are covered, because although for the calculation of 
cyclic rating factors 0-02 cm*/sec has been used as a safe upper 
value for the majority of British soils,?> > 0-01cm?2/sec may in 
many cases be a more realistic upper limit giving a higher cyclic 
rating factor in a soil of given thermal resistivity. 

Safe cyclic rating factors for cables in ducts will be obtained 
on the assumption that, for the purposes of eqn. (1), the inner 
wall of the duct is taken as the outer diameter of an equivalent 
cable, the duct material having a thermal resistivity not materially 
different from that of the majority of British soils. 

Correction factors to be applied to Tables 1 and 2 to take 
account of cable depths of burial other than 3ft do not appear 
to be readily obtainable. However, one important property of 
eqn. (3) may be utilized directly, namely that the substitution 
l= cl, d= cd and D = c’D leaves the equation invariant, and 
hence also leaves Tables 1 and 2 invariant. Therefore the values 
corresponding to Table 1 for a soil thermal diffusivity D of 
0-02cm?/sec but for a cable depth of burial ,/2 x 3 = 4:24ft 
may readily be obtained from Table 2, which has been calculated 
for D = 0-01 and a 3 ft depth of burial, provided that the correct 
cable diameter is divided by a factor of 1/2 before entry into 
Table 2. Similarly, the values corresponding to Table 2 for a 
soil thermal diffusivity D of 0-01cm?/sec but for a cable depth 
of burial 3/\/2 = 2-12 ft may readily be obtained from Table 1, 
which has been calculated for D = 0:02 and a 3 ft depth of burial, 
provided that the correct cable diameter is multiplied by a factor 
of 1/2 before entry into Table 1. This point will be illustrated 
in a later example. 


Table 3 


FIGURES TO UTILIZE A MORE ACCURATE REPRESENTATION OF THE 
APPLIED LOAD IN THE NEIGHBOURHOOD OF ITS PEAK. (SEE 
APPENDIX 11.1) 


Two rows to replace row 
for T; = 0 in Table 2 


Two rows to replace row 


Cable for T2 = 0 in Table 1 


diameter 


2: 
2- 
2- 
2: 
3- 
3- 
3- 
3- 
4: 
4: 
4- 
5- 
6: 


25 
50 
00 
00 
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Tables 1 and 2 cover only intervals of 1h. Cases may arise 
in which the square of the current varies appreciably during the 
hour prior to the expected time of maximum core temperature. 
In such cases it may be advantageous to consider times 7, = 0, 
4,1, 2,3... 23 hours. Table 3 contains the data required to 
extend Tables 1, 2 to cover this additional subdivision. When 
Table 3 is utilized it may also be desirable to consider the effect 
of the thermal capacity of the cable (see Appendix 11.1). 


(4) THE FACTOR k AND THE EFFECT OF ENVIRONMENT 
AND GROUPING OF CABLES 


The evaluation of a cyclic rating factor for any particular cable 
and applied cyclic load requires the evaluation of k. Neglecting 


be x -e}.—24-x el x +| 


(a) 


CABLE LOSS, PROPORTIONS OF PEAK VALUE 


fe) 24 A8 
(c) 
1 
° 
fe) 24 48 
TIME , HOURS 
(d) 


Fig. 1.—Basic loss cycles. 


(a) Rectangular cycle. 
(b) Sinusoidal cycle. 
(c) Peaked cycle. 

(d) Hour pulse cycle. 


dielectric loss it may be shown that for a single cable, or group 
of cables, laid direct in the ground, k is given by 


Go 
Ne Sia ee oe eee . 
GG (2 e is) /a se ye ay] 
while for cables laid in ducts, & is given by 
(GE 
k= RH —__._., (8) 


; (6 CAEL e +((2 = 4) fa eap\ ee a] 


n = Number of cores per cable. 
G’ = Internal thermal resistance between each core and the 
sheath of each cable, thermal ohm-cm. 
G = Thermal resistance of the protective covering (i.e. 
bedding, serving, etc.) over the lead sheath of each cable. 


G, = External thermal resistance of each cable of the group, i 
thermal ohm-cm. "4 

G, = External thermal resistance of a cable whose outer 
diameter coincides with the inner duct wall, thermal 
ohm-cm. 

G, = Thermal resistance between the outer cable surface and 5) 
the inner duct wall, thermal ohm-cm. i 

A = Sheath loss factor. 
A, = Armour loss factor. 


For S.L. cables, eqns. (7) and (8) are valid in a slightly modified M 
form. The factor A; should be replaced by A,(1 — A), while G’ 9 
is replaced by G’ + G;, where Gy is the thermal resistance of ) 


° 
© 


° 
@ 


° 
X 


9° 
Oo 


SQUARE OF APPLIED CYCLIC LOAD, EXPRESSED 
AS A PROPORTION OF MAXIMUM VALUE 
fe} 
ol 


10 15 
TIME , HOURS 
Fig. 2.—Square of applied cyclic load and equivalent step-function > 
cyclic load. tf 


—------- Square of applied cyclic load, 
————— [Equivalent step function cyclic load. 
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Fig. 3.—Graphs to determine the external thermal resistance of asingle | 
cable or of one of three cables in trefoil touching formation | 
(cables laid direct in the ground). a 


g = Soil thermal resistivity. 
/ = Depth of (upper) cable axis below ground surface. 
re = Cable radius. 
Curve A. 


Ge = External thermal resistance of singl id di i 
Bes ay of single cable laid direct in ground. | 


Gz = External thermal resistance of one of three cables in trefoil touching ion, | 
vertex upwards, laid direct in ground. format 


CABLES LAID DIRECT OR IN DUCTS 159 


filling material between each lead sheath and armouring. 
‘Further G, assumes the value of the thermal resistance of the 
\protective covering over the armour of a cable. 

Formulae for the evaluation of the above thermal resistances 
and loss factors for any cable and any cable configuration have 
ibeen given by Whitehead and Hutchings.2»3 For convenience 
)of calculation a non-dimensional graph is presented in Fig. 3 
enabling G, to be readily evaluated for a single multi-core cable 


jor for three single-core cables in trefoil touching formation. 


Sn SR Se NR ee ame Cn 


The value of & may also be found from the formula 

PG 

Ge 

where 6, is the core temperature rise for the cable working at 
a current giving losses of P watts per centimetre length of cable, 
and G, is the cable external thermal resistance per centimetre. 


This formula is convenient for use with cables for voltages above 
33 kV, the dimensions of which have not yet been standardized, 


k= 


Table 4 


CALCULATED VALUES OF k FOR REPRESENTATIVE AREAS OF CABLES CONFORMING TO B.S. 480: 1954. 
CABLES LAID DIRECT IN THE GROUND 
(Soil thermal resistivity, 120° C-cm/watt) 


Nominal : 
conductor area 1-1kV{ 3-3kV 6:6kV 11kV 22kV 


0:48 — = — ie 

0:54 0:57 0-55 0:54 — 

0:57 0-60 0:58 0°57 — 

0-62 0:63 0:61 0-60 0:54 

0-67 0:69 0:67 0-65 0:59 

0:75 0:76 0:74 0-72 0-68 

0-77 0-79 0-78 0:76 — 

| 0:79 — 1 nee — as 
0-81 aa a me aed 

(a) 
minal ‘6k 
oo EL EV 3-3kV 6-6kV 11kV 22kV 
in2 

*0-007 0-53 = ae ae — 
*0-0225 0-59 0-62 0-60 0-58 a 
0-0225 0-64 0-65 0-63 0-61 = 
0-04 0-67 0-69 0-66 0-64 0-57 
0-10 0-73 0-74 0-72 0-70 0-63 

+ 0-30 0-80 0-80 0-78 0-76 0-69 
0:50 0:81 0-83 0-81 0:79 — 
0-75 0:82 — — — — 
1:00 0-83 — = — — 

(6) 


Nominal 
conductor area 


Nominal Unarmoured 
conductor area 


48 
54 
58 
64 
71 
74 
76 
78 


WAINANDADY 
GOonmnniohow 


0: 
0: 
0: 
0: 
0: 
0: 
O- 
0: 


(4) 


Nominal 
conductor 
area 


in2 

*0-007 
*0-0225 
*0-10 
*0-25 
*0-50 
FO0275 
S100 


ocooooo°o 
OO ~ CO CON) | 
-OONwW 


(e) 


Nominal 
conductor area 


in? 
0-0225 
0-04 
0-10 
0-25 
0:50 


(f) 


Nominal 
conductor area 


(g) 


(a) Three-core belted armoured and served cables. 

(b) Three-core belted unarmoured and served cables. 

(c) Three-core S.L. armoured and served cables. 

(d) Twin belted and served cables 1-1kV. 

(e) Three single-core served cables in trefoil touching formation. 
(f) Three-core screened armoured and served cables. 

(g) Three-core screened unarmoured and served cables. 


* Circular conductors. 
+ Depth of cable surface below ground: 36in for all cable voltages above 1-1 kV; 


25-5in for cable voltage = 1:1kV - , : 
All cables have added sheath protection as specified in B.S. 480: 1954. 
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but for which the values P and 6, are usually accurately known, 
while G, may be obtained from the external dimensions and 
depth of cable ina given soil, Fig. 3 being utilized where applicable. 

Values of & calculated for representative areas for all voltages 
for cables conforming with the latest British Standard!‘ are given 
in detail in Tables 4 and 5 for cables laid direct and cables in ducts, 
respectively. These values may be used directly where applicable. 
They are based on a soil thermal resistivity of 120° C-cm/watt, a 
protective-covering thermal resistivity of 500° C-cm/watt and a 
dielectric thermal resistivity of 750° C-cm/watt for 1-1kV cables 


Table 5 


CALCULATED VALUES OF k FOR REPRESENTATIVE AREAS OF CABLES CONFORMING TO B.S. 480: 1954. CABLES LAID IN Ducts 
(Soil thermal resistivity, 120° C-cm/watt) 


Nominal 
conductor area 


ocoooooscS 
AnARRWBWWN 
NRONOUNKNA 
Boo eo > 
ARRWWwW 
mm CO QW WwW 
Soooee 
ON ARW 
eocooe 
| fee fuse | 
ONSOAWN 
eco 
Hane oetcaus |r| 9] 
Mos 


conductor area 


| 
| 


oooooo 
ABR WWW 
ONORNN 
Seooee 
ARWOWWWD 
ONOWNNN 
Sooooe 
| | RRwwee 4 
Ano hee 
ooo 
Gaius | 
Wok 


0-2 
0-3 
0:3 
0-3 
0-3 
0-4 
0-4 
0-5 
0:5 


RRODMWWR OD 


| | 
| | 


Nominal 
conductor area 


Nominal 


conductor area Unarmoured 


Armoured 


SWOr~ 


ocococosoo 
See Cats eS 


wWwoc 
SS oes cS 


UBB BRWWNN 
mOANARH OD 


(d) 


and 550° C-cm/watt for higher-voltage cables up to and including te 
33kV. These calculated values of k may readily be adjusted to 
correspond to any different soil thermal resistivity g° C-cm/watt, 
by the use of the formula 


= 1 ne aan 
nol 1, 20 ft — 4020)] 


‘g_-k(120) 


Eqn. (9) may also be taken as sufficiently accurate to be applicable 
to cables in ducts, although G, is not strictly a constant. 


Nominal 
conductor 
area 


ooooco 
IAADAA | 
NOD a 00 


(e) “i 


Nominal 
conductor area 


(f) 


Nominal 
conductor area 


(g) 


(a) Three-core belted armoured and served cables. 

(6) Three-core belted unarmoured and served cables. 

(c) Three-core S.L. armoured and served cables. 

(d) Twin belted and served cables 1:1 kV. 

(e) Three single-core served cables in trefoil touching formation. 
(f) Three-core screened armoured and served cables. 

(g) Three-core screened unarmoured and served cables. 


a 

“ 

te Cialar CORO ; ‘ 

epth of duct surface below ground: 30in for all cable voltages to 22kV;_ 

36in for cable voltage of 33kV. a eee 
All cables have added sheath protection as specified in B.S. 480: 1954. q 
Note.—Slight irregularities in above figures are largely due to the basi S 

choice of Ref. F/T183, namely: ; pee etre a 
4in ducts for cables up to 24in diameter. : 
Sin ducts for cables above 24 to 34in diameter. 
6in ducts for cables above 34in diameter. 


For a single cable, or one of a sufficiently simple group of 
‘zables the dependence of & on the depth of cable burial may 
‘zeadily be ascertained from eqn. (7) or (8), as G, or G;, the only 
‘terms substantially dependent on cable depth /, may be simply 
expressed in terms of that depth /. 

| There is also an interesting and useful connection between 
wroup rating factors and the appropriate value of k for such 
groups of cables. The group rating factor f for cables laid direct 
vin the ground is given by 


ar Gs + 2a +ArA+A) + Sa +2) 
a eet aaa 
— + (G+ Z)a+A4 Ay) + 3(L $2) 


| where G, and G, are the external thermal resistances of a single 
eable of a group in the presence and absence respectively of the 
“<emaining cables, while the appropriate value of k is given by 


6, Gt ieee =) fa +242) 


: ‘er a single cable in the presence of remaining cables, and by 
‘ean. (7) for a single cable in the absence of remaining cables. 
| #rom eqns. (10), (7a) and (7) we obtain the relation 


k=1—-f70—-k . 


JP 


(11) 


‘iziving & in terms of the group rating factor f and the value of k 
Vora single cable in the absence of remaining cables. Hence, if 
‘the appropriate group rating factor is available,!? the calculation 


bf G, may be avoided. 


(5) EXAMPLES OF CYCLIC RATING FACTOR 
CALCULATIONS 


1 The cyclic load chosen for illustration purposes is based on 
What given as the national load!® for Ist December, 1947. The 
. joad is assumed to be at constant voltage and power factor, so 
‘that variation of load represents variation of current. We are 
‘ijirectly concerned only with the square of current expressed as 
i proportion of its peak value, and this ratio is plotted in Fig. 2 
dotted lines), together with an equivalent load curve of rectangular 
4teps. Numerical values corresponding to these two curves are 
Hziven in Table 6. It should be noticed that the two curves have 
upproximately the same mean value, while the number of 
yectangular steps chosen has deliberately been reduced from a 
possible maximum of 24 to facilitate subsequent calculation. 
All equivalent curve peaks are considered as persisting for at 
east one hour. In cases when the time of maximum temperature 
5 not obvious it may be necessary to perform the calculation 
‘more than once using each possible time of highest temperature 
us Zero time, but in the present case this is obviously at 17-5 hours. 
‘n particular, in cases where the load falls slowly after a peak, 
whe temperature may continue to rise for a short time after 
»eak load. 


(5.1) Example 1—Isolated Circuit Laid Direct, Standard 
Conditions of Laying, Various Soil Constants 
Sable under consideration—One isolated circuit comprising 
¢ single-core 1-00in” 33kV p.i.l.s. cables, served and with added 
iheath protection, conforming to B.S. 480: 1954. 
| Method of laying.—Direct in the ground in trefoil touching 
‘rmation at depth 36in of upper cable axis below ground surface. 
Vo. 104, PART C. 
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Table 6 


LoAD DATA CORRESPONDING TO NATIONAL LOAD CURVE OF 
Fic. 2 


Cyclic load/peak 


(Cyclic load/peak 
load at time T 


load)? at time T 


0-302 
0-247 
0:227 


0-091 
0-061 
0-052 


0-232 
0-235 
0-246 


0-054 
0-056 


0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0) 
1 


Magnitude of step 
function at time T 


im” 
° 
i=] 
Bt 


© 


CONN ANG worn35 % 


ae 


— 
Pol 
aa 


a 
ed 
pee oN 


ww 


6 
7 
8 
0: 
‘De 
5: 
Ge 
7 
8 
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Be 


Nye 
Aan 


& 
RW 


(6) 


(a) National load curve. 
(5) Step function equivalent to (cyclic load per peak load)?. 


Soil constants—Soil thermal diffusivity D = 0:02cm2/sec. 
Soil thermal resistivity g = 120° C-cm/watt. 

Load.—As described above, illustrated in Fig. 2 and tabulated 
in Table 6. 

Additional data required—Overall diameter of each cable = 
2:41in (from B.S. 480: 1954). At above depth of burial and 
soil thermal resistivity, k is equal to 0-87 (from Table 4). 

6 
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Table 7 


CALCULATION OF CYCLIC RATING FACTOR FOR EXAMPLE 1. 
NATIONAL LOAD CURVE OF FIG. 2 APPLIED TO ONE ISOLATED 
CIRCUIT COMPRISING THREE SINGLE-CorE 1:001IN? 33KV 
CABLES LAID DIRECT IN THE GROUND IN TREFOIL TOUCHING 
FORMATION 


2) (3) (4) (5) 


Y step function GO acton et aay uee of 


(Gyelie oad per | d=2-30 | consecutive | @) x @) 
peak load)? from Table | values of (2) 


0-358 | 0-358 
0-097 -097 
0-062) | 
0-048 -150 
0-040 

0-035 ; 
0-031 066 
0-028 

0-026 f 
0-024 
0-023 
0-022) 
0-021 
0-020 
0-019 
0-018 
0-018 
0-017 
0-017) | 
O-o167 | 
0-016) | 
0-015 
0-015 
0-015 


* Time measured prior to expected time of maximum core temperature. 


Depth of upper cable axis below ground surface = 36in. 
Outer diameter d of each cable of trefoil formation = 2-41 in. 
Soil thermal diffusivity D = 0:02cm2/sec. 

Soil thermal resistivity g = 120° C-cm/watt. 

Value of k from Table 4, k = 0-87. 

Value of column (2) for time e 0-1 hour = Yo = 0-99. 


Cyclic rating factor = Vid = Ye + KAl (hi 


Method of Calculation (see Table 2). 


Table 7 is a proposed standard table in which the time in 
hours has already been printed in column 1. 

G) Enter in column 2 the values of Y, namely the step 
function equivalent to (cyclic load per peak load), for the 
appropriate hours from Table 6, measuring time prior to the 
expected time of maximum core temperature. 

(ii) Enter in column 3 the Q-factors for D = 0-02.cm2/sec, 
d= 2-4lin from Table 1. As no values are tabulated for 
exactly d= 2-4lin, enter those for the nearest tabulated 
diameter (2-50 in). 

(ii) Enter in column 4 the sum of the entries of column 3 
over consecutive constant values of column 2. 

(iv) Enter in column 5 the product of the corresponding 
entries of columns 2 and 4. 

(v) Enter at the foot of column 5 the value of A, the sum 
of the individual entries in column 5. Here A = 0-715. 

(vi) Note the value of Yo, the entry in column 2 for time 
0-1 hour. Here Yo) = 0:99, 

(vii) Calculate the value of cyclic rating factor from egn. (6), 
namely 

1 


Cyclic rating factor = 
i V[U — k)¥o + kA] 


= 1-15 


It is convenient to examine here the magnitude of the error 
introduced by utilizing the Q-factors of Table 1 for d= 2- 50 in | 
in place of d= 2-4lin. If the calculation is repeated using the i" 
Q-factors corresponding to d = 2-25in, it will be found that the it 
consequent value of A is 0-720. Clearly the error is trivial. It} 
may also be mentioned that there is no significant difference 
between the values of k obtained when the depth of cable burial | 
is referred to upper cable surface or upper cable axis. <t) 


i 


Effect of Varying Soil Constants. 

It is also possible to examine the effect on the cyclic rating i 
factor of variation of thermal resistivity and diffusivity of the 
soil. The quantity k depends only on the soil thermal resistivity, 7 
and appropriate values of k for any soil thermal resistivity may ib ry 
be calculated with the use of eqn. (9). The quantity A depends 
on soil thermal diffusivity alone: only two values are covered, . 
namely 0-02 and 0-01 cm?/sec by Tables 1 and 2, respectively. 

Calculations made for the cable and load curve of the present 9 
example for a range of soil thermal characteristics give the |} 
following cyclic rating factors: : ¢ il 


The cyclic rating factors increase with increasing soil thermal 
resistivity and decreasing soil thermal diffusivity. 


(5.2) Example 2—Isolated Ducted Circuit, Various Soil 
Constants, Effect of Depth 


Cable under consideration.—3-core screened 0-50in?, 33kV | 
p.i..s. cable, armoured and served with added sheath protection, {¢ 
conforming to B.S. 480: 1954. 4 

Method of laying.—In single-way duct at depth 36in of duct {f 
axis below ground surface. a | 

Soil constants—Soil thermal diffusivity D = 0-02cm2/sec. § 
Soil thermal resistivity g = 120° C-cm/watt. | 

Load.—As described above, illustrated in Fig. 2 and tabulated | 
in Table 6. | 

Additional data required—Inner duct diameter = & 00 in. 


Depth of Laying. 


The calculation is made as described in detail in Example 1} 
except that, for the entry in column 3, Q-factors from Table 1] 
for the inner duct diameter d = 6- 00in are utilized. 

The resultant cyclic rating factor, again calculated trol 
eqn. (6), is 1-11, while for the same range of soil thermal charac- | 
teristics as in Example 1 we obtain the following cyclic rating | 
factors: 


As indicated earlier in the paper a cyclic rating factor for non- 
standard depth of burial 4-24 ft and for soil thermal diffusivi 


* For two idewtically, loaded cables in 2 singl -duct i S 
eerie oO ceEL ingle way-ducts, K as given by eqn. (11) 
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| D = 0-02cm?/sec may be obtained by utilizing Q-factors from 
|Table 2 for cable diameter d = 6/,/2 = 4-24in in the calcula- 
‘tion of A. In this way a 1% increase in cyclic rating factor is 
- found for the non-standard depth of burial 4-24 ft as compared 
» with the depth of burial 3 ft. This result is valid for soil thermal 
‘resistivities g = 60, 90 and 120°C-cm/watt, and soil thermal 
diffusivity 0-02 cm?/sec. 


(6) SIMPLIFICATION OF CYCLIC RATING FACTOR CALCULA- 
| TION FOR (SINGLE) PEAKED-TYPE CYCLIC LOAD 


The method becomes even more simple when applied to the 
calculation of cyclic rating factors for peaked-type load cycles 
‘[see Fig. 1(c)]. Let such a peaked load cycle consist of a peak 
‘load persisting for x hours and a constant proportion p of this 
peak load persisting for the remaining (24 — x) hours of the 
peycle. The square of the applied load cycle as a fraction of its 
peak value is then as illustrated in Fig. 1(c). The temperature 
,at the end of any step is that due to the cable continuously loaded 
at peak unit squared load less the temperature at the end of the 
‘step due to the squared load (1 — p?) applied for (24 — x) hours 
idaily. If the accumulated sums of the entries of each column 


, ee 


163 


of Tables 1 and 2 starting from 7, = 23 are tabulated as a, (as 
in the skeleton Tables 8 and 9), the cyclic rating factor for the 
load in question is 


Ifx/[1 — ka, — p?)] . (12) 


where x is the duration of the peak load and a, is given directly 
by Tables 8 and 9 for soil thermal diffusivities of 0:02 and 
0:01 cm?/sec, respectively, and for the same range of cable 
diameters as in Tables 1 and 2. In particular, for a rectangular 
load cycle p = 0 [Fig. 1(@)]. 

Tables 8 and 9 were initially obtained by summation from 
Tables 1 and 2 when the latter were obtained to four decimal 
places, and all four tables were subsequently rounded off to three 
decimal places. Hence there exist apparent discrepancies in the 
last digit between corresponding tables. 

Shanklin and Buller have also given a simple method for the 
calculation of cyclic rating factors when the applied cyclic load 
is rectangular in form.’ However, as most British cables are 
small in diameter, with a consequent low thermal capacity, the 
minimum loss factor of 0-3 considered in the paper could be 
usefully reduced while still not necessitating the introduction of 


7 

| 

| Table 8 

1. VALUES OF a, FOR SOIL THERMAL DirFusivity 0:02 cm?/sEC 
i 


Cable diameter or inner duct diameter (in) 
0:75 1-00 1-50 2:00 2-50 3-00 3-50 4-00 4-50 5:00 6:00 
1 ° 0-498 0-526 0-570 0-609 0-642 0-670 0-695 0-720 0-742 0-762 0-801 1 
7-2 : 0-422 0-446 0-483 0-516 0-544 0-569 0-590 0-612 0-632 0-650 0-686 22 
3 0-346 0-373 0-394 0-427 0-456 0-482 0-504 0-522 0-542 0-560 0-576 0-609 3 
4 0-311 0-336 0-355 0-385 0-410 0-434 0-453 0-470 0-488 0-505 0-519 0-549 4 
5 0-283 0-305 0-322 0-349 O75 0-394 0-411 0-427 0-443 0-459 0-472 0-499 5 
6 0-258 0-278 0-294 0-318 0-340 0-359 0-376 0-389 0-404 0-418 0-430 0-456 6 
7 0-236 0-254 0-269 0-291 0-310 0-329 0-343 0-356 0-369 0-382 0-393 0-417 if 
8 0-216 0-233 0-246 0-266 0-283 0-300 0-314 0-325 0-337 0-350 0-359 0-381 8 
10 0-180 0-194 0-205 0-221 0-236 0-250 0-261 0-270 0-280 0-291 0-299 0-317 10 
a) 12 0-148 0-159 0-168 0-182 0-193 0-205 0-214 0-221 0-230 0-239 0-245 0-260 12 
|| 14 0-119 0-128 0-135 0-146 0-155 0-165 Oat2 0-177 0-184 0-192 Oo197 0-209 14 
| 16 0-092 0-099 0-105 0-113 0-120 0-128 0-133 0-137 0-142 0-148 0-152 0-162 16 
18 0-067 0-072 0-076 0-082 0-087 0-093 0-097 0-100 0-104 0-108 0-111 0-118 18 
20 0-044 0-047 0-049 0-053 0-057 eS i : : : 


Table 9 
VALUES OF @, FOR SOIL THERMAL DirFusivity 0-01 cm?/sEc 
Cable diameter or inner duct diameter (in) 
og x 
0-50 0-75 1-00 1-50 2:00 2:50 3-00 3-50 4-00 4-50 5-00 6-00 

1 0-519 0-560 0-592 0-642 0-685 0-721 0-752 0-781 0-805 0-826 0-846 0-882 1 
a| 2 0-446 0-482 0-509 0552 0-590 0-621 0-649 0-675 0-697 0-718 0-737 0-775 2) 
3 0-399 0-430 0-455 0-493 0-527 0-555 0-580 0-604 0-625 0-644 0-662 0-698 3 
4 0-362 0-390 0-413 0-447 0-478 0-504 O25271 0-549 0-568 0-585 0-602 0-635 4 
5 0-331 0-357 0-377 0-408 0-437 0-461 0-481 0-502 0-519 0-535 0-551 0-581 5 
6 0-303 0-327 0-346 0-374 0-401 0-422 0-441 0-460 0-476 0-491 0-505 0-534 6 
yf 0-278 0-301 0-318 0-344 0-368 0-388 0-405 0-423 0-437 0-451 0-464 0-491 7 
8 0-255 0-276 0-292 0-316 0-338 0-356 0-372 0-388 0-402 0-414 0-426 0-451 8 
0 0-214 0-231 0-244 0-265 0-283 0-299 0-312 0-325 0-337 0-347 0-358 0-378 | 10 
2 0-177 0-191 0-202 0-219 0-234 0-247 0-258 0-269 0-279 0-287 0-296 O°S13 2 
it 34 0-143 0-154 0-163 0-177 0-189 0-200 0-209 0-217 0-225 0-232 0-239 02535 nls 
16 0-111 0-120 Oat 0-137 0-147 0-155 0-162 0-169 0-175 0-181 0-186 O19 7 a6 
| 58 0-082 0-088 0-093 0-100 0-108 0-114 0-118 0-124 0-128 0-132 0-136 0-144 | 18 
20 0-053 0-057 0-060 0-065 0-070 0-074 0-077 0-080 0-083 0-086 0-089 0-094 | 20 
22 | 0-026 0-028 0-030 0-032 0-034 0-036 0-038 0-039 0-041 0-042 | 0-044 0-046 | 22 
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the cable thermal capacity. A comparison between the cyclic 
rating factors obtained by Shanklin and Buller’s method and by 
the present method is given for an individual case, but is preceded 
by a further example illustrating the present method. 


(6.1) Example 3—Isolated Circuit Laid Direct, (Single) Peaked- 
Type Load, Standard Conditions of Laying, Various Soil 
Constants 


Cable under consideration—3-core belted 0:30in* 22kV 
p.il.s. cable, armoured and served with added sheath protection, 
conforming to B.S. 480: 1954. 

Method of laying—Direct in the ground at depth 36in of 
cable axis below ground surface. 

Soil constants—Soil thermal diffusivity D = 0:02cm2/sec. 
Soil thermal resistivity g = 120° C-cm/watt. 

Load.—Peaked load of 100% current for 6 hours and 60% 
current for 18 hours. 

Additional data required.—Overall diameter of cable = 3-04 in 
(from B.S. 480: 1954). For this cable at the above depth of burial 
and soil thermal resistivity k is equal to 0:68 (from Table 4). 


Method of Calculation. 

As 100% current is applied for 6 hours, read off a,. for x = 6 
and d = 3-00 from Table 8. Here a, = 0-376. As 60% current 
is applied for the remaining 18 hours, p = 0:6. The cyclic rating 
factor is then calculated directly from eqn. (12) and is 


1f,/A. — 0-68 x 0-376 x 0-64) = 1-09 


Effect of Varying Soil Constants. 

For the same range of soil thermal characteristics as in 
Examples 1 and 2 above, the following cyclic rating factors 
result: 


(7) COMPARISON OF CYCLIC RATING FACTORS CALCU- 
LATED BY ALTERNATIVE METHODS FOR (SINGLE) 
PEAKED-TYPE CYCLIC LOAD 


Consider rectangular load cycles of loss factors 0:3 and 0-°5 
applied to the same cable as in Example 3 for soil thermal 
resistivity and diffusivity of 80°C-cm/watt and 0-01 cm2/sec 
respectively. The consequent attainment factors (ratio of 
maximum core temperature rise under rectangular load cycle to 
maximum core temperature rise under equal amplitude steady 
load) may readily be evaluated by Shanklin and Buller’s 
method,® utilizing Table 2 of that paper, and by the method 
outlined in the present paper, so that a direct numerical com- 
parison will be obtained for an individual case. 

The value of & for g = 80 is 0:585, while loss factors 0:3 
and 0-5 for rectangular load cycles correspond to x = 7-2 and 
x = 12 respectively, so that from Table 9 for cable diameter 
3-04in the corresponding values of a, are 0-399 and 0-259. 
Hence the attainment factors obtained by the method of the 
present paper are given by 1 — ka,, namely 0:77 and 0-85 
respectively for loss factors of 0:3 and 0°5. 

For the application of Shanklin and Buller’s method we need 
Ring = (G']3) + G, in the present notation. With a dielectric 
thermal resistivity of 550° C-cm/watt and a protective covering 
thermal resistivity of 500° C-cm/watt as used in the derivation of 
the tabulated values of k, R;,, is found to be 1-18 thermal 
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ohms/ft, while a soil thermal diffusivity of 0-01cm?/sec is 
5-6in2/h in the required units. Hence the parameter r|2Rink 
of Shanklin and Buller’s paper, where & is the soil thermal 
diffusivity in square inches per hour and r is the cable radius in 
inches, assumes the value 0-273 and the corresponding attain- 
ment factors for loss factors of 0:3 and 0-5 are 0-75 and 0-84, 
respectively, compared with 0-77 and 0-85 obtained above by (i 
the method outlined in the present paper. This represents fairly |) 
close agreement between the results of the two methods for the 
present example, the agreement being even closer when the #7 
consequent cyclic rating factors are compared. tf 


(8) CHOICE OF APPROPRIATE VALUES FOR THERMAL | 
DIFFUSIVITY AND RESISTIVITY OF THE SOIL ] 


The soil thermal diffusivity D and resistivity g vary sub- J 
stantially along the length of a cable at a given time and vary | 
with time at a given point of the cable. From the above examples | 
it will be observed that the variation of cyclic rating factors with |} 
soil thermal diffusivity for typical applied load cycles is extremely | 
small. As, further, the assumed values for this diffusivity in the § 
paper are overestimates rather than underestimates, the conse- § 
quent cyclic rating factors will be on the safe side, so that a lack | 
of knowledge of soil thermal diffusivity appears to be no obstacle © 
in the utilization of the method. The variation of cyclic rating 
factors with soil thermal resistivity is somewhat more important, | 
but by calculating the cyclic rating factor for an estimated © 
minimum value of soil thermal resistivity, a safe cyclic rating @ 
factor is obtained. It should be stressed that the cyclic rating 4% 
factors of this paper are to be applied to the current rating of | 
cables buried in ground of the appropriate soil thermal resistivity. — U 
Current ratings for cables conforming to B.S. 480: 1954 are given - S 
in an E.R.A. report,!9 which also contains correction factors for 6 
variation of soil thermal resistivity. qt 
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(11) APPENDICES 


; ( (11.1) Method of Calculation of Cyclic Rating Factors taking 
into Account the Thermal Capacity of the Cable 


The transient core temperature rise 6.(T) of a cable at time 
1 T hours after the application to the cable of a step-function load 
has been shown by Whitehead and Hutchings”»* to be given 
| approximately by 


O(T) j 
Te FOOSE cho) 
= (1 —A)B(T) + kofT) 
where B(T) =|— exp (— 3 6007/.SG’) 


k = Ratio of outer cable temperature rise to core tem- 
perature rise under steady conditions. 

S = Thermal capacity of the cable, namely the sum of the 
thermal capacity of the loaded conductors and one 
half the thermal capacity of the remainder of the cable. 

G’ = Internal thermal resistance of the cable. 

). “T) = Ratio of transient outer cable temperature rise to 

steady-state outer cable temperature rise. 


From the above, the transient core temperature rise of a cable 
1 4 time T> hours after the application to the cable of a rectangular 
filse of duration T; — T, hours is given as a ratio of the steady- 
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state core temperature rise 9,(00) on application of an equal- 
amplitude step-function load by . 
O(T1) — 8.(Ta) 
8,(20) 
alice ABT) i B(T>)] a k[o(T;) 3 a(T>)] 
= (1 — A)[exp (—3 6007,/SG’) — exp (—3 6007;/SG)] 
+ k[a(T,) — «(T>)] 

Hence the transient core temperature rise of a buried cable 
at time T, hours after the application to the cable of a very large 
number of identical rectangular load pulses, each of duration 
T, — T, hours, and each separated by equal intervals of 


24 — (T, — T>) hours, has an upper limit given as a ratio of the 
steady-state core temperature rise 6,(00) by 


x [O.(7, -+ 24m) — O(T. Date 24m)| 
m=0 
ate 6.(2) 


=(1-#& > Lr + 24m) — B(T> + 24m)] 


+k Dd [a(T, + 24m) — «(T, + 24m)] 
m=0 


= (1 —k) > exp [—3 600(7, + 24m)/SG’] 
— exp [—3 600(7; + 24m)/SG’] 
EK si [etry + 24m) — a(T, + 24m)] 


_ (i — &fexp (—3 60073/SG’) — exp (—3 6007;)/SG’)] 
1 — exp (—24 x 3600/SG’) 


+k > [a(T, + 24m) — a(T> + 24m)] 
m=0 


For all British Standard cables the term exp (—24 x 3 600/SG’) 
is much less than unity and may be neglected, so that the above 
expression becomes 


(1 — Afexp (—3 6007,/SG’) — exp (—3 6007,/SG’)] 
=U y [x(T, + 24m) — a(T, + 24m)| 
m=0 


In particular, for pulses of 1h duration, so that T; — T, = 1, 
and for T, = 0(1)23, the sum of the infinite series is merely the 
Q-factor given by eqn. (5) and tabulated in Tables 1 and 2. 
(A more detailed description of these tables has already been 
given.) For any individual cable it is a relatively simple matter 
to calculate the values of 


[exp (—3 6007,/SG’) — exp (—3 6007,/SG’)] 


for T, — Ty = 1, T> = 0(1)23, and to enter these values in an 
additional column of a calculation sheet such as that presented 
in Table 7. The sum of the products of these values and the 
corresponding values of column 2, the equivalent squared applied 
load, would then be calculated. Denoting this result by B, the 
new cyclic rating factor would be given by 


1 
/[G — 2B + kA] 


with A obtained as in Table 7. 
When the form of the applied load in the neighbourhood of its 
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peak is such that an initial half-hourly representation is markedly 
preferable to an hourly representation, it becomes important to 
split the values of Tables 1 and 2 for 7, = 0 into those for two 
half-hourly periods. This has been carried out and the consequent 
values are given in Table 3. When this table is utilized, con- 
sideration may also be given to the effect of the cable thermal 
capacity on the cyclic rating factor. 


(11.2) Detailed Comparison of Formulae for a(¢) 


Two different formulae for a(t), the ratio of transient to steady- 
state outer cable temperature rise on application to a cable of a 
step-function load, are given in eqns. (2) and (3) of the paper. 
To investigate the percentage difference between these formulae 
for the range of parameters involved, we utilize the well-known 
expansion for the exponential integral of a small negative 
argument,!7 

2 


‘— Ei(—y) = —y —log,y + y -2 Ss a 
where y = 0:5772 . . . = Euler’s constant. Denoting x = 
d?/16Dt, eqns. (2) and (3) become respectively, 
— Ei(— Ei(—I?/Dt 
bi fe) eee (2a) 


log, (1612/d2) 
wt) — —_E=28) + (log, 2) exp (~2x) + E(—P/D1) 
wai (log, 16/2/d2) 


The denominators of these two expressions for a(t) are the 
same, as is the term Ei(—I?/Dt) in the numerator. Hence a 


(a) 
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comparison is required between the values of —Ei(—x) and Kt 
—Ei(—2x) + (log, 2) x exp (—2x). For British Standard cables | 
and soil thermal diffusivity, x is a very small quantity for times t 
greater than or equal to one hour. Using the above expansion 
for the exponential integral we have 


He) See (2b) | 
—Ei(—2x) + (log, 2) exp (—2x) = — y — (log, 2x) , 
— — y — log, x + 2x(1 — log, 2) + x*(2 log, 2 — 1) \ 

(3b) 4 


substantially the same result. Further, the maximum percentage 
difference between eqns. (2a) and (3a) occurs when x is largest, 
which in the present context is for time t = 1h, and for soil | 
thermal diffusivity D = 0-01cm?/sec. Further when ¢= th | 
the term Ei(—/?/D?) is ne. ‘gible in the numerator so that the | 
maximum percentage difference between eqns. (2a) and (3a) is | 
the same as that between eqns. (2b) and (35). Taking one of the / 
largest single cable diameters of B.S. 480: 1954, namely | 
d= 4-50in, and with D = 0-01cm2/sec, t= 1h = 3 600sec, j 
then x = 0-226 and there is a 5% difference between eqns. (2b) 

and (3b). (For t = 2h this is reduced to 2%.) The consequent 
difference in the resultant cyclic rating factors for this unfavour- 
able case would be much below 5%. 


SUMMARY 
After a brief reference to the impossibility of producing a sinusoidal 
flux-wave with the more common forms of synchronous generator, the 
paper deals with the conditions necessary for a sinusoidal flux-variation 
in inductor-type alternators. 


LIST OF SYMBOLS 
B,, = Mean gap flux density measured at the armature 
surface, webers/m?. 
B, = Peak value of the sinusoidal component of the flux 
| density, webers/m?. 
iF, G, H = Functions. 
M = Magnetic potential, ampere-turns. 
P, O = Constants. 
R = Radius of armature bore. 
a = por M/B,, equal to Wop M/RB, in the circular form. 
C= B-/B. 
eo — Functions. 
1, = Radial air-gap at the centre-line of the rotor teeth, m. 
p = Number of pairs of poles = number of rotor teeth. 
r = Distance of a point from the centre of the armature 
bore, m. 
x = Abscissa of a point in the developed form, m. 
y = Distance of a point from the surface of the armature 
bore, m. 
a, 8 = Constants. 
= Polar co-ordinate in terms of electrical angles, rad. 
* ® = Polar co-ordinate in terms of mechanical angles, rad. 
7 = Pole pitch measured on the armature surface = half 
the distance between adjacent rotor teeth measured 
on the armature surface, m. 
= 7ry/7 in the developed form, log, (R/r)? in the circular 
form. 
0, 7 (as subscripts) indicate values when 0 = 0 and 6 = 
respectively. 


(1) INTRODUCTION 


The desirability of eliminating harmonics in the voltages and 
currents of a.c. systems has long been recognized, and consider- 
“able attention has been devoted to the reduction of the harmonics 
in the open-circuit terminal voltage of the normal heteropolar 
“ygenerator. The technique is to rely on the armature winding 
: arrangement to reduce to an acceptable level the harmonics which 
‘inevitably arise from the difficulty of producing a flux wave with 
“sinusoidal distribution. The production of a sinusoidal flux 
ave presents different problems according to the type of rotor 
employed. With turbo-type rotors the problem is practically 
insoluble, since, apart from the differing effective permeance over 
he slotted and unslotted portions, a sinusoidal distribution of 
«m.f. presents considerable manufacturing difficulties. Equally, 
‘as shown by Hague,! the pole profile required for a sinusoidal 
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flux wave in salient-pole machines is impracticable, leaving no 
space for field windings, producing considerable leakage flux, and 
providing no flux path between poles at the roots. These 
difficulties lead to the use of a cylindrical rotor with a 3-phase 
type of winding for generators used for high-voltage testing in 
which waveform is of particular importance. This produces the 
harmonics of a normal 3-phase winding, the phase relationships 
being those which occur at the instant of maximum current in one 
phase. These harmonics can be reduced by employing a 3-phase 
winding with a variety of turns per coil, such as that described 
by Krebs.* There is not even a theoretical possibility of pro- 
ducing a machine with the above types of rotor which has no 
harmonics in the flux wave. 

It remains to consider the inductor type of generator. Such 
machines, obsolete for generation at normal supply frequency 
before detailed attention was given to waveform, were revived 
for supplies at frequencies in the 1000 to 10000c/s range for 
induction heating and for supplies to servo systems. A common 
form of rotor tooth profile resembles that of a gear wheel tooth. 
Not only is this not the ideal shape, but also, in contrast with 
other types of generator, the inductor alternator requires for a 
sinusoidal flux wave a profile which is quite practicable. A 
profile of ideal form for an 8-pole rotor is shown in Fig. 1. 


Fig. 1.—An ideal form for an eight-pole rotor. 


Analysis leads to the equations of lines of constant magnetic 
potential which will produce the required distribution of flux 
density at the armature surface. Interest is confined in practice 
to one of these equipotentials, namely that of the rotor surface. 
The solution for the developed form first given by Walker,? show- 
ing that there is a limiting optimum condition, is derived by 
direct solution of the differential equations in Section 7.1. In 
Section 7.2 this solution is extended to include the curvature of 
the armature, the effect of which is negligible in multipolar 
generators but may be of significance if the number of poles is 
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small, as for example in a generator for normal supply frequency. 
The implications of these equations are considered with special 
reference to the optimum case and the ease of computation of 
practicable rotor tooth profiles. 


(2) ANALYSIS 


(2.1) Assumptions 


The analysis, in common with that for other flux distributions 
in electrical machinery, is necessarily based on the assumption 
that the flux densities are such that the reluctance of the iron 
parts of the circuit is negligible compared with that of the air-gap. 
Fringing at the ends of the machine is neglected, so that the 
problem may be treated as two-dimensional. 

It is assumed that the surface of the armature is smooth. This 
entails neglecting the effect of the armature slot openings, which 
may be more serious than in heteropolar machines, since the 
number of slots per pole is frequently only one, and the minimum 
radial air-gap is small so that the effect of the slot-opening is 
enhanced. The type of machine which has relatively few arma- 
ture slots, but in which the armature teeth have small ‘sub-teeth’ 
of the same pitch as the rotor teeth is excluded, since it presents 
a different type of problem. 


(2.2) Analysis of the Developed Form 


Since the analysis which neglects the curvature of the armature 
can be extended readily to include it, and since also the develop- 
ment is sufficiently accurate when the number of poles is large, 
and requires less arithmetic, it is convenient to treat it first. 

In Fig. 2 the variation of flux density is expressed as a cosine 
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Fig. 2.—Variation of flux density B and radial air-gap y. 


wave in order to permit one of the axes of symmetry to be taken 
as the zero of the angle 0, the axis midway between the rotor 
teeth being selected so that the data are as follows: 


The radial flux density at the armature surface is 


oM 
= = B. — B.cos (ax ae Sopa 
H0( 5), 9 = Bm — Be 008 (x7) (1) 
The tangential flux density at the armature surface is zero: 
OM 
<—— =0 W.. 4 Bi eee 
Ho( Ox ae ( ~ 
The Laplace equation 
eM 02M 
= « at eS 
Ho dx2 ar: dy2 ) 0 (3) 


applies for all values of x and y. 
Lastly, the potential of the armature is arbitrarily taken as |) 
zero, so that 4 
(4) | 


Since 7:x/7 = 0, these equations may be rewritten in terms of 6: _ | 


M =0Owheny = 0 


0M | 
Ho ess ny B,, — B,cos 8 @) i 


% 


oM ft 

Ho ae =0 A O ri 5 4 (2) a 

NO NE NA | 

Hol ) vee) * = | 70.20 «(i 
ere ee 


It is shown in Section 7.1 that the solution of these equations is _ i 


poM = BY — 5 Berl —é—It)cos@ . . GI (i 


which can be written 


boM = By — “2B, sinh (7y/7)cos@ =... (OOM . 


or a=cd—sinhdcos? . ... ( 


where a = plot M|/TB,, & = mry/7 and c = B,,|B, 


(2.3) Analysis of Circular Form 


The more exact case of the circular armature can be treated |) 
by the conformal transformation w = ¢?, but, since this involves | 
the idea of an infinite pole-pitch in the development, the direct 
method will be used. a 

Taking the flux as directed radially inwards from the armature | 
surface, the data become in polar co-ordinates: | 


Ho ($) = — B,, + B,cos pO 


(8) 
IM | 
me Ge r=R ee om 
M,=r =0 (10) 
YM 109M 122M ¥ 
Po\ 9,2 * row Pf sor ) are Dg 


in which R is the radius of the armature bore, p is the number of a 
pole-pairs, which is equal to the number of rotor teeth, and @ | 
is the mechanical angle and is equal to 6/p, so that the polar 4 
co-ordinates of a point in the field are (r, @). a 

The solution of this equation is shown in Section 7.2 to be 


RB | 
Ho Cee — sinh [log, (R/r)?] cos p® (12) 


As before, this can be rearranged as 


MM B 
VORB. = B, 18 (R/r)? — sinh [log, (R/r)?] . cos pO 


or, as before, a=ch—sinh@eos? . . . . (13) 


where now 
a = UtopM/RB,, c = B,,/B, and d = log, (R/r)? 


Since 27R = 2pr, p/R = m/7; a is therefore the same as in 
the developed case and only ¢ is changed. 


(3) SIGNIFICANCE OF THE EQUATIONS 


As eqns. (7) and (13) are identical, the same comments will 
' apply to both the developed and circular forms, and it is merely 
necessary to note that, whereas in the developed form infinite 
values of ¢ correspond to infinite values of y, in the cireular case 
they denote zero values of r; both are of course impracticable. 
The equation a = ch — sinh ¢ cos @ has several interesting 
characteristics. When 8 = 7, cos@ = — 1 and the equation 
becomes a = cd + sinh d. Writing this as sinhé = a— cd 
and solving graphically as in Fig. 3, it can be seen that there is 


Fig. 3.—Graphical solution for ¢,. 


only one value of ¢,, for a given value of a, and hence only one 
value of y,, or r,, for a given potential. 

However, when 6 = 0, cos 8 = 1 so that the equation becomes 
4a=cd¢d — sinh ¢. Solving this graphically as sinh ¢ =ch—a, 
“tit is seen in Fig. 4 that there may be two distinct positive real 
(roots, two coincident positive roots, or no positive real roots, 
‘according to the values of aandc. There is also a negative root 
\ which is the reflection in the @ axis of the corresponding negative 
veeuipotential. The graphs of an equipotential corresponding to 
these three cases are shown in Fig. 5. 

For a given distribution of flux to be obtained in practice, 
physical boundaries must be provided corresponding to two of 
lth equipotential lines enclosing the space in which the distribu- 
tien is required. In this case the two equipotentials are the 
ss faces of the rotor and the armature. It is necessary to 
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Fig. 4.—Graphical solution for ¢o. 


consider only a portion between the two axes of symmetry 
corresponding to 6 = 0 and 6 = 7, since the pattern is merely 
repeated with alternate handings around the whole periphery. 
Now with the values of a and c giving equipotentials of the form 
shown in Fig. 5(a@), the area shown shaded is completely enclosed 
by the zero-potential armature surface and the continuous part 
of the selected equipotential. The same applies to Fig. 5(4), 
except that there is now a cusp on the 9 = Oaxis. With Fig. 5(c), 
however, there is no such enclosure, the equipotential going off 
to infinite values of ¢ with 6 = + 7/2 as asymptotes. 

Although it is apparent that this cannot be reproduced in 
practice, there is a further difficulty not initially apparent. The 
armature surface is at zero potential, but it is not the complete 
zero-potential surface; in all cases there is an additional part as 
shown in Fig. 5. In Figs. 5(a) and 5(4) this part is external to the 
enclosed air-gap space and is of no practical importance. In 
Fig. 5(c), however, it is not external to the enclosed space and it, 
or some other adjacent equipotential surface, must be included 
between the equipotentials given by aandc. Fig. 6, which shows 
a number of equipotentials and flux lines, illustrates this more 
clearly. The significance of this in practice is that it makes it 
even more inaccurate to use a large finite value of ¢ as an 
approximation where an infinite value is indicated. It means 
also that in every inductor type of flux pattern there lurks a 
heteropolar pattern involving equipotentials corresponding to 
potentials M, 0 and —M. In fact, if c be made equal to zero, 
the solution reduces to that given by Hague! for the heteropolar 
machine. 


(3.1) Optimum Conditions 


It is apparent that since the maximum flux density (B,, + B 
is limited, the ratio c = B,,/B, must be as small as possible in 
order that B, shall be as large as possible. Since there is a 
practical lower limit to this ratio, this limiting case must be the 
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Fig. 5.—Zero- and M-equipotentials. 


4, cosh % — sinh % 
03 


O [ore} 10 Cmi 15 
¢ = cosh 4 pm 


Fig. 7.—Graphical solution for ein. 


Fig. 6.—Equipotentials and flux lines (for c = 2). 


Eliminating a from eqns. (14) and (15) 


ideal, and it is necessary to determine the corresponding values sinh Lo + sinh ¢, 
of ¢ and a. ae eas 
For a given radial air-gap J, at the centre-line of the rotor ; pat 
teeth, ¢,, is determined either as 7/,/7 or as log, [R/(R — ,)]2. and differentiating eqn. (16), 
Hence a= ch, sinhiday ny fab 114) de _ (¢o — $x) cosh $y — sinh do — sinh ¢, 
since @ is then equal to 7. dg (do — dx)? 


When 6 = 0, the equation becomes The minimum value of c thus occurs when 


a= ¢hy— sinhidy » .-. «+4 5) (fo — $,) cosh ¢o — sinh dy — sinh ¢, =0 . 


(17) | 


This can be solved most conveniently graphically by plottin 
iG) cosh — sinh ¢) and (¢,, cosh d + sinh ¢,) against cosh j 
as in Fig. 7, which, for any given case, involves drawing a single 
| straight line to intersect a curve which can be plotted once for all. 

Substituting for dy from eqn. (17) in eqn. (16) it is seen that 
Cmin = COSh og and can hence be read directly from the graph. 
The corresponding value of ¢9 = arc cosh ¢,,j, determines the 
(radial air-gap midway between the rotor teeth and can be found 
directly if required. 

If eqn. (17) be rewritten in terms of c 
bo it becomes 


Cmin (APC COSH Cmin — Pr) — V/(C2rin — 1) — sinh d, = 0 


!showing that it is the value of ¢, alone which determines the 
minimum value of c and hence the corresponding value of a. 
‘he possible values of c are thus restricted by the ratio of the 
ait-gap at the centre of the rotor teeth to the pole-pitch, since 
hese quantities determine 4,. The limiting values are plotted 
in Fig. 8, which therefore shows the best value of c that can be 
obtained for a given pole-pitch and minimum air-gap. 


min tastead of in terms of 


Fig. 8.—Relationship between ¢2, Cmin, 60 and a. 


When the values of a and c have been selected, whether or not 
he minimum value of c is used, it is necessary to find the values 
f d for values of @ from 0 to 7. The values of r can then be 
‘Yound and the rotor tooth profile plotted. Where the number 
of poles is large, as in the case of high-frequency generators, it is 
mnecessary to use the logarithmic expression, the relationship 
= ola of the developed form being sufficiently accurate. 

Fig. 9 shows the ¢/@ curves for minimum values of c equal to 
, 1-5, 2, 2:5, and 3. Since y is approximately proportional to 
5 they give an indication of the profile required. 


(4) COMPUTATION 
‘tis impracticable to solve for ¢ in terms of 8, and the calcula- 
iiea has to be in the form of solving for @ for selected values of 
5 “etween ¢, and dy. Great accuracy is required in the arith- 
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6, RAD 


Fig. 9.—Optimum profiles. 


metic, since differences are involved, and over a large part of the 
range a and c¢ are of the same order of magnitude. Over the 
remainder of the range cos 0 approaches unity and a small error 
entails a considerably greater error in 9. Whilst expansion in 
series is attractive, it is impossible to generalize on its accuracy, 
since, although y,, = /, may be small compared with 7, yy may 
not be so. 


(5) GENERAL COMMENTS 


A slight increase of c above the minimum values causes a con- 
siderable decrease in yp and may therefore be justified if manu- 
facture is thereby eased. 

The analysis is based on the assumption that the rotor is 
exactly centred relative to the armature. Since the minimum 
air-gap is necessarily small for a reasonable value of c, a small 
eccentricity will produce a big change in the shape of the 
flux wave. 


(5.1) Non-Sinusoidal Flux Waves 


0 
If a flux wave is expressed as rosa ) = B,, — XB, cos n6, 


ih 
the equations of the equipotentials are of the form 


a=cp— ro sinh n¢ cos nO 

It is therefore possible to design a tooth profile to produce any 
specified shape of flux wave. The numerical solution of the 
equation is tedious or difficult, leading to a quadratic when only 
the second harmonic is involved, a cubic with the third harmonic, 
and so on. The interest in this lies, however, in the fact that 
smaller values of c become practicable in some cases, and it may 
be preferable to design the profile for a known amount of 
harmonic of a specified order rather than to try approximating 
to the curve for a sinusoidal flux by using relatively small finite 
values of ¢ where large or infinite values are indicated. The 
harmonic may then be eliminated by the arrangement of the 
armature winding or by the use of filters. 
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(7) APPENDICES 
(7.1) Solution of Developed Form 
oM 
aes = B — B.cos@ . ek FG) 
Ho Su i m c ( 
0M 
— =O). Se ee) 
PO\ 6 io 
m\2 702M 02M 
=) nS 
vo| (2) ALn ee] @) 
My=0 a 0 ° . 5 . 5 . (4) 
From eqn. (1) it may be assumed that 
0M df dg 
Pn pape tate ay 
Ho sy) dy dy 


where f and g are functions of y such that (df/dy),—9 = B,, and 
(dg/dy),-9 = B,. Integrating with respect to y, 


LoM = f(y) — g(y) cos 8 + h(@) 


where h is a function of 6 only. Differentiating with respect to 0, 


0M ' 
Ho( 5 ) = g(y) sin 8 + dh/d0 


so that Lo e 280 sin 0 + dh/dd =0 
ie 


whence dh/d@ = — g(0)sin 6. Integrating with respect to 96, 
h = g(0)cos@ +a, where o is a constant. Hence poM 


=[fQ) +a] — [gQ) — g)]cos@. Since My» =0, « = — f(0) 
and 
HoM = [f0) — £@] — [sO) — g(0)] cos A 
Writing F(y) for [f(y) — f(0)] and GQ) for [g(v) — g(0)], 
[oM = F(y) — GQ) cos 6 
where F(0) = 0 and G(0) = 0. 
Then 
0M 02M 
Gr) = G(y) sin #, po (sar) = G(y) cos 6 
0M dF Or 02M dF dG 
103) = a dy © CS Ho ae il ee PM a 
Substituting in eqn. (3), 
d*F a°G 
el wie 00 + (=) Go) cos 6 =0 


for all values of 6 and y. In particular when 0 = z/2 so that 
cos =0, then d*F/dy? =0 for all values of y; therefore 
F = By + y, but since F(0) = 0, y = 0, and since dF/dy =df/dy 
= B,, B = B,, Again, since d*F/dy? = 0, 


eS _ (=) ‘con | cos 8 = 0 


dG 17\2 
for all values of y and 6. Therefore a (=) G(y) =0 for 
a 


all values of y. The solution of this second-order linear 
equation is G = Pe™/* + Qe—*yI*, where P and Q are constants. 
Since G(O) = 0, P + O = 0, and since 


(dG/dy), —0 = (dg/dy),—o = B;, =P = Q) = 


A SINUSOIDAL FLUX WAVE, WITH 


sylefs ibe apes 
Hence puyM = By — 5 Berl —e-nyI*)cos9 . . (SG 
7 
(7.2) Solution of Circular Form " 
a ~) =— B,, + B.cosp® . (8) 
OM 
ae —— 9 
H0(36 rT=R ¢ ) 
M,=R == 0 (10) 
02M «10M 1 02M A 
ey a ee eee ee > 
or2 OG 12 02 ) . ag et 
From‘egn. (8) it may be assumed that 
OM din vdg 
Hola) = a +g 70 
where f and g are functions of ¢ only, such that (df/dr),-r = —By, % 


and (dg/dr),~r = B,. Integrating with respect to r, 
HoM = f(r) + g(r) cos pO + h(@) 


where h is a function of © only. Differentiating with respect to O, | 


OM 
Ho Go) = — pg(r) sin pO + dh/dO 


OM 
so that as = — pg(R) sin p® + dh/d® =0 
Ho 6 am pg(R) sin pO + dh] 


whence dh/d® = pg(R) sin pO, and integrating with respect to 
®, h = — g(R) cos p® + a, where a is a constant. Hence RE 


MoM = [f(r) + «] + [g() — g(R)] cos pO 
since Mia = Ovo = ECR) 
and MoM = [f(r) — f(R)] + [gs — g(R)] cos pO 


Writing F(r) for [f(r) — f(R)] and G(*) for [g(7) — g(R)] 
}oM = F(’) + G(r) cos pO 
where F(R) and G(R) are both zero. * 


Differentiating, 
Ho Ge) = — pG(r) 2 P®, Ho eS = — p’G(r) cos p® 
Substituting in eqn. (11) 


1dG 2 
a sor cos p®) — (7) G(r) cos p® = ‘ 


for all values of © and of r between 0 and R. 
In particular, when p® = 77/2 so that cos p® = 0, 


a°B galidk 


dein lars dauaes 


Writing F’ for dF/dr, this becomes dF’/dr = — F’/r or 
\dF’/F’ = — dr|r, and integrating, 


log, F’ = — log, r + log, B 


where log. 8 is a constant. 
Hence dF/dr = F’ = B/r and F = B log, r + y, where y is a 
constant. Since F(R) = 0, y = — B log, Rand F = B log.(r/R). 


Now dF/dr = df[dr = (1[R)B(R[r) = Bjr so that (dffdr),—p 
= — B,, = B/R, whence 8 = — RB,, and 
F(r) = — RB,, log, (r/R) = RB, log, (RIr) 
} ale ar. ide 
Again, since Boy = 0, 


dG 1dG P»2 
pz 68 PO at ea cos p®) — (7) G(r) cos p®) = 0 


) for all values of r and ©; hence 


Ge dG. ppx? 
oe) OO 0 


This is a homogeneous linear equation of the second order 
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which can be solved by putting G = Pr”, when the equation 
becomes 
nin — 1)Pr’-2 + nPrn-2 — p2prr-2 = 0 


whence n? — p* = 0, so that n = + p and G = Pre + OQr-. 


Since G(R) = 0, PR? + OR-? = Oor O = — pR??. Differentiat- 
ing, dG/dr = p(Pr?—1 — QR-P—!) and (dG/dr),_ pr = (dg/dr),—R 
= p(PR?-1— QR-?-!) = B,. Hence, substituting for Q, 
2pPR°—! = B.,so that P = B,/2pR?—! and Q = — B,/2pR-?-!. 
Thus G(r) = (RB,/2p)[(r] R)? — (r] R)-?] 

= — (RB,|2p)[(R/r)? — (Rin)? 


and 
LoM = RB,, log, (R/r) — (RB./2p)[(R/r)? — (R/r)-? |cos pO 
Let (R/r)? = €¢ so that ¢ = log, (R/r)? and log, (R/r) = 4/p, 
MoM = (RB,,/p)p — (RB,[p)s(e* — €~*) cos pO 
= (RB,,/p)¢ — (RB,|p) sinh ¢ cos pO 
or, alternatively, 
LoM = (RB,,/p) log, (R/r)? — (RB,/p) sinh [log, (R/r)?] cos pO 
: (13) 


then 
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SUMMARY 


A process for the growing of quartz crystals artificially is briefly 
described. This so-called synthetic quartz, which is being grown 
reproducibly as well-formed crystals weighing about 135 grammes, 
possesses electrical and mechanical properties which closely follow 
those of the natural Brazilian quartz commonly used for piezo-electric 
purposes. The high overall quality of synthetic quartz, its freedom 
from twinning and other faults and its regular shape and size make it 
a convenient material to handle with the minimum of wastage. 

Measurements have been carried out to compare the properties of 
oscillator crystals cut from natural and synthetic quartz. The behaviour 
of the AT- and BT-cuts has been investigated thoroughly, while some 
results have also been obtained on units of the CT-, DT- and 5° X-cuts. 
Most of the parameters measured show no appreciable difference 
between the values for natural and synthetic quartz. Two notable 
exceptions are a small difference in the frequency/temperature charac- 
teristics of AT-cut units, whether operated at fundamental or at over- 
tone frequencies, and an apparently reduced activity of face-shear- 
mode units of the CT- and DT-cuts from the synthetic material. 

The significance of these results is discussed, together with the 
possibility of more accurate measurements to compare the intrinsic 
mechanical losses in natural and synthetic quartz. 


LIST OF SYMBOLS 


= Resistance, inductance and capacitance in the 
motional arm of the equivalent network of an 
oscillator crystal. 
Co = Static capacitance of the crystal measured at a 
frequency remote from a resonance. 
Cj = Capacitance added externally to the crystal 
_ unit, either in series or in parallel. 
R, = Equivalent series resistance, approximately 
equal to R,,,. 
R, = Equivalent parallel resistance. 
f, = Series resonant frequency. 
tf, = Parallel resonant frequency. 
w = Angular frequency = 27f. 
N = Frequency constant. 
fr = Frequency at temperature 7. 
A = Deviation of frequency at temperature T from 
the frequency at temperature To, parts in 10°. 


Re LG 


m? 


A, B, C, ... = Constants in the power series 
AT Io) BT = Toy CT a1 ae 
r = Capacitance ratio = C/C,,,. 
K = Inductance constant. 
T naxx (min To = Characteristic temperatures of the  fre- 


quency/temperature curve for an AT-cut 
crystal. 

6 = Orientation, i.e. complement of angle between 
plate normal and optic axis of crystal. 


(1) INTRODUCTION 


The high level of production of quartz crystals attained during 
the Second World War! has brought about a substantial peace- 
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time demand sustained by the almost exclusive use of quartz 
vibrators for the control and selection of frequencies in mosi types 
of telecommunication equipment other than domestic broadcast | 
receivers. Although quartz is one of the more abundant con- | 
stituents of the earth’s surface, large crystals of piezo-electric |) 
quality occur in reasonable quantities in only a few isolated 
regions. In particular, Brazil has hitherto provided almost all. | 
the quartz used in Britain and the United States. a 

The scarcity of high-grade Brazilian quartz during the war | 
prompted investigations aimed at conserving natural quartz, © 
for example, by the removal of undesirable twinning,”»? and at & 
seeking an alternative source either of quartz or of another § 
piezo-electric material. The untwinning process showed promise, © 
but it had practical defects, and in any event it could only be * 
applied to one of the two common types of twinning, which | 
usually co-exist. Consequently, more emphasis has been placed } 
on research for new raw materials. § 

Workers in the United States took the lead in the investiga- | 
tion of possible alternatives to quartz, and their search covered | 
both natural minerals* and crystals which grow readily from 
water solutions.> Although some of the synthetic materials were | 
found to be suitable for use as electro-mechanical transducers or 
in filter networks, 78 none could be considered as a suitable - 
replacement for quartz in oscillator applications. In general, 
the variation of frequency with temperature for these water= of 
soluble materials is at least 10 times that for quartz. 

In the meantime, a start was made in the United Kingdom, 9 
and, as was discovered later, in Germany,!° on the problem of © 
growing large quartz crystals artificially. Improved growing 
processes met with considerable success both in the United 
Kingdom!! and in the United States.!2:!3_ However, it should 
be noted that the results reported here refer solely to material 
grown by the process which was developed in this country and 
which is briefly described in Section 2. Although the methods # 
adopted by other workers in this field are broadly similar, certain | 
fundamental differences exist which may affect the crystal and 
the performance of oscillator units made from it. 


Ra ee 
- = ae 
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(2) METHOD OF GROWTH 


A historical summary of the attempts to grow quartz has been — 
given elsewhere.!! Mineralogists have been growing small 
crystals of quartz for over a hundred years, but with the a 
tion of Spezia! at the turn of the century, none has grown — 
crystals of greater than microscopic dimensions until recent 
times. | 

Owing to the glass-forming properties of quartz and its x ; 
allotropic modifications at higher temperatures, it is not pracel 
ticable to grow large crystals from the’melt; that is, the flame — 
fusion (Verneuil) technique and the well-known crucible methods | 
are ruled out. Growth from the vapour phase is also excluded _ : 
on similar grounds. The method adopted therefore depends on i 
growth from solution. Moreover, as quartz is virtually insoluble — 
in aqueous solutions under ordinary ambient conditions, it is 
necessary to employ high temperature and pressure to achieve 
sufficient solubility on which to base a workable process. These — 
so-called hydrothermal conditions are closely related to the 


Pudsey 


ey 


“conditions that exist a few miles beneath the earth’s crust, and 
“they may reproduce approximately the environment in which 
rock crystal has been formed in nature. At temperatures in the 
4 region of 400°C and pressures of 1000 atmospheres (about 
4 7 tons/in?) upwards, quartz is soluble in water and considerably 
ore soluble in alkaline solutions such as sodium carbonate. 
{ff a solution saturated with quartz under these conditions is 
cooled slightly, the solution becomes supersaturated and quartz 
will deposit on any seed suspended in the liquid. This is the 
»basic process used by Spezia, from which the most successful 
odern methods have evolved. 

A diagram of the apparatus used by the authors is shown in 
Wig. 1. A steel autoclave constructed to withstand high pressures 


(a) 


/iFig. 1.—Furnace and autoclave for growing synthetic quartz crystals. 


(a) Leads to thermocouples. 

(b) Micaceous thermal insulation. 
(c) Seed crystals. 

(d) Autoclave. 

(e) Crushed melting-grade quartz. 
(f) Hot-plate. 


‘contains seed crystals suspended by fine platinum wires from the 


nutrient material at the bottom. The autoclave is about 80% 
filled with an aqueous solution and is sealed by a mild-steel lens 
‘ring placed between conical surfaces on the lid and body. The 
furnace consists of a hot-plate on which the autoclave stands 
‘surrounded by micaceous-flake thermal insulation. In this way 
+a temperature gradient is established along the autoclave so that 
‘it is cooler in the upper region, surrounding the seeds, than at 
the bottom where the nutrient material is located. 

When the autoclave is heated the liquid expands to fill the 
available space completely at a temperature of about 300°C. 
vAny further increase in temperature causes very large pressures 
“to be developed owing to the low compressibility of the liquid, 
the pressure being a function of the temperature and of the 
“percentage of the space occupied by the liquid at room tem- 
“erature. The temperature at the base of the autoclave is con- 
“trolled at about 400°C, and the top is allowed to reach an 
euilibrium value about 40°C lower. The true temperature drop 
wethin the autoclave is certainly much less than this, but no 
@ziisfactory method has been found to determine it. Under these 
«cenditions quartz is continuously dissolved from the nutrient 
‘material and recrystallized on the seed crystal to form single 
wcrvstals. 
| {n the standard process the seed crystals consist of thin plates 
»o! natural or previously grown synthetic quartz cut perpendicular 
t. the optic axis (i.e. Z-cut). The nutrient material is prepared 
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from small pieces of melting-grade quartz, of the type used in the 
manufacture of silica glass, and this is employed in conjunction 
with an aqueous solution containing 10% sodium carbonate by 
weight. For a given size of autoclave, the rate of growth of the 
crystal is then dependent primarily on pressure, temperature and 
temperature differential. The main control of temperature is 
effected near the base of the autoclave, and it is noteworthy that 
the simplicity of the furnace arrangement has been achieved 
without sacrificing the reproducibility of the thermal conditions 
when the apparatus is dismantled and reassembled. The tem- 
perature drop depends on a number of factors, which it is not 
proposed to discuss here, but they include the effect of the 
particle-size distribution and quantity of nutrient material in 
retarding convection and diffusion processes. As implied in the 
preceding paragraph, the pressure is determined by the initial 
degree of filling and by the temperatures inside the autoclave. 
In order to obtain crystals of the highest quality these con- 
trolling parameters must be set so that the rate of growth falls 
below a certain maximum, which is about 0:5mm per day on 
each side of the seed, measured in the direction of the optic axis. 

Since the linear rate of growth is limited to this maximum it 
follows that the size of crystal that can be grown is essentially 
determined by the size of the seed and the duration of the growing 
process. The latter is decided in practice by the optimum com- 
promise between the need of the application (e.g. the size of 
oscillator plate to be cut) and the diminishing return arising from 
the tapering of the crystal as the development of the pyramidal 
terminations proceeds. It has been found convenient for the 
majority of applications to employ 35 x 50mm seed plates, 
two of which are readily contained in an autoclave having an 
internal bore of 63mm and a capacity of 750ml.. A growth of 
up to 15mm then takes place on each side of these seeds in a 
period of a month, the resulting crystals weighing about 135g 


Fig. 2.—Synthetic quartz crystals from pilot plant. 


each. Fig. 2 shows a number of these crystals grown in a pilot 
plant set up for this purpose. 

For the economic operation of the pilot plant, the seed crystals 
are used repeatedly. The crystal is cut into two ‘blocks’, which 
possess reference faces perpendicular to the Z and X (diad) axes, 
by sawing adjacent to the original seed-growth interfaces. The 
blocks each weigh about 50g; Fig. 3 shows a reclaimed seed 
and the blocks associated with it. 
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It will be seen that the standard process effectively transforms 
a low-grade quartz, which because of its size and quality is 
unsuitable for piezo-electric use, into large near-perfect crystals. 
However, the melting-grade quartz has to be imported, and it 
was thought desirable to develop other growing techniques using 
alternative nutrient materials occurring freely in the United 
Kingdom. In order to employ such indigenous raw materials it 
is necessary to modify the conditions of growth, including, in 
many instances, the composition of the aqueous solution. 
These investigations are still in hand, but satisfactory processes 
based on the use of flint and quartzite have already been developed. 
Fig. 4 shows typical crystals grown from these materials in com- 
parison with a crystal grown on a seed of the same size using 
melting-grade quartz as the nutrient. In the course of this work 
it has become clear that impurities, especially aluminium, can 
play a major role in the mechanism of growth.!> 

Although Z-cut seeds have normally been used by the authors 
for both the standard and the modified processes, some experi- 
mental work on other seed orientations has been carried out. 
It is worth while noting that this work may have special impor- 
tance from the standpoint of the influence of impurities on the 
physical properties of quartz crystals, because the ease with which 
impurity atoms are incorporated in the quartz lattice depends 
among other factors on the orientation of the growing surface. 


(3) FABRICATION OF OSCILLATOR CRYSTALS FROM 
SYNTHETIC QUARTZ 


(3.1) Comparison of the Usability of Natural and Synthetic Quartz 


The usability of natural quartz, that is, the number of oscil- 
lator crystals of a given type that can be cut from a kilogramme 
of material, is dependent on the size of the oscillator crystal to 
be cut, the size and shape of the parent crystal, the perfection of 
the parent crystal, and the cutting techniques used. The trend 
towards miniaturization in telecommunication equipment has 
meant that, where possible, the sizes of oscillator crystals have 
tended to become smaller in the last 10 years. This trend is 
most noticeable in high-frequency thickness-shear-mode crystals, 
which represent a large proportion of the units produced in this 
country. This decrease in the size of oscillator crystals has 
meant that smaller parent crystals can be used. Whereas the 
usual weight of parent crystal used here during the war was 
1-2 kg, it is now common to use material in the 300-500 g range. 
This material is commonly irregular, i.e. it is not bounded by 
natural faces and it may have a wasteful shape. The most 
important factors affecting the usability, however, are the 
following imperfections, which are very common in natural 
quartz: 

(a) Electrical or Dauphiné twinning. 

(6) Optical or Brazil twinning. 

(c) Cracks and veiling. 

(d) Bubbles. 

(e) ‘Blue needles.’ 
These and other defects have been discussed in detail else- 
where.!© Although most of them can be observed in the parent 
crystal before cutting, electrical twinning can be detected only 
after etching in hydrofluoric acid. It is of interest to note that 
the highest grade of natural quartz commonly available for 
piezo-electric use is specified to contain not less than 60% usable 
material, taking no account of electrical twinning. 

It is therefore not surprising that, using conventional cutting 
techniques, the number of 12mm-diameter discs of less than 
1mm thickness which can be cut from 1 kg of natural quartz is, 
on average, only about 100. 

Synthetic quartz grown by the technique described in Section 2 
possesses a number of advantages compared with natural quartz. 
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When grown on a twin-free seed crystal the deposit is itself free 
of twinning. Similarly, the gross defects which are common in 
the natural material are not found in synthetic quartz when it is 
grown at the optimum rate. Certain minor defects do occur 
(Section 3.2), but it is found that these have little or no effect on 
the usability. Since the size of crystal grown is controlled by the 
size of the seed and by the duration of the growth cycle, the 
crystal can be made to give the minimum wastage when used to 
cut a given size of oscillator blank. The blocks of synthetic 
quartz shown in Fig. 3 are intended primarily for the fabrication 


Fig. 3.—Synthetic quartz blocks and reclaimed seed. 


of high-frequency thickness-shear-mode crystals of 10-14mm_ }¥ 


diameter. Approximately 16 such blanks can be cut by con- 


ventional techniques from each block, giving a usability of a 


320 blanks per kilogramme of block material, or 240 blanks per 
kilogramme of material as grown, before the seed crystal is 
recovered. This will be seen to compare favourably with the 


figure of 100 blanks per kilogramme quoted for natural quartz. — 


There are other less tangible, but none the less real, advan- 


tages in the use of synthetic quartz. The regular shape and size ‘| 


of the synthetic quartz blocks, together with the ease of orientation 


due to the presence of a number of crystallographic faces, make — 


this material simple to handle in a manner readily capable of 
mechanization. 
easily by the new techniques developed for cutting quartz with 
much reduced wastage. One such device which has been used 
with considerable success is the annular cutting wheel developed 
by the Post Office Engineering Department.!? The yield with 
this technique can be greater than 60 blanks per block for 


thickness-shear-mode plates intended for third-overtone opera-_ | 


tion in the 50 Mc/s region. 


(3.2) Imperfections in Synthetic Quartz 
It has been pointed out already that the imperfections which 


are prevalent in natural quartz are not found in synthetic quartz Sag 


grown under optimum conditions. Certain defects are found 


which are believed, however, not to affect the overall usability — 


of the material to any great extent. 

In nearly all synthetic quartz the most common defects are 
minute bubbles distributed through the growth. The bubbles 
are two-phase liquid-vapour inclusions varying in size—mostly 
in the range 5-50. The concentration of these bubbles varies 


In addition, this type of block can be handled 4 


considerably from block to block in what appears to be a random 
manner. Evidence will be given to show that these bubbles, 
even in relatively large concentrations, do not adversely affect 
the performance of thickness-shear-mode crystal units. 

All the other defects are isolated cracks or needle-like inclu- 
sions. It is believed that under optimum conditions these 
imperfections should not occur, but at present it is not possible 
to control them completely. It is known that they occur more 

readily when reclaimed seeds, i.e. seed crystals which have been 
used previously, are used again. It is probable that better-quality 
crystals could be obtained if new seeds were used in every growth 
' cycle, and experiments to grow synthetic quartz seeds on an 
economic basis are being carried out. However, the cracks and 
inclusions occur either just below the final growth surface or 
near the edges of the block, so that they have little or no effect 
_on the usability of the material. 


(4) PROPERTIES OF OSCILLATOR CRYSTALS 


The properties of piezo-electric crystals of any orientation can 

| be derived from a knowledge of the tensor properties (e.g. elastic 
and piezo-electric coefficients) and their temperature derivatives. 
' This work has been carried out for natural quartz by a number 
of investigators, including particularly Mason.!*-!9 Preliminary 
| investigation has shown that, to a first order of approximation, 
‘synthetic quartz behaves similarly to the natural crystal. A 
(determination of the individual tensor properties has, therefore, 
+; not been made for synthetic quartz, but a detailed study has been 
‘carried out on the practical properties of a number of the well- 
|known zero-temperature-coefficient cuts. In this way a few 
1minor differences have been found. 


(4.1) Parameters and Methods of Measurement 


Van Dyke? has shown that near resonance a piezo-electric 
\v-brator can be represented by the equivalent network shown 
iin Fig. 5. The precise behaviour of a crystal depends on the 
{t»pe of circuit in which it is to be used, but the following para- 
1 meters are of importance in determining its performance. 

Activity: Activity is a measure of the vibration amplitude of 
tthe crystal element in a given mode of vibration under specified 
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Fig. 4.—Crystals grown from flint (left), melting-grade quartz (centre) and a quartzite (right) with their respective nutrient materials. 


Lm Cm Rm 


Co 


Fig. 5.—Equivalent network of a piezo-electric crystal near an isolated 
resonance. 


conditions. It can be measured in terms of the constants of the 
equivalent network. 

For crystals used in tuned oscillators operating at series 
resonance, e.g. low-frequency units or overtone-mode thickness- 
shear units, activity is specified in terms of the equivalent series 
resistance, R,, which is approximately equal to R,,. The equi- 
valent series resistance can be measured in a m-network by a 
substitution method. 

Fundamental thickness-shear-mode units, normally in the 
frequency range 1-20 Mc/s, are commonly operated in aperiodic 
circuits in the parallel-resonant condition. Activity is then 
measured in terms of equivalent parallel resistance, R,. The 
equivalent parallel resistance has been measured at known input 
capacitance C, in a Type 193 test set.) In terms of the equivalent 
circuit, 

1 
Ti es d 
w (Co Ir Co)? Rin 


Frequency Constant, N: For extensional and shear modes the 
frequency, f, and frequency-controlling dimension, /, are approxi- 
mately related by the equation 


fl=N 


For a given cut and mode of vibration, N is a constant related 
to the elastic constants of the material, and is expressed in 
kilocycle-millimetres per second. 
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Frequency] Temperature Coefficient: In general, the frequency 
can be expressed as a power series in terms of temperature thus: 


ie a = A(T Te BT ye CT Ty 
JO 


where fy = Frequency at temperature 7); 
fy = Frequency at temperature T; 


and A, B and C are coefficients dependent on orientation and 
mode of vibration. A is expressed in parts in 10° per degree 
Centigrade. 

In general, A is large compared with the higher-order coeffi- 
cients, and hence the frequency approximates to a linear function 
of temperature. However, there are certain orientations?? for 
which A is zero, and these are known as zero-temperature- 
coefficient cuts. For example, there are the AT- and BT-cuts 
for thickness-shear-mode operation and the CT- and DT-cuts for 
face-shear-mode operation. For the BT-, CT- and DT-cuts the 
coefficient B is large, so that the frequency/temperature charac- 
teristic is of the quadratic form. Over a small range of orienta- 
tion Tp) can be considered to vary while A remains zero, so that 
the turnover temperature (the temperature at which the tem- 
perature coefficient is zero) can be varied. 

The AT-cut is unique among the above cuts because B is zero 
over a wide range of orientations on either side of the orienta- 
tion at which A vanishes. Over the range for which B is zero 
C can be considered almost constant whereas A varies rapidly. 
Consequently, by adjusting the orientation, a family of cubic 
curves can be obtained for which the point of inflection, J, 
remains approximately constant. 


Capacitance Ratio, r: In terms of the equivalent circuit, 
r= ColC, 


The ratio of capacitances is a property of the material; for a 
given cut, mode of vibration and electrode configuration, it is 
independent of the frequency and of the mounting. The lower 
the value of r the greater is the piezo-electric coupling between 
the electrical and mechanical effects.?3 

The series and parallel resonant frequencies, f, and f, 
respectively, when the crystal is operated with an added shunt 
capacitance Cp, are given by the relation 


ip he a Cr 
I, 2(Co + Cp) 


The motional capacitance, C,,,, can be determined by measure- 
ments of f, — f, with different values of added shunt capacitance. 
The capacitance ratio is then obtained by measuring the static 
capacitance at low frequency. 

Inductance, L,,,: In the equivalent circuit, 


1 
A 472f2C_, 
The inductance L,, is dependent on the dimensions and 
mounting of the crystal as well as on the cut and mode of vibra- 


tion. For a given mode of vibration the inductance is related to 
the dimensions by a constant K. 


n 


kit 
Ca 
For the face-shear mode (fully plated crystal), L,, = Kt. 

3 


For the extensional mode (fully plated crystal), L,, = 


For the thickness-shear mode, L,,, = ey where A is the elec- 


trode area. A 
Q-factor: In the equivalent circuit, 
me 27f-L,, 
in 


The Q-factor is a measure of the losses in the vibrating system. 
The sources of mechanical dissipation are: 
(a) Internal friction in the body of the crystal. 
(6) Internal friction in the electrode and at the surface of the 


crystal. : 
(c) Radiation of mechanical energy into the mounting system. 
(d) Radiation of mechanical energy into the surrounding medium. 


The parameters defined above are sufficient to determine the 
properties of an oscillator crystal under working conditions. 
The most important factors which must be controlled are the 
frequency/temperature coefficient and the crystal activity. The 
former is critically dependent on crystal orientation, while the 
activity and Q-factor are chiefly dependent on the quality of the 
material and on the crystal mounting. It is well known that 
under normal manufacturing conditions the activity of a given 
type of oscillator crystal can vary over a considerable range 
owing to uncontrollable factors. Thus, to compare the activities 
of certain types of oscillator crystals made from both natural 
and synthetic quartz, it is essential to make large batches of units 
which can be subjected to statistical analysis. Moreover, where 
possible, the units from both materials should be manufactured 
under identical conditions. It should be noted, however, that 
high-frequency oscillator crystals are very sensitive to macro- 
scopic defects and, in the development of the synthetic quartz 
process, many defects have first been observed by their effect on 
the activity of thickness-shear-mode units fabricated from the 
material. 


(5) RESULTS OF PARAMETER MEASUREMENTS 


The results of measurements on batches of AT-, BT-, CT- and |} 
DT-cut plates and on 5°X-cut bars are considered in this Section. | 


(5.1) AT-Cut 


The AT-cut is coming into increasing use for fundamental- — 
mode operation in the medium-frequency range (1-20 Mc/s), and — 
is already predominant for overtone operation at higher fre- 
quencies. Its cubic frequency/temperature characteristic makes 
it possible to design crystal units with a very small frequency — 
change over a wide temperature band; for example, +50 parts — 
in 10° from —55 to +90°C. 


(5.1.1) Activity. 


Six synthetic quartz blocks chosen as a representative sample — 
have been fabricated under factory conditions to produce about 
100 4:95 Mc/s AT-cut units, orientation (YX7) +35° 15’ (.R.E. | 
notation™*). Mounted by standard techniques in style-C metal 
holders,”° the units are found to show the expected wide spread 
im activities, as is shown by the distribution curve in Fig. 6. 
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Fig. 6.—Values of equivalent parallel resistance, Rp, for a batch of ‘| 
4-95 Mc/s AT-cut synthetic quartz crystal units, "7 | 

y 


standard deviation of 18 kilohms. | 


The activity of higher-frequency fundamental- and overtone- ‘y 
mode units is critically dependent on the fabrication and mounting — 


The mean effective parallel resistance is 62 kilohms, with a | 
ae 


techniques adopted. 50Mc/s third-overtone units made from 
synthetic quartz blanks finished on No. 304 emery and using 
evaporated gold electrodes have values of R, in the range 
20-30 ohms. Similar figures are obtained for natural quartz units. 


(5.1.2) Frequency/Temperature Characteristics. 


Measurements have been made on a large number of syn- 
thetic quartz units operating on fundamental and third-overtone 
modes, and preliminary results are available on the fifth-overtone 
mode. Most of the measurements are for units with a funda- 
mental frequency of about 17 Mc/s with corresponding third- 
and fifth-overtone frequencies in the 50 Mc/s and 85 Mc/s region. 
Comparison measurements have also been carried out on natural 
quartz units operating on third-overtone mode at 50Mc/s. 
Bechmann and Hale*® 7 have recently published results for 
ssynthetic quartz grown by a somewhat different technique!? 
employing a seed cut parallel to a minor thombohedral face 
(r-cut) in place of a seed perpendicular to the optic axis (Z-cut) 
as described by the authors in Section 2. Bechmann and Hale’s 
measurements have been carried out on 2 Mc/s bevelled AT-cut 
discs operated at their fundamental, third- and fifth-overtone 
frequencies. These results cannot be compared directly with 
those obtained at higher frequencies, since it is known that, at 
‘low frequencies, the form of the frequency/temperature charac- 

\teristic is frequency-dependent. 
As mentioned previously, the frequency/temperature charac- 
iteristic of an AT-cut unit can be represented approximately by 
ithe equation 
| KasA = Te AT — Th) 


Over a limited range of orientation, C is found to be constant 
yhile A is a linear function of the orientation, 0, so that 


0A 
Ao a (@ T) Os 


here 0) = Orientation for which A = 0. 
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Wig 7.—Idealized frequency/temperature characteristics of third- 


overtone 50 Mc/s AT-cut units from synthetic quartz. 
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Ty = Temperature of the point of inflection of the 
cubic curve. 


Figs. 7 and 8 show idealized characteristics of third-overtone 
50 Mc/s units cut from synthetic and natural quartz respectively, 
for orientations from 35° 24’ to 35° 32’. The differences in the 
characteristics are more clearly seen in Fig. 9, where the tem- 
peratures of the maxima, T and minima, 7,,,,, and inflection, 


max? min? 
To, are plotted against orientation for synthetic and natural 


quartz. From the empirical formula for the frequency devia- 
4 
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Fig. 8.—Idealized frequency/temperature characteristics of third- 
overtone 50 Mc/s AT-cut units from natural quartz. 
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tion A, the maximum and minimum temperatures 7,,, are defined 
by 


hye 
: 6 — O) =0 
(Ti, = To)? seeeyil Oe 
That is, Ty,in aNd Tyg, lie on a parabola with orientation as 


the abscissa. From Fig. 9 it will be seen that 69, Tp and the ratio 
1 0A 


C30” | 
different values for on and synthetic quartz. Table 1 gives 


which defines the shape of the parabola, all have slightly 


the values of 4, T° = ee C for natural and synthetic quartz 


06 
and, for comparison, the results given by Bechmann and Hale 
on low-frequency units. 


Table 1 


FREQUENCY/TEMPERATURE CHARACTERISTICS OF AT-CuT UNITS 


Fundamental 


Material frequency 


Order of mode 


The values for the frequency swing are mean values from 
experimental results and thus allow for the spread in results | fe 
found with measurements of this type. Values calculated from j\” 
the idealized curves in Figs. 7 and 8 are rather lower than these 
and give the minimum value which is theoretically possible. : 

It will be seen that the optimum orientations for the two i)” 
materials are very nearly the same. This is due to the fact that i 
over the temperature range —55 to +90°C the differences in z 
O) and 2A/d0 nearly balance one another. This would not 4 
necessarily be true for a different temperature range. The ff, 
difference in the overall frequency swing is largely due to the 
difference in To, the inflection temperature. It will be seen that 9 
the minimum frequency swing will occur when the end tem- ™ 
peratures of the temperature range are symmetrically disposed 9° 


0A/00 


Mc/s 


Synthetic quartz grown on a Z-cut | 17 Fundamental 


ts in 106 
per degree Pe (°C) 


35° 14’ —4-6 110 


seed 


Third overtone 


Si Aa: : 110 


Fifth overtone 


aie) PAY ; 120 


Natural quartz pics io ae Third overtone 


Saye ey’ 2 115 


Synthetic quartz grown on an r-cut Fundamental 


S5mll6e : 115 


seed (Bechmann and Hale) 


Third overtone 390 245 


Fifth overtone 


Bom Os 


Natural quartz (Bechmann and Fundamental 


Hale) 


er? 1” 


Third overtone B5 alse 


It will be seen that both 0) and Tp are higher for synthetic 
than for natural quartz for 50 Mc/s third-overtone units. From 
the results of Bechmann and Hale it appears that the differences 
for their material are in the same direction but of rather greater 
magnitude. 

The optimum orientation for a minimum frequency change 
over a temperature band can be found by inspection of the 
frequency/temperature characteristic curves in Figs. 7 and 8. 
Table 2 gives the optimum orientation for third-overtone 50 Mc/s 


Table 2 


OPTIMUM ORIENTATION FOR 50 Mc/s AT-Cut UNITS OVER THE 
TEMPERATURE RANGE —55 To +90°C 


‘ : Overall 
Material Orientation frequency swing 


Parts in 106 
Synthetic quartz .. ede a Si DA 42 
Natural quartz .. ae ae Spy Cal! 37 


units for the temperature range —55 to +90°C, together with 
values of the overall frequency swing to be expected. Similarly, 
the optimum orientation for fundamental- or fifth-overtone- 
mode operation over any temperature can be calculated from the 
constants in Table 1. 


Fifth overtone 


35220; 


about Ty. For the range considered, the ideal inflection tem- ff 
perature is 17-5°C. Thus natural quartz would be expected to i 
give a slightly lower frequency swing, since Ty is nearer the ideal § 
value. In practice, the small difference found is hardly sig- ¥ 
nificant, considering the spread in results for a number of units } 
cut to the same orientation. 


(5.1.3) Design Parameters. 


The parameters N, r, K and O defined in Section 4.1 have W 
been measured, and Table 3 gives representative values compared 


Table 3 
DESIGN PARAMETERS FOR THE AT-CuT 


Material and frequency N 


kc-mm/s 
Synthetic quartz: 
4:95Mc/s .. be 1 660 
17 Mc/s Me ae 1 660 


Natural quartz: 
17 Mc/s Ate a 1 660 


with those for natural quartz. It must be noted that the para- 
meters are only approximately constant and the purpose of | | 
quoting the figures is to show their order of magnitude. 
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(5.2) BT-Cut 


The BT-cut, although rapidly being superseded for many 
purposes by the AT-cut, still finds use where the frequency 
tolerance is less severe or for high-stability use when temperature- 
controlled ovens can be used. In general, a BT-cut unit is easier 
to make, since, because of the reduced piezo-electric coupling, 
the units are less susceptible to discontinuities in the activity/tem- 
perature characteristic due to coupling with unwanted modes of 
vibration or with the mounting. 


(5.2.1) Activity. 

A number of synthetic quartz blocks have been fabricated to 
make BT-cut crystals in the range 6-10 Mc/s. To determine the 
effect of some of the minor imperfections discussed in Section 3.2, 
six blocks have been cut to make 9-68 Mc/s BT-cut units of 
orientation (YX7) —49° 20’ mounted in style-C metal holders. 


TURNOVER TEMPERATURE ,To, °C 


The blocks were chosen to cover a wide range of quality as shown ORIENTATION, © 
in Table 4, which gives the results of measurements of R, at ; i 
(30 pF input capacitance. Fig. 10.—Constants B and To as functions of orientation for synthetic 


quartz BT-cut crystal units. 


Table 4 | indicates spread in results over six units. 
EFFECT OF BLOCK QUALITY ON THE ACTIVITY OF 
9-68 ee Pico Urits values of B and values of Ty about 20°C lower than for the same 
; crystal at fundamental mode are obtained. This behaviour is 


ae a Es uivaleneparcleisedsiance in agreement with results on natural quartz units. 
q x (30uuF input cap.) 


a? Number of f 
| units (5.2.3) Design Parameters. 


Cracking Bubbles _ Mean Parameters for typical BT-cut units at 10 Mc/s are given in 
Table 5. 


Table 5 
DESIGN PARAMETERS FOR BT-CutT UNITS 


N 
kc-mm/s 
Synthetic quartz oe 2550 145 000 
Note.—The defects are numbered 0-4 in increasing order of severity. Natural quartz na 2550 145 000 


It will be seen that the defects have no significant effect on the 
activity and that the units all meet the RCS pass limit for this (5.3) CT- and DT-Cuts 
itype, namely 8 kilohms. Similar batches of units made from 


‘natural quartz have mean values of R, ranging from 15 to CT- and DT-cut crystals operated on a face-shear mode find 


22 kilohms considerable use in the range 100-500kc/s, the DT-cut mostly 
: at the lower end of the range owing to its smaller frequency 


\(5.2.2) Frequency/Temperature Characteristics. constant. 


The frequency/temperature characteristic of a BT-cut crystal (5.3.1) Activity. 


i tion ; : 
pon be represented by the equatio Two synthetic quartz blocks chosen at random were fabricated 


Ne BT = To)e into 308kc/s CT-units (YX +37° 27’) and 142kc/s DT-units 


where both B and Ty are functions of orientation. Tp, the (FAT = 1 2 )yunespectively., Table ,6;.shows. the | tesuliseor 


temperature of the maximum, which is often called the ‘turnover 


\temperature’, is normally adjusted to be at the mid-point of a Table 6 
wide temperature band or at the oven temperature when used in Activity OF CT- AND DT-Cur UNits 
‘conjunction with thermostatic control. 
| Six units have been made from synthetic quartz at each of Synthetic quartz Natural quartz 
five orientations from —49° 40’ to —47° 30’. Fig. 10 shows the . 
‘variation of B and Tp against orientation. Mean values of 7 cea ac Nei Ee 
are plotted, together with the spread over the six units. Measure- Number Number 


a . : of units of units 
ments at two orientations at the ends of the range using natural 


quartz give results in good agreement, but show at least twice 
‘the spread in values compared with the synthetic crystals over 


Standard Standard 


Mean deviation deviation 


'the same small sample. ie a re ome 
The BT-cut finds only limited application when operated on CTecut 

a! overtone mode owing to its relatively low activity and large 

iffequency drift over an extended temperature range. Measure- 142 ke/s 250 7 18° 

sents of frequency/temperature coefficient have been made on DT-cut 


it) rd-overtone-mode BT-cut units at 30Mc/s. Slightly lower 
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measurements of R, in vacuo on these units, together with 
comparison figures for similar units from natural quartz. 

The equivalent series resistances are sufficiently consistent, as 
shown by the standard deviations, to justify the statement that 
the difference between the results for natural and synthetic 
quartz is significant. Further tests have been carried out to 
determine the effect of the concentration of bubbles on the 
activity of synthetic-quartz CT-cut units. Two blocks, one 
having a low bubble density and the other an abnormally high 
concentration, have been fabricated into 308kc/s CT-cut units. 
The results are given in Table 7. 


Table 7 
THe EFFECT OF BUBBLE DENSITY IN SYNTHETIC QUARTZ ON THE 
ACTIVITY OF CT-CuT RESONATORS 


Low bubble density High bubble density 


Equivalent series resistance 


Equivalent series resistance 


Number 
of units 


Number 
of units 


Standard 
deviation 


Standard 


Mean deviation 


Mean 


ohms 


o> 


ohms ohms ohms 


129 11 115 


The mean equivalent series resistances for both batches in 
this second test are considerably lower than those found in the 
original test. Statistical analysis still shows, however, that the 
difference between natural and synthetic units is significant. 
Considering the effect of bubble density, the results indicate that 
the poorer activity of the synthetic-quartz units is probably not 
associated with the presence of bubbles in the material. It will 
be seen that any difference in the equivalent series resistances of 
units made from synthetic quartz with high and low bubble 
densities is, if anything, in the direction opposite to that which 
would be expected. It is not yet possible to explain the poorer 
activities of synthetic quartz operated on a face-shear mode. It 
should be noted, however, that the difference is of such a mag- 
nitude that it should not prejudice the use of synthetic quartz 
except in applications where the highest alah Q-factor is 
required. 


(5.3.2) Frequency/Temperature Characteristics. 
The frequency/temperature characteristic of both the CT- and 
DT-cut units is parabolic, following the law 
A = BIT — T>)” 


Results of measurements on natural and synthetic quartz units 
cut to the same orientations are given in Table 8. The results 
are seen to be in good agreement. 


Table 8 
FREQUENCY/TEMPERATURE CHARACTERISTICS OF CT- AND 
DT-CuT UNits 


Synthetic quartz Natural quartz 


B To B 


Xe 


cr —4-9 x 10-2 
GE372 27) 


El) OR? 


—2:45 x 10-2 —2:-5 x 10-2 
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(5.3.3) Design Parameters. 
Parameters for CT- and DT-cut units are given in Table 9. 


Table 9 


DESIGN PARAMETERS FOR CI- AND DT-CuT RESONATORS 


CT-cut: 


Synthetic quartz. 190000 


250000 | 


Natural quartz 


DT-cut: 
Synthetic quartz 
Natural quartz 


130000 
220 000 


(5.4) +5°X-Cut Bars 


In consequence of the results on face-shear-mode resonators, 
the behaviour of other low-frequency units is being examined. § 
In particular, a small number of 100kc/s +5°X-cut bars have 
been made from natural and synthetic quartz. q 


(5.4.1) Activity. 


It was not possible to obtain the same level of reproducibility 1 


with bars as was achieved with the face-shear resonators. How- 
ever, within the limits of accuracy of the measurements, the 7 

results given in Table 10 show no significant difference in activity “]j) 
between synthetic and natural quartz. 


Table 10 


Activity oF 100Kc/s +5°X-CuT Bars 


Equivalent series resistance 
Number 
of units 


Mean in vacuo 


ohms 
660 
640 


ohms 
550-720 
400-950 


Synthetic quartz 
Natural quartz 


(5.4.2) Frequency/Temperature Characteristic. 


For values of the ratio of width to length below 0-2, the } 
frequency/temperature characteristic follows the equation ' 


A = BUT — T) 

A comparison of the constants of this equation for the 100ke/s # 
bars is given in Table 11. if 
Table 11 


FREQUENCY/TEMPERATURE CHARACTERISTIC OF 
100Kc/s +5°X-CuT Bars 


Synthetic quartz .. 
Natural quartz 


(5.4.3) Design Parameters. 


Design parameters for the +5°X-cut bar are also a function > 
of the width-to-length ratio. The parameters are given in Table 12g F 
for a ratio of approximately 0-16. 
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Table 12 


DESIGN PARAMETERS OF +5°X-Cur Bars (w/] = 0-16) 


@ 
(typical) 


| 
| 
1 es 
| 
| 
| 


Synthetic quartz 


130000 
Natural quartz a 125 


130000 


(6) DISCUSSION 


The results show that synthetic quartz can be used to replace 
natural quartz in most, if not all, applications; moreover, 
because of its reproducible shape and size and its freedom from 
\twinning it possesses advantages over the natural mineral. For 
lithe majority of the cuts examined, natural quartz can be replaced 
directly by synthetic quartz, since there is no measurable difference 
yin the properties of the two materials. In the case of the AT-cut, 

the orientation may have to be modified slightly to obtain the 
optimum frequency/temperature characteristic for a given 

operating temperature range. The slightly increased overall fre- 

gquency-swing for the commonly used temperature range of —55 
ite +90° C is likely to be counteracted in practice by the greater 
Jioeasistency in the behaviour of synthetic quartz units cut to the 
‘same orientation. This improved reproducibility could be an 
‘important advantage for close-tolerance units. In general, 
Q-factors for natural and synthetic quartz are comparable. 
The somewhat lower Q-factor found for the synthetic quartz 
‘face-shear-mode units is probably unimportant except where 
hey are to be used for applications requiring the highest possible 
)walue. 

It has been recognized that measurements of Q-factor on 

practical oscillator units are often insensitive as a guide to the 
‘true internal damping in the vibrating crystal. The highest 
)Q-factors found for the types of oscillator unit considered are of 

he order of 2 x 10°. It is known, however, that Q-factors as 
Shigh as 5 x 10° are possible with natural quartz. As shown in 
“Section 4.1, the Q-factor of a piezo-electric crystal unit is depen- 
dent not only on the internal friction in the body of the material 
but also on other factors concerned with its use in practice. 

or example, most of the types in common use have their 

-factors depressed by coupling to the mounting system. In 


alone, a design must be used in which external effects are reduced 
0 a minimum. Three types of crystal resonator fulfilling this 
xequirement are mentioned below. 


(a) The Essen Z-cut ring.2® In the form of a 100ke/s ring 
this device requires the use of a very large crystal (about 
70 x 70 x 15mm). Crystals of the required size, weighing 
up to nearly a kilogramme, are now being grown for this 
purpose. It is not, however, possible to test the standard size 
of crystal by this method. 

(b) GT-cut crystals.2? This also requires large crystals. 

(c) Fifth-overtone 5Mc]s AT-cut units.°° Using a design 
described by Warner it is possible to obtain crystals with a 
Q-factor as high as 2 x 10° with a type of unit which can be 
cut from the standard synthetic quartz block. 


The last-named offers the simplest solution, and an investiga- 
tien has been started using such crystals as a means of assessing 
‘ihe true internal damping of synthetic quartz. 

The difference between the frequency/temperature charac- 
¥= istics of various AT-cut units is another feature of considerable 
tin erest. Chi, Hammond and Gerber?! have shown that, by the 
id iberate addition of impurities into the quartz lattice, the 


frequency/temperature characteristics of AT-cut units can be 
considerably modified. In particular, a crystal believed to 
contain 100 parts of aluminium and 50 parts of germanium in 
10°, plus other minor impurities, was found to give ve 
and 0) = + 35° 55’ for fifth-overtone crystals at 29 Mc/s. By 
comparison with the values quoted in Table 1, it will be seen 
that the effect of these added impurities has been to shift the 
values of Ty and @y further away from those for natural quartz. 
Considerable evidence has been obtained from spectrographic 
analyses and the effect of ionizing radiation on quartz? to show 
that synthetic quartz as grown by the authors on a Z-cut seed 
has lower concentrations of impurities such as aluminium than 
either natural or synthetic quartz grown on an r-cut seed. For 
example, Table 13 shows the results of spectrographic analyses 
on typical specimens of natural and synthetic quartz. 


Table 13 
SPECTROGRAPHICALLY DETERMINED ALUMINIUM IN QUARTZ 


Material Al concentration 


Parts in 106 
Natural quartz (Brazil) 


Synthetic quartz (Z-cut seed) 
Synthetic quartz (r-cut seed) 
Synthetic quartz (doped)3! 


* Plus 50 parts Ge in 106 and other impurities. 


The effects on the frequency/temperature characteristic of the 
AT-cut cannot be explained solely in terms of impurity because 
the difference between synthetic quartz grown on Z- and r-cut 
seeds respectively is very much less than the effect of the impurities 
in the ‘doped’ quartz measured by Chi and his co-workers. In 
the latter instance it is possible that one of the impurities other 
than aluminium has a substantial effect on the properties of the 
material. It appears, however, to be more likely that the quartz 
is strained owing to the presence of non-uniformly distributed 
impurities and that this affects the frequency/temperature 
characteristic. There is reason to believe that the material 
grown on a Z-cut seed is largely free of strain. 

Under closely controlled conditions it may be possible to 
introduce appropriate impurities into synthetic quartz, in a 
regular way, so that the resultant oscillator units give an improved 
performance compared with natural quartz. There is reason 
to believe that few elements can be introduced readily into quartz 
grown on a Z-cut seed. In addition, those elements, such as 
aluminium, which can be deliberately incorporated in such a 
crystal tend to be distributed in a non-uniform manner, thus 
setting up considerable strain which renders the material prac- 
tically useless for piezo-electric applications. It appears likely 
that any attempt to study the effects of impurities on the properties 
of quartz will have to be carried out on material grown on 
r-cut seeds. 
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SUMMARY 


[t is shown that the effect of magnetic saturation on the d.c. dynamic 
eraking characteristics of a.c. motors can be determined by a mathe- 
)matical method of analysis which uses the net value of the equivalent 
jslternating magnetizing current, rather than the fractional speed, 
pis the independent variable of functions expressing the values of 
the braking torque and secondary-circuit current. The method is 
pplicable to both asynchronous and synchronous polyphase machines, 
and to asynchronous single-phase motors. It is noted that the deep- 
)par type of squirrel-cage induction motor, in which the rotor resistance 
varies appreciably with the rotor speed, does not present any special 
fificulty in the application of the method. 

A quantitative relationship is derived for the maximum-torque con- 
iiittons. The variation of the maximum torque, and of the critical- 
».peed/secondary-resistance ratio, with the direct primary current is 
dletermined for values of the latter up to four times the rated primary 
)rurrent, and with zero, normal and excessive values of secondary 
Syeactance. It is shown that even when the existence of the normal 
yeactance only is neglected, the maximum torque may be in error to 
“ihe extent of 16%. Still greater errors arise from the neglect of 
‘magnetic saturation, even with the direct primary current limited to the 
vated value. 

) It is shown, also, that the torque/resistance characteristics may be 
derived directly from the torque/speed characteristics. 


(1) LIST OF PRINCIPAL SYMBOLS 


| Voy = Induced e.m.f. per secondary phase at synchronous speed, 
volts. 
1, = Direct primary current, amp. 
I, = Equivalent alternating primary current per phase, referred 
to secondary circuit, amp. 
I,, = Net magnetizing component of J,, amp. 
I, = Secondary current per phase, amp. 
m = Number of phases of secondary winding. 
N = Rotor speed, r.p.m. 
N, = Synchronous speed, r.p.m. 
| R, = Total secondary-circuit resistance per phase, ohms. 
S = Fractional speed, =N/N,. 
T = Torque, ‘synchronous watts’. 
X,, = Magnetizing reactance, Vo/J,,, ohms. 
. X, = Total secondary-circuit reactance per phase, ohms. 


(2) INTRODUCTION 


The braking of induction motors by disconnecting the a.c. 
upply and applying direct current to the primary winding was 
“Mescribed as early as 1910 by Rosenberg and Peck,! and 
‘4elmund.2. The method assumed particular significance in 
925 in its application to run-out-table drives for high-speed 
teel-strip mills,? and in 1936 in connection with mine-winders.* 
t is now being used increasingly for other types of drive, such 
8 centrifuges, machine tools and lifts. 


( Correspondence on Monographs is invited for consideration with a view to 
'& ication. : é : : 
| & r. Butler is Reader in Electrical Machinery, University of Sheffield. 
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In general, the ratio of the direct braking current to the rated 
alternating motoring current depends upon the type of load. For 
example, the ratio is of the order of 1-0 to 2-0 in the case of a 
deadweight load which decelerates the drive immediately the a.c. 
supply is disconnected; 2-0 to 2-5 in drives where the moment of 
inertia of the load is negligible compared with that of the rotor; 
3-0 to 4-0 in loads possessing appreciable flywheel effect; and 
still greater values may be encountered in loads which tend to 
drive the motor beyond its synchronous speed. 

It follows that, since the armature-reaction effect of the 
secondary circuit is reduced as the motor speed falls during 
braking and is zero at standstill, the magnetic circuit can attain 
excessive saturation values. In consequence, the predetermina- 
tion of the braking torque/speed characteristic is seriously in 
error when saturation is ignored, thereby affecting the correct 
choice of motor frame size and the precision of the control design. 

The increasing application of the method, and the practical 
interest in the predetermination of the performance charac- 
teristics, is reflected in the number of contributions to the solution 
of the problem of saturation effects published in the last few 
years.°-? Latterly, Stul’nikov!® has shown that the maximum 
torque conditions can be determined, when the secondary-circuit 
reactance is neglected, in a manner similar to that put forward 
by Weissheimer!! and Friedlander,!? whilst Harrison!? has given 
an accurate graphical method of predicting the torque/speed and 
torque/resistance characteristics, within the limits of graphical 
error and subject to the subsequent addition of braking torques 
arising from space-harmonic magnetomotive forces, friction, 
windage, iron losses and stray losses of the machine. 

The object of the paper is to demonstrate that the braking 
characteristics can be determined by a mathematical, rather than 
a graphical, method which takes full account of the secondary- 
circuit reactance. In consequence, the compilation of the 
characteristics is simplified, the possibility of error is decreased 
(particularly at high magnetizations), the conditions for maximum 
torque can be established quantitatively and a clearer concept of 
the effects of magnetic saturation can be obtained. 


(3) THEORY 
(3.1) Equivalent Circuit 


It can be shown that the circuit in Fig. 1 is an exact equivalent 
circuit per phase of a polyphase induction motor operating under 
the steady-state conditions of the primary (or secondary) windings 
carrying a constant direct current, provided that the space- 
harmonic m.m.f.’s and the iron and stray losses of the machine 
are ignored. The equivalent circuit may be referred to either the 
primary or the secondary circuit of the machine, the latter 
alternative being used here. 

The alternating current J; is electromagnetically equivalent to 
the direct current, J,, in the primary winding; i.e. the fundamental 
component of the m.m.f. distribution in the air-gap has the same 
amplitude for the alternative conditions of a.c. and d.c. excitation 
of the primary winding. It is convenient to assume that the 
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Fig. 1.—Equivalent circuit for d.c. braking conditions. 


frequency of J, is the same as that during motoring, in which 
case the equivalent magnetizing reactance, X,,, of the primary 
winding and the total reactance, X3, of the secondary circuit are 
also referred to this frequency and have the same magnitude as 
that for motoring conditions, within the limits of the assumption 
that the effects of the space harmonics of m.m.f. be ignored. 

The effective resistance of the secondary circuit at a rotor speed 
of Nr.p.m. is R/S, where S is the ratio of N to the rated synchro- 
nous speed, N,, of the motor, and R, is the ohmic resistance 
of the secondary circuit. Thus, S may be termed the fractional 
speed of the rotor, as distinct from the fractional slip represented 
by s in general usage in induction-motor theory. 

The customary procedure in analysing the well-known equiva- 
lent circuit for motoring conditions has, in general, been followed 
closely in the analysis of the circuit shown in Fig. 1, even when 
magnetic saturation is present; i.e. expressions for the secondary 
current J, and the torque in ‘synchronous watts’, T, have been 
derived from the equivalent circuit in terms of either s or S as the 
appropriate independent variable. The disadvantage of such a 
procedure in the case of dynamic braking under conditions of 
high magnetic saturation is that the fractional speed itself is a 
complex function of the degree of magnetic saturation. 

In what follows, the secondary current, fractional speed and 
torque are derived from Fig. 1 in terms of the magnetizing 
current J, as the independent variable, in order that the open- 
circuit curve, or an appropriate simplification thereof, may be 
used in a direct mathematical analysis of the braking performance. 

It should be noted that the equivalent circuit shown in Fig. 1 
is valid for the d.c. dynamic braking of both asynchronous and 
synchronous polyphase machines, and also asynchronous single- 
phase motors. Thus, the present analysis is valid for any one of 
these machines, within the limits of the assumptions stated 
above. 


(3.2) Equations for Secondary Current, Fractional Speed 
and Torque 


It is shown in Section 9.1 that the secondary current in amperes, 
fractional speed, and torque in ‘synchronous watts’ can be 
expressed respectively as follows: 
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where m is the number of phases of the secondary (e.g. rotor) 
winding, Vo is the induced e.m.f. per phase at the synchronous 
speed of the rotor and an equivalent magnetizing current J, and 
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That is, , S and T are defined in terms of J,,, Vo and X,, for a 
fixed value of J;. Obviously, Vp and X,,, are defined directly in 
terms of J,, by the open-circuit characteristic of the machine. a | 
Eqn. (1) shows that J, is independent of the manner in which ie 
the secondary resistance may vary with frequency and saturation | 
conditions. Thus, provided that the variation of Ry is knowny 
from experimental or design data, no difficulty is experienced in|} 
evaluating the braking characteristics of the machine from ) 
eqns. (1), (2) and (3). The deep-bar type of squirrel-cage rotor |} 
is of interest in this respect. 


(3.3) Conditions for Maximum Torque 

(3.3.1) Value of 7; Known or Assumed. i 
It is shown in Section 9.2.1 that the maximum torque for a f 
known value of J, occurs when Vo, J,, and dV /dI,, have the 
values Vo,, In, and (dV /dI,,), tespectively at a point P on the }} 
open-circuit characteristic such that 


(=) a, (Z3, cy 2X3 Z3 plmp + X2Vop) 
dha (Vop =e 3X oI np)Z35 a= 2AGi oy 

Ved | 
where Ze ae - ae Vop (6) ) 


Thus, when the point P has been established, the maximum torque | 
and corresponding values of J, and R,/S may be calculated from § 
eqns. (3), (1) and (2) respectively. 


(3.3.2) Value of JZm Known or Assured. 


It may be assumed that a particular point P on the open- ie 
circuit characteristic, at which Vo, I,, and dVo/dI,, have the) 
known values of Vo,, [,,, and (dV /dI,,),. corresponds with the | 
condition of maximum torque for a fixed value of J, yet to be 7 
evaluated. It is shown in Section 9.2.2 that in this case the value © 
of J, is J,,, for the condition of maximum torque, when qi 
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whilst the fixed value of J, is determined from 
n¢ I . z \" 
R= (1+ m7, + IB, (10) 
Op 

Thus, for any chosen value of I, = I,,), the maximum torque | 
T,, and the corresponding values of I,(=1,,), R/S and J, may 
be determined from eqns. (3), (7), (2) and (10), respectively. 

It should be noted that V3 = 8X,V,I,,, for small values of 
V,, i.e. for only slight magnetic saturation, and consequently | 


greater accuracy will be obtained for this case when eqn. (7) | 
is rewritten more simply as 


[2 [2 Veo : 
20am PX (11) 


oie 
i.e. using the binomial expansion of the quantity under the root | 
sign in eqn. (7). The error incurred in using eqn. (11) does not | 
exceed 17% when 8 XV J,,,/V,2 is not greater than 0-3. 

Also, it may be noted that when magnetic saturation is absent — 
under the maximum-torque conditions, V,, is zero and it is there- 
fore inadmissible to divide by V, in the derivation of egn. (7). 
It is shown in Section 9.2.2 that in this case the well-known — 


relationship R/S = X,, + X> is obtained as the condition 7 
* 


ry 


hmaximum torque; the established theory for the case of no 
(magnetic saturation must be utilized. 


(3.3.3) Negligible Secondary Reactance. 


When X% is so small that it may be neglected, eqn. (5) simpli- 
ifies to 
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‘Hence, when J; is known or assumed and X, ~ 0, eqn. (12) may 
‘be used to establish the maximum-torque conditions. 
Alternatively, eqn. (12) may be rewritten as 
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Thus, when Inp 18 known or assumed and X, ~ 0, eqn. (13) 
may be used to establish the maximum-torque conditions. 


(4) APPLICATION OF THEORY 


In general, the open-circuit characteristic cannot be expressed 
jaccurately by a simple mathematical relationship between V and 
)/,,,  Boyajian!4 has shown that the replacement of the open- 
circuit or magnetization curve of an iron-cored reactor by two 
“consecutive straight lines of different slope, to represent the 
‘yunsaturated and saturated regions respectively, enables a mathe- 
“umatical solution to be obtained for various operating conditions 
of the reactor with useful analytical results. It is likely that 
wesults of general interest can be established in dynamic braking, 
‘by a similar procedure, particularly for transient conditions of 
operation. However, discussion here will be confined to the 
Jisteady-state braking performance, and the actual open-circuit 
yicurve will be utilized. 


(4.1) Open-Circuit Characteristic 


1 The machine considered is that used by Harrison,'? ie. a 
)15h.p. 3-phase 400-volt 50c/s 6-pole slip-ring induction motor. 
The secondary-winding (rotor) resistance and leakage reactance 
Jat 50c/s are 0-27 and 0-56 ohm per phase, respectively. The 
transformation ratio of the effective windings per phase 
‘(primary/secondary) is 2-9. 

Table 1 gives the open-circuit data of the machine obtained 
by measurement of the open-circuit slip-ring voltage and the 
direct current flowing to the star-connected stator winding via 
two of the three terminals. Since the direct current, J,, for this 


Table 1 
OpEN-Circuir DATA 
. i, and J, amp San Omen oe Onn SOM 40 5O0nn 60 ye 70 80 


Vo, volts 54 110 145 163 185 198 207 214 220 225 


ceanection, is related to the corresponding r.m.s. alternating 
current I, by the relationship /, = 0°81Jz, it follows that the 
laiternating current referred to the secondary is I; = 2:91, = 
2-3, Hence, the value of J, corresponding to a direct stator 
suérent equal to the rated r.m.s. alternating stator current, of 
i2amp, is 23amp. Thus, the data in Table 1 are independent 
of the form of primary winding connection during braking, and 

#ve an upper limit corresponding to a direct stator excitation 
>! approximately three times the rated current for the actual d.c. 
soanection utilized. 
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(4.2) Maximum Torque and Critical-Speed Shift 


The speed at which the maximum torque occurs, with a fixed 
value of R5, may be referred to as the critical speed, since unstable 
braking of the machine is obtained above this speed. Also, it 
is known4 that increased saturation due to an increased value of 
Y, results in an increase of the critical speed, even though R, 
and X> are maintained constant. This effect may be conveniently 
referred to as the critical-speed shift. 

It will be readily appreciated that the use of eqns. (7) and (11) 
is much less laborious than that of eqn. (5) for determining the 
maximum torques and critical-speed shifts for magnetic-satura- 
tion conditions corresponding to a succession of values of /;. 
Thus, the calculations may conveniently be divided into three 
stages corresponding to zero, slight and high magnetic saturation. 

If the critical speed, as a fraction of the synchronous speed, is 
represented by S,, the value of R,/S, for the region of no mag- 
netic saturation in the characteristic represented by Table | may 
be taken as 11 + X, up to a value of J,,, of 10amp. Hence, 
the maximum torque in this region may be taken as 


3175 
= eo: Oo - ——=8 14 
" i x; OM 
We ee Cy >) 
whilst J, is obtained from 
22 
[ees 211 + X2)272, (15) 


tS 2s 


as established in Section 9.2.3 for the region of no magnetic 
saturation. 

Beyond this region, up to the point where J,,, is approxi- 
mately equal to the rated current when X;, is limited to the 
leakage reactance of the secondary winding, eqns. (11), (10), (2) 
and (3) may be used to determine J,,, I;, R,/S, and T,, respec- 
tively, for assumed successive values of | Brae 5:0) higher values 
of magnetic saturation, eqn. (7) must be used in place 
of eqn. (11) for the determination of the value of I, for assumed 
successive values of I,,,. 

The results for the machine in question are given in graphical 
form in Figs. 2 and 3. It will be seen that the alternative con- 
ditions of the secondary-circuit reactance being zero, one, five 
and ten times the secondary-winding leakage reactance have been 
considered. The latter two values of X, have been included in 
view of a recent tendency to incorporate components having 
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Fig. 2.—Variation of maximum torque with direct primary excitation. 


—--~— Without magnetic saturation. 
—— With magnetic saturation. 
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(4.3) Torque/Speed Characteristic 


The torque/speed characteristic is evaluated for fixed values 
of R>, X and J, by using successive values of J,,, and the corre- |) 
sponding values of Vy and X,,,, in conjunction with eqns. (1), (2) a 
and (3). The number of successive values of /,,, can be minimized 
by the availability of Figs. 2 and 3, and bearing in mind the} 
values of J,,,, used in compiling those curves. A typical example | 
of torque/speed calculation is given as Table 2. 

Obviously, for any given value of J,,, the torque expressed by | 
eqn. (3) remains constant irrespective of the degree of magnetic | 
saturation and variation of R», provided the ratio R,/S is main- |p 
tained constant. Hence, when the torque/speed characteristic |? 
has been compiled for the lowest possible value of R,, the} 
characteristic for any increased value will have the same maximum | 
torque and can be readily compiled from the initial charac- § 
teristic for the same range of speed by merely moving the} 

| characteristic forward, parallel to the speed axis, by the ratio of 
ON a : é a the second to the first value of R,. Thus, for each fixed value 
of J, it is sufficient to determine the single characteristic corre- § 
sponding to R, = 0:27 ohm for the machine in question. yD 

It may be noted here that the single characteristic correspond- | 
ing to R, = 0:27 ohm is directly applicable to any greater value |) 
of R, merely by adding a further scale of S graduated in direct © 


i 


=> 


‘ 


/SHORT— CIRCUIT X= 0, 


FRACTIONAL SPEED AT MAXIMUM TORQUE /SECONDARY CIRCUIT RESISTANCE 


A a eee ees proportion to R,; i.e., the characteristic for the lowest possible J 
bee a pe aie a 2 . value of R, is inherently a characteristic of increased speed range 

Se Uo ts gio errs pe aah for any increase of R>. 

In order to obtain a clear conception of the effects of magnetic © 
i | saturation on the torque/speed characteristics with different: 
. | | values of J;, it is helpful to use the ‘ideal’ characteristic as the 
fe) = ae et / a ae eee 4 basis of comparison, namely that obtained for the hypothetical > 
condition of no magnetic saturation even at the largest values J 
Fig. 3.—Variation of critical-speed/resistance ratio with of [;. From Fig. 2 it is evident that the ideal maximum torque |L 
direct primary excitation. will be several times the actual torque at large values of J;. . 

SSS Wii ont ineenoue sarees It will be advantageous to express the torque in terms of | 
—— With magnetic saturation. per-unit ideal maximum torque, since the high-speed portions of Y 


: the characteristics with different values of 7, will then be coinci- jf 
appreciable inductive reactance in the external secondary circuit dent with the ideal characteristic, because J, tends to be much jf 
of mine winders, to facilitate automatic control of the braking less than J; at high speeds. Thus, the effects of magnetic satura- i 
torque. Although these two values of X are excessive, the tion on the separate characteristics may be compared collectively. 
results are nevertheless of interest in stressing the deleterious Also, in order that the change due to saturation may be related 
effect of increased secondary-circuit reactance. to the continuous rating of the machine, the torque/speed curves | 

Evidently, for the particular case of zero secondary reactance, have been evaluated from eqns. (1), (2) and (3) for values of J; | 
the results for the region of magnetic saturation are evaluated equivalent to 1, 2 and 4 times the rated current flowing as diregt t 
by using the simple relationship of eqns. (12) or (13), whilst current to the star-connected primary winding via two of the 
eqns. (14) and (15) are used for the region of no magnetic satura- three terminals. It may be noted that this form of d.c. connec- 


tion in their further amplified forms T, = 33/7, and /7 = 272,,. tion is usually preferred in practice, since it allows a simpler | 


Table 2 


COMPILATION OF TORQUE/SPEED AND TORQUE/RESISTANCE CURVES FROM OPEN-CIRCUIT CURVE AND EQUIVALENT CIRCUIT 
PARAMETERS FOR J; = 56AMP AND X> = 0°56 OHM 


Load points 
Quantity 


T (syn kW’) 
1000R, 


Notes. (i) R2 = 0:27 ohm for torque/speed curve in lines 6 and 5. 
(ii) S = 0-1 for torque/resistance curve in lines 6 and 7. 


ii) Values of 1 000R> obtained directly from correspondin i i i 

: 2, : g values of 1000S b = 5 

(iv) Well-known relationship for constant Xj, is used for last three load Dome ion = en TR ISIC)? rae a as 0:27/5 = 27 000/1 000s. 
mm - 21+ t m* 2)*}. 


Da SSS 


1:0 


| = 


9° 
o 


q 


O06 


CURRENT = 4 


° 
iS 


Dye EXCITATION/ RATED 


° 
i) 


TORQUE, PER UNIT OF IDEAL MAXIMUM 


-+ 


0304 O06 O8 10 
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: ig. 4.—Torque/speed characteristics with X2 at the short-circuit value. 


Stable. 
—---— Unstable. 


Upper scale of speed is for R2 = short-circuit value. 
Lower scale of speed is for R2 = 10 x short-circuit value. 


satrol scheme and a higher direct voltage to be used than is 
possible with the alternative connections available. 

| The results are shown in Fig. 4, from which it will be seen that 

even for the highest value of J,;, magnetic saturation is absent 

above about 25% of the synchronous speed when no external 

‘xesistance is included in the secondary circuit. It should be 

noted that the ideal torque/speed curve has been evaluated from 


» 
— as, ES eee 
O+1/0 ue) 
y oh 2G Te Xy 
here eves (17) 


For the machine in question, Q = 42-85. It should be further 
Hnoted that a true comparison of the actual torques when /, is 
equivalent to 1, 2 and 4 times the rated current is obtained 
hen the per-unit-of-ideal-peak-torque values are multiplied by 
il, 4 and 16 respectively. 


(4.4) Torque/Resistance Characteristic 


In mine-winders and cranes, the problem of maintaining stable 
braking operation with variation of the secondary-circuit external 
resistance is more readily investigated by the availability of 
‘torque/resistance characteristics at fixed values of S and J, than 
by the availability of torque/speed characteristics at fixed values 
of R, and J,;. The secondary-circuit resistance at which the 
‘maximum torque occurs may be referred to as the critical 
“resistance, since the reduction of R, below its critical value, R>,, 
‘results in a reduction of the braking torque with consequent 
Sinstability of the braking operation. 
Evidently, the torque/resistance characteristic may be evaluated 
‘by using successive values of J, and the corresponding values of 
7. and X,, in conjunction with eqns. (1), (2) and (3). It will be 
appreciated from the latter equations that when the charac- 
texistic has been compiled for a low value of S, the characteristic 
sr any increased value will have the same maximum torque and 
261 be readily compiled from the initial characteristic for an 
inereased range of R, by merely moving the characteristic for- 
wiexd, parallel to the resistance axis, by the ratio of the second 
© the first value of S. Thus, for each value of /;, it is sufficient 
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to determine the single characteristic corresponding, e.g. to 
MS = Orit 

As in the case of the torque/speed characteristics, the ideal 
characteristic may be used as the basis of comparison and the 
torques may be expressed in terms of per-unit ideal maximum 
torque, since the low-resistance portions of the characteristics 
with different values of J, will then be coincident with the ideal 
characteristic, because J, tends to be much less than J, at low 
resistance values. Thus the effects of magnetic saturation on 
the separate characteristics may be compared collectively. 

The results are shown in Fig. 5. The ideal characteristic has 
been evaluated from eqn. (16), with Q = 1-156/R, for the 
machine in question. It will be seen that alternative resistance 
scales have been included in Fig. 5, since, instead of moving the 


pees 


TORQUE , PER UNIT OF IDEAL MAXIMUM 


) 2 4 6 8 10 FOR $=0-1 
) 20 40 60 80 100 FOR $=1-0 
SECONDARY RESISTANCE, PER UNIT OF SHORT-CIRCUIT 
LUE. 
Fig. 5.—Torque/resistance characteristics with X2 at the short-circuit 
value. 
—— Stable. 
—~--- Unstable. 


characteristics forward for increased values of speed, as discussed 
above, it may be more convenient to use the same characteristic 
to illustrate the performance at increased speeds. Also, it may 
be noted here that the torque/resistance characteristics may be 
compiled directly from the torque/speed characteristics, as 
discussed in detail in Section 9.3. A typical example of 
torque/resistance calculation is given in Table 2. 

As in the case shown in Fig. 4, a true comparison of the actual 
torques when J, is equivalent to 1, 2 and 4 times the rated current 
is obtained when the per-unit-of-ideal-peak-torque values are 
multiplied by 1, 4 and 16, respectively. Fig. 6 has been compiled, 
since further useful information is more readily apparent by a 
comparison of the actual torques. However, it will be seen that 
the torques are here expressed in terms of per-unit maximum 
torque at rated current, as a more convenient basis of comparison 
of the actual values. 


(5) CONFIRMATION OF THEORY 


It has been confirmed that the present method gives agreement 
between the theoretical and experimental torque/speed and 
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torque/resistance characteristics which is at least as close as that 
obtained by Harrison,!? for the same machine. 


(6) DISCUSSION OF RESULTS AND CONCLUSIONS 


It will be seen from Fig. 2 that with low secondary reactance 
the maximum torque increases almost linearly with the direct 
primary current, except at low currents. Thus magnetic saturation 
results in a considerable decrease in the maximum torque below 
the ideal value, which varies as the square of the direct primary 
current. or example, when the direct stator current is 1, 2 
and 4 times the rated current, the actual maximum torque is 
respectively 75, 50 and 27:5% of the ideal value. Increased 
secondary reactance appreciably worsens matters; with the fore- 
going values of direct stator current, the actual maximum torque 
with a secondary reactance of five times the short-circuit value 
is respectively 76, 60 and 34% of that with negligible secondary 
reactance. 

Fig. 3 shows that with low secondary reactance the critical 
speed also increases almost linearly with the direct primary 
current, except for low currents. For the machine in question, 
the increase is approximately 125% for each 100% increase in 
the direct primary current above the rated value. The effect is 
somewhat reduced when the secondary reactance is increased. 

Ignoring the secondary leakage reactance of the machine, as 
Stul’nikov!® and others!!»!2 have done, results in percentage 
positive errors of 6, 9 and 16 in the maximum torque (Fig. 2), 
and approximately 5, 5 and 5 in the critical speed (Fig. 3), for 
direct primary currents of 1, 2 and 4 times the rated current, 
respectively. Hence, the leakage reactance may be neglected for 
all practical values of the direct primary current and for most 
practical applications, so far as the critical speed (or critical 
resistance) is concerned, but not so far as the torque is concerned. 

Figs. 4 and 5 show that the effect of magnetic saturation, even 
at rated current, is to distort the stable portions of the 
torque/speed and torque/resistance characteristics severely, whilst 
affecting the unstable portions much less. Thus, saturation 
results in the torque/speed and torque/resistance characteristics 
being appreciably different in shape; the ideal torque/speed and 
torque/resistance characteristics are identical in shape and are 
represented by a single characteristic when the resistance scale 
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is taken as (X,, + X) times that of the speed scale (see}) 
Section 9.3). 

It will be seen from Fig. 6 that although the maximum torque|y 
increases more than proportionately with the direct primary b 
current, the increase of torque is much less than proportionate} 
when R, is constant and greater than the critical resistance || 
corresponding to the rated current. For example, as the direct » 
primary current is successively 1, 2 and 4 times the rated value, ; 
the torques are only 1, 1-4 and 2 times when R, is twice the) 
above critical resistance, and only 1, 1-2 and 1-4 times when R, H 
is several times the critical resistance. Thus, in the case of a} 
slip-ring induction motor, for which the braking torque is’ 
controlled by variation of the external secondary resistance, it is 7 
desirable that R, should approach closely to the appropriate )) 
critical value at all speeds if maximum benefit is to be obtained |p 
from increased direct primary currents. In a squirrel-cage motor } 
applied to drives subject to frequent starting and stopping, it & 
may be deduced from Fig. 4 that the braking performance is % 


even the conventional high-resistance rotor. 
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(9) APPENDICES 
\(9.1) Secondary Current, Speed and Torque as Functions of lhe 
From the equivalent circuit shown in Fig. 1, 


y2 = ply. 
= 3(43 +57) 
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e-*) 
[2 2 
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Jie. using eqn. (2), | 
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)ywhilst the torque in ‘synchronous watts’ is 


pe mIZR, 
S 
i (9.2) Conditions for Maximum Torque 
19.2.1) Value of I, Known or Assumed. 


Since the torque,.7, is always of the same algebraical sign, the 
\condition for maximum value of T is identical with that for 
maximum value of T*. Thus, from eqns. (3) and (2), 
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(9.2.2) Value of J,,, Known or Assumed. 
From eqn. (18) 

DXA Aa AOV GV le AV he Oe (21) 

where V,= Vo —1,,dV fd, (22) 
dV 

and V, = (Ze + 31, m) a LEY eh oy A et (23) 


Since 13 must always be a positive quantity, the only admissible 


solution of eqn. (21) is 


Pie VeVe V(XBV iV 2 + 8X3V VEL.) 
2 4X32V, 4X3V, 
_ Vol. 
eee y° [V/Vi2 + 8X2V In) — Vp] (24) 


The Rue ee value of J, in terms of J, and J,, is, from 
eqns. (1) and (4), 


21 
Pe (1 2 ae 1272 (25) 


It should be noted that 


dVo 
Vo =1n a dl, 
when saturation is absent, i.e. V, = 0, and it is therefore inad- 
missible to divide by V, in deriving eqn. (24). Thus, when 
saturation is absent, it is necessary to substitute V, =0 in 
eqn. (21), in which case the well-known relationship of 
R,/S = X,, + X2 is obtained as the condition of maximum 
torque, bearing in mind that V?/I3 = (R)/S)? + X3. 


(9.2.3) Region of No Magnetic Saturation. 
From the equivalent circuit shown in Fig. 1, 


(3 oa 22) x2n 
X2]2 = 


mm 
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% 
(Xn + XQ) + = 


It is well known that for the case of no fine saturation, the 
maximum torque occurs when R,/S = X,, + X>. Hence, sub- 
stituting in eqn. (26), the value of J; when the torque is a maximum 
is given by 

| eae XT} 

1 X2 4+ 2XX,, + X) 


m 


(27) 


192 


Again, it is well known that for the case of no magnetic saturation 
the maximum torque is 


mars 
z 2X a; X)) 
and substituting for [?, 
ml 2 
_ UL 2 
si 5 2X, (28) 
+ 
My F X Xe 


Eqns. (14) and (15) are obtained from eqns. (28) and (27) for 
m =3and X,, = 11. 


(9.3) Derivation of 7/R, Curve from 7/S Curve 
It will be seen from Fig. | that for a given value of J,, irrespec- 


tive of the degree of saturation, the torque is a function of the 


variable R,/S, i.e. 
R, 
ea a 
S(s) 
When R; is constant and equal, e.g. to R,, T is a function of S 
and is given by 
R 
is =1() bovine ee 


Alternatively, when S is constant and, e.g. equal to S,, T is a 
function of R, and is given by 


(29) 


(30) 


Ry 
La fi! ae Oe 
ot) G1) 
Hence, 7, and T; have identical values when R,/S = R>/Sj, ie. 
S1Ro 
or S = Si Rog 
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Thus, for a given value of J,, a particular value of torque on 
the 7/R, characteristic, for S = Sj, is identical with that on the | 
T/S characteristic, for R, = R2,, when the corresponding value | 
of S of the T/S curve is converted to the corresponding value of 
R, of the 7/R, curve by using eqn. (32). j 

It will be seen that in performing this conversion, the rising (or 7) 
falling) portion of the 7/S characteristic at the lower (or higher) | 
values of S becomes the falling (or rising) portion of the T/Rz } 
characteristic at the higher (or lower) values of Rj. Hence, }) 
since the effect of saturation is mainly evident on the rising portion a 
of the 7/S characteristic, it follows that the effect of saturation [) 
will be mainly evident on the falling portion of the 7/R, | 
characteristic. 

In the particular case of no magnetic saturation, the T/S #@ 
characteristic represented by eqn. (30) may be written more % 


specifically as “et 
MIP. a 
dhe = SR (34) 4 
57S ; 


whilst the 7/R, characteristic represented by eqn. (31) may be 
written more specifically as 


or ~ 
Li FR Re Om" 
Ro, Ry =| 
where Saas Roa | 
Area | 
and Ro, = (X,, ai X4)Sj | 
Thus, the characteristics represented by eqns. (34) and (35) are” i 
identical when S/S, = R/Ro,, i.e. a] 
Ry = (Xp + X2)S ol iy 


ic. a T/S characteristic becomes a 7/R, characteristic when the fh 


resistance scale of the latter. 
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SUMMARY 


A technique is presented for evaluating the response of a specific 
_type of non-linear servo mechanism to random signals, to sinusoidal 
» signals contaminated by noise and to random signals contaminated 
* bynoise. In particular, a second-order servo mechanism incorporating 
\ derivative-of-error stabilization and subjected to torque limitation is 
considered. Theoreticai responses are evaluated for a widé range of 
parameters, and experimental verification is included. 

The analysis presented is basically an extension of the describing- 
7 function technique and can be applied to any second-order servo 
“; mechanism incorporating, either by design or inherently, a simple 
4 amplitude-dependent frequency-insensitive non-linearity. 


LIST OF PRINCIPAL SYMBOLS 

E,,, = Normalized amplitude of sinusoidal signal input to 
the system. 

Po, = Normalized amplitude of sinusoidal signal input to 
the non-linear element. 


I,,, = Normalized random signal input to the system. 

Os, = Normalized random signal input to the non-linear 
element. 

Ivy = Normalized noise input to the system. 


Onn = Normalized noise input to the non-linear element. 
+V, = Limits of linear operation. 
1T,, T, G; = Constants of system. 


(1) INTRODUCTION 
In the analysis of linear systems the principle of superposition 
x allows the behaviour of a given system subjected to an arbitrary 


: \signal to be evaluated if the behaviour for a given signal is known. 
{For this reason the performance specification of a linear servo 


or step-function inputs. Consideration of noise contaminating 
}\the signal has led to the statistical analysis of system behaviour 
4 subjected to random inputs!-3 with the aim of optimizing system 
parameters to minimize the unwanted effects of the noise. 
For systems containing non-linear elements the picture is 
jentirely different; superposition no longer holds. Thus the 
‘\response of a non-linear system, which will now be amplitude 
idependent, to a given input function does not define the system, 
‘vand it is not possible to calculate the response to any other 
“isignal from the knowledge of the response to one signal. Much 
‘work4-9 has, however, been done on the step-function responses 
and steady-state frequency responses of simple non-linear 
“systems, even though these do not formally enable the response 
(fer other types of signal to be predicted. It was primarily of 
imerest to see how the non-linearity in a system modified the 
Wbenaviour it would have if linear. Step-function analysis has 
Ushown in particular how certain non-linear systems may have 
damped responses for signals below a certain level but become 
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unstable for step inputs above a critical value. Frequency- 
response analysis has led to the analytical explanation of ‘jump’ 
phenomena, sub-harmonic resonance, and the development of 
the describing-function technique. 

It is still, however, of considerable importance (since a system 
in practice will in the main not be subjected to either step- 
function or steady sinusoidal inputs) to be able to specify 
non-linear system behaviour for the type of signal actually 
encountered. Thus consideration must be given to random, 
continuously varying input signals. Although experimental 
work®:;!° on the response of simple non-linear systems to random, 
signals has already been carried out, few mathematical tech- 
niques have been developed for such analysis.!9!! 

In the paper an approximate technique for evaluating the 
response of a non-linear second-order servo mechanism contain- 
ing one amplitude non-linear element is developed. Use is made 
of an extension! to the describing function of a non-linear 
element for statistical analysis. 

The inputs considered are all random but statistically stationary. 
Gaussian amplitude probability distribution has been taken, but 
the method can be applied for any probability distribution, pro- 
vided it is known. Restriction to second-order systems is 
entirely for analytical simplicity; higher-order systems could be 
analysed, since this only increases the complexity of the ‘linear’ 
portion of the analysis. The signals considered are as follows: 

(a) A stochastic signal defined by its power-density spectrum and 
amplitude-probability distribution. 

(6) A sinusoidal signal with noise present at the input. This is of 
interest in relation to the effect of noise on the jump phenomenon 
for the sinusoidal output. 

(c) A stochastic signal contaminated by noise which in this 


context is a second stochastic signal with a different spectrum but 
similar amplitude probability distribution. 


(2) THE BASIC SYSTEM 


The basic system to be considered is shown in Fig. 1. It is 
a simple remote-position-control servo mechanism using deriva- 


Fig. 1.—The basic system. 


tive-of-error stabilization and incorporating a single-valued 
amplitude-dependent frequency-independent non-linearity. This 
system is of the ‘anlis’ class,* the harmonics, cross-modulation 
products and other distortion components generated by the 
non-linear element being severely attenuated by the filtering 
action4.8.!9,11,13 of the servo motor. 


(2.1) The Excitation Signals 
The three types of input to be considered have already been 
mentioned in Section 1. The two most important characteristics 


* This adjective is obtained from the initials of the phrase ‘Amplitude Non-Linearity 
Integrator-Smoothed’, which is sufficiently indicative of the class of systems implied. 
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of a random signal, and those which are required to describe it 
adequately, are the power spectrum and the amplitude probability 
distribution function. Random signals with Gaussian?:!!.!,13 
amplitude probability distributions occur most frequently in 
nature, and it is for this reason that this type of distribution is 
considered in the following analysis. 

Random signal shaping by a non-linear element changes both 
the power spectrum and the amplitude probability distribution. 
In a closed-loop system the change in the latter, as far as the 
signal at the output of the system is concerned, is made negligible 
by the servo motor, the result of passing a non-Gaussian signal 
through a linear low-pass filter being that of making it more 
Gaussian.!0.!!,13 


(2.2) The Type of Non-Linearity Considered 


The type of non-linearity that can be considered is any single- 
valued amplitude-dependent frequency-insensitive characteristic. 
Its response is characterized by the gain being solely dependent 
on the magnitude of the input. In particular, the saturation 
characteristic of Fig. 3 has been used, and in the analysis ampli- 
tudes of signals at various points in the system have been 
normalized with respect to V,. 


(3) THE CLOSED-LOOP RESPONSE 

If a random signal with a Gaussian amplitude probability 
distribution is applied to a linear system, then every signal within 
the system is Gaussian. To a certain extent non-linearity within 
the closed-loop system destroys this nature of the signals. 
However, for the reasons stipulated in Section 2.1 it is assumed 
that the signal at the system output is Gaussian. For this con- 
dition the signal at the input to the non-linear element is also 
Gaussian, and this assumption facilitates the application of a 
quasi-linear representation of the non-linearity. In this!° the 
non-linear element is represented by an equivalent gain, the value 
of which depends upon the magnitude of the input to the non- 
linear element. 

In the closed-loop system this equivalent gain and the input to 
the non-linear element must satisfy a condition that has yet to be 
derived. In addition, the r.m.s. value of this input must be that 
which results from an analysis of the system obtained when the 
non-linearity is replaced by the appropriate equivalent gain. 
The closed-loop response is evaluated from a simultaneous 
solution of these conditions.!> 


(3.1) The Equivalent Gain 


There are two ways of representing the response of a non- 
linearity subjected to any type of input. The first is the ‘single- 
function’ representation. In this, a non-linear function of the 
form 

(1) 


is used to express the exact relationship between the instantaneous 
input x; and the instantaneous response x9. The second is the 
‘two-function’ representation. In this the non-linear element is 
represented by a quasi-linear amplifier and a distortion or 
harmonic generator. Thus, if the input is sinusoidal, this inter- 
pretation considers the response as the sum of a fundamental 
component and a distortion component consisting only of 
harmonics. For this second interpretation the response is 
represented by the expression 


ipa JCF) « 


(2) 


where k., is the equivalent gain and is a function of signal 
amplitude and x}, is the distortion component. The quantity 
Kk is known as the describing function for the non-linearity f(x;). 


Xo = K ogXj a Xe : 
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The basic assumption of the analysis is that in the closed-loop 
system the component x,, may be neglected for an appropriate 
choice of k,,, which minimizes x. The k,, function remains to 
be determined. 

It has already been shown!® that the describing function may 
be interpreted as that linear gain k,, which minimizes the mean- 
square harmonic content x, in eqn. (2). That this assumption is 
the same as that made for the describing function follows from 
the fact!? that the amplitude of each term in the Fourier series 
expansion of a function is such as to minimize the mean-square 
difference between that component and the function. Thus for 
a sinusoidal input k,, is the gain relating the amplitude of the 
fundamental component of the output waveform to that of the 
input sinusoid. 


From egns. (1) and (2) the square of the instantaneous value. 4 


of the distortion is 
x}, = [F (x) — Kegxi}? 


If P,(x;)8x; is the probability that x; lies between x; and x; + 6x 
and is referred to as the first probability density function of x;, 
then the mean-square value M of x3, is 


WME | [f(x;) = KegXj|°P (x; )dx 


The value of k,, which minimizes M is given by 


OM 
me 
=— | 2x;[f(x;) — Kegx;]P1(x;)dx 
On expansion ia 
ioe) ee) 
i £(x;)x;P\(x;)dx; = al x?P 1(x;)dx; 
| f(x; )x;P1(x;)dx; 
Thus kg =—s (3) | 
| x?P(x;)dx; <1 


This may be evaluated for particular functions of probability | 


distribution P;(x;) and non-linear characteristic f(x;). 


(3.2) The Signal at the Input to the Non-Linear Element 


It is well known in linear network analysis?-!4 that the voltage | 
spectrum of the output (jw) is related to the voltage spectrum f 
of the input (jw) by the steady-state frequency response / 


function H(jw) of the system 
(jw) = H(ja)P(jo) 


The output-power density spectrum G,,(w) is also related to the 
input-power density spectrum G;,(w) by 


G,)(w) = |H(jw)|*G;,(w) Be 
The mean value of the input power is 


16/2 = | G;,(w)deo 


and that for the output 
ie) 


rar = | |H(Gw)G,(w)dw. . . . 


—-a 


(4) | 


(5) | 


Let the input signal to the whole system have a fairly typical 
spectrum, i.e. flat over a certain bandwidth, and let it be given 
_ by the quadratic form 


;,(jw) =) : 


“pT? =e epi | 


(7) 


' where p = jw and ®, is the zero-frequency spectral density. 
| Then the mean-square value of the input amplitude or mean 
| power is 
ce) 


2 
ae | eer esci ®) 
-<! 
= 03] Ts Tray 
—0 
= aye (9) 


D2 is the zero-frequency power spectral density. 

General forms of the integral of eqn. (8) are evaluated in 
Reference 3, and those used in this paper are tabulated in 
Section 11.1. 

If the non-linear element of Fig. 1 is replaced by the approxi- 
mate linear gain of the describing function k., the closed-loop 
iransfer function is given by 


Uiepp i) 


8, as KegGy T2p2 


(6; rr 6.) 


and the signal at the input to the non-linearity is 


G,d + pla)per 


G1 + pT)@; — 9.) = p°T2 +k,,G0 + pT,) 


6, . (10) 


{Hence the mean-square input to the non-linearity is, from 
‘eqns. (7) and (8), 


fo) 
G,(1 + pT,,)T*p? 2 
% o2 = 02 1 d d 
; oS | [ p2T? ai. Gk A + pTq)|[ p27? ze 2pT; oi 1] Ww 
oe) 
= 02 Cop? + C3p? cai 
4) ldo + dip + dyp? + d3p3 + dyp4 
— 00 
C2(dod,d, — d2d;) + C3dod\d, 
= 272 BONIS 0%3 2 11 
es af i dod? + d2d,+ dydyd;) di) 
2 ywhere i = Gal 
C3 Ss Gilat 
do — Gk og 


dy = Gk (Ty + 2T;) 

a, =T* + Gika( TP + 27-7 ,) 
dy = 27,1? + Gk 117 

d, = T7T 


For a given system with fixed values of 7, T,, and G the expres- 


Hence, from eqn. (9), eqn. (11) can be written 


a2 = 4T,12U(Ty, K eg) 
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For convenience in dealing with a specific non-linearity such as 
that shown in Fig. 3, it is preferable to normalize the mean power 
input to the non-linearity o2 and the mean power of the input 
signal J? with respect to the signal level at which linearity of 
operation ceases, i.e. V.. 


Thus 0. = Cop 


V/ U2) = V/V, 


The equation relating these two powers then becomes 


and 


o2, = 47, 12,U(T;, Vee) 


Fig. 2.—The input loci for random signals. 

Ta = 4:27 X 10-Ssec 
T = 7-45 x 10—-Ssec 
G, = 0-440 

(a) Isn = 0-71, Ty = 1:59 x 10—Ssec 

(6) Is» = 1-60, Ty = 1-59 xX 10—Ssec 

(c) Isn = 4-65, Ty = 1:59 x 10—Ssec 

(d) Isn = 1-60, Tf = 7:45  10—Ssec 


This relationship is plotted in Fig. 2 with k,, as ordinate and 
o,, as abscissa for fixed values of 7; and /7. These particular 
axes are chosen to be of use in conjunction with the describing 
function of a particular non-linearity dealt with in Section 5. 


(3.3) The Input to the Non-Linear Element for a Sinusoidal Signal 


If the system input signal is sinusoidal of peak magnitude 
E,,V,. then in normalized form it can be written as 


E;, exp jwt 


The input to the non-linear element will also be sinusoidal and 
of the same frequency if an equivalent gain k,, is assumed for 
the non-linearity. Let the peak amplitude of this signal be P.,,, 
also in normalized terms. 

Then, from eqn. (10), 


G,1 + jwT,)T?w* 
\T2w2 — Gk, + jar) 


I = f, 


on 


(13) 


and is dependent on frequency w/277. 


(4) A PARTICULAR NON-LINEAR ELEMENT 
The particular non-linear characteristic investigated has been 
confined to that of torque limitation. The characteristic is of the 
form shown in Fig. 3, non-linear operation commencing sharply 
at the signal levels +V.. This characteristic is defined by the 
equation 


Ti) =, LOD pee 
es for SOS 4. (14) 
SV Sore Sty, 
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Fig. 3.—The non-linear characteristic. 


(5) THE EQUIVALENT GAIN FOR RANDOM SIGNALS 
If the excitation signal has a Gaussian distribution, then 


Pi(x;) = (15) 


coe is ex a) 
o,\/ (277) _ ( 202 
and the mean-square value of x; is 
ive) 
| x?P(x;)dx; = o? 
—o 


Hence to determine the equivalent gain for a non-linear function 
f(x) eqn. (3) becomes 


ie) 


k= 202 | x, f(x) P(x;)dx; 


From Appendix 11.2 this can be simplified to the form 


Ve 
2 
Ay ras Pc — YPN: he 
Kee ote | exp (—x?/202)dx; . (16) 
0 
for the case of saturation as shown in Fig. 3. 
Let On = V(2)0,/V, (17) 
Xi 
and Tam ap = x,|Vees, : (18) 
Then eqn. (16) becomes 
1/osn 
Keg = ie | exp (— 22)dz (19) 
0 
the solution of which is tabulated and written as 
1 
[lyse —) 
cg = ont (5 (20) 


The equivalent gain obtained by this expression is shown in 
Fig. 4 and may be called the ‘gain locus’. In shape it is similar 
to the describing function for a sinusoidal input of varying 
amplitude, differing appreciably only in the region where non- 
linearity first sets in, i.e. in the vicinity of o,, = 1. 


(5.1) The Closed-Loop Response to a Random Signal 


The power spectrum of the input random signal is taken to be 
that given by eqn. (7), the r.m.s. value of which is given by 
eqn. (9). The r.m.s. value of the input to the non-linear element 
o,, 18 a function of k,, for any non-linearity and is plotted from 
eqn. (12) in Fig. 2. The value of Kk. for a given o,, is shown in 
Fig. 4 for the particular non-linearity. In operation, both con- 
ditions must be satisfied. The appropriate values of equivalent 
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Fig. 4.—The equivalent gain for random signals. 7 ) 


gain for simultaneous solution are determined by the super- 
position of the input loci of Fig. 2 onto the gain locus of Fig. 4. 
The intersections of the appropriate loci determine the operating 
points of the system. 

When the random signal is small the input locus is very near 
the k,,-axis and the equivalent gain is approximately unity. 
The response of the non-linear system is approximately that 
obtained for linear-regime operation. As the signal is increased, | 
the input locus moves in the direction of increasing o,, and the | 
equivalent gain decreases, The non-linear response deviates, | 
therefore, from linear-regime operation, the deviation increasing y 
with increasing excitation signal. : 

Typical voltage spectra have been calculated in this manner | 
and are shown in Fig. 5. Non-linear operation produces 
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Fig. 5.—Typical responses to a random signal of constant bandwidth. | 
Ta = 4-27 x 10-Ssec 
T = 7:45 x 10—-Ssec 
G; = 0-440 
Ty = 1-59 x 10-Ssec 
Theoretical responses are shown by line. 
Experimental responses are shown by points. 
(a) Linear. 
(6) Non-linear; Is, = 1-60. a 
(c) Non-linear; Js, = 4-65. ‘| 


pte with decreased bandwidth and increased resonant | 
peaks. ; 

Eqn. (12) shows that the input loci are functions of signal 
bandwidth. This is shown graphically in Fig. 2, where the loci (b) 
and (d) are for excitation signals of the same r.m.s. value but of | 
different bandwidth, the bandwidth of the signal corresponding | 
to (5) being four times greater than that corresponding to (d). “f 
The manner in which this increase of gain due to signal-band- | 
width limiting modifies the closed-loop response is shown in 
Fig. 6. The response (a) corresponds to the input locus (d) and 
the response (c) corresponds to the input locus (6). 1 
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)| Hig. 6.—Typical responses to a random signal of varying bandwidth. 
Ta = 4:27 x 10-Ssec ; 
T = 7-45 x 10—Ssec 
G, = 0-440 
En — 160 
Theoretical responses are shown by line. 
Experimental responses are shown by points. 
(a) Linear. 
(6) Non-linear; Ty = 7:45 x 10—Ssec 
(c) Non-linear; Tj = 1-59 x 10—-Ssec 


(6) THE EQUIVALENT GAIN FOR SINUSOIDAL SIGNALS 
CONTAMINATED BY NOISE 

The equivalent gain, which is evaluated in Appendix 11.3, is a 
| iengthy and tedious process. It is based on eqn. (3). First it 
‘iis necessary to determine P,(x;), the first probability density 
¥ function for an input consisting of a sinusoidal signal, Pp cos wt 
\ of mean power W, = 4P2, together with a random noise with 
« Gaussian probability distribution having a mean power 03, = Wy. 
| This is given in eqn. (39). 

Evaluation of the denominator of eqn. (3) gives the total mean 
power +P§ + Wy. The equivalent gain, eqn. (50), has been 
‘evaluated for a wide range of parameters and a typical set of 
‘loci is shown in Fig. 7. If the noise component is zero the 
= equivalent gain reduces to the describing function for sinusoidal 
\ input, as shown in Fig. 7(b), curve a, and if the signal is zero it 
reduces to that obtained for a random signal in Section 4.1. 
This is shown in Fig. 7(a), curve a. The input/output charac- 
teristic for saturation non-linearity is shown in Fig. 8. 


(6.1) The Closed-Loop Response to a Sinusoidal Signal 
Contaminated by Noise 
If the noise component of the input has a power spectrum of 


‘the form 


1 2 


P2T%, + 2PTy + 1 
from an analysis similar to that given in Section 3.1 the r.m.s. 
value of the noise component of the input to the non-linear 
» element is found to be 
o2 22 er c3(—ded; =2 dod d>) + c3(dod dy) 
AV 2dyda(—dyd? — d?dy, + d,dpd3) 
where c>, C3, do, ..., a4 are defined by eqn. (11), except that 
l7-is replaced by Ty. The input loci represented by eqn. (22) 
) are similar in form to those shown in Fig. 9. 


The mean-square value of the signal component at the input 
t~ the non-linear element is, from eqn. (13), 


G,(1 + jwT,) 
1 — Gk, + jwT,)|a?T? 


The equivalent gain is a function of both signal and noise, 


Diy — Oon 
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Fig. 7.—The equivalent gain for an input consisting of signal and noise. 


(a) The gain loci for a constant noise component. 
a) Onn = V' c) Cyn = 0 
(6) cyy = 0°47 @icrn = 1533 


(6) The gain loci for a porstent signal component. 
-50 


a) Pon = 0° c) Pon = 


(d) Pon = 2:00 


(b) Pon = 1-00 


NORMALIZED OUTPUT 


rs 3 45 

NORMALIZED INPUT 

Fig. 8.—The response of the torque-limited element to a sinusoidal 
signal contaminated by noise. 


Theoretical responses are shown by full line. 
Experimental responses are shown by points. 


(a) Gyn = 0:00 (c) oyn = 1:00 
(6) cyn = 0°50 (d) oyn = 2:00 


and in the system the conditions imposed by eqn. (22) and (23) 
must be satisfied simultaneously with the equivalent gain of 
Fig. 7. The closed-loop response is evaluated from a simul- 
taneous solution of these conditions. The technique employed 
is an extension of that developed in Reference 9 for purely 
sinusoidal inputs. 

For the purpose of analysis let the loop remain closed, and 
let an input with a specified noise component and an arbitrary 
signal component be applied to the system. For such an input 
the relationship between k,, and oy for an unknown Po, is 
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completely specified by eqn. (22) and is represented graphically 
by the appropriate input locus. Specific values of k,, and oy, 
are not yet known. However, since the signal component of 
the input is unspecified it is permissible to choose the amplitude 
and phase of this component of the error. In normalized form 
let the component be £,,, exp jwt. 

The stabilizing element is linear, and its response to the 
signal component is independent of the noise component. The 
signal component at the output of this element, and consequently 
at the input to the non-linear element, is therefore 


AE,, exp j(wt + ¢) 
Aexpjf = G1 + jwT,) (24) 


For this condition, o,,, unknown, the relationship between 
k., and Po, is completely specified graphically by the appropriate 
gain locus of Fig. 7(b). The operating point of the system and 
the corresponding value of k,, are obtained by superimposing 
the gain loci onto the input loci and determining the intersections 
of the appropriate loci. If the equivalent gain obtained in this 
manner is specified as k; .¢» the signal component at the output of 
the system is found to be 


where 


1 
ay Ak}, E sy expj(wt + ¢) 
From the vector relationship 
6,=68+4+ 46, 


the input to the system is therefore 
‘ Lye: : 
0; = E,, exp jwt — (=) k;,AE,, exp j(wt + ¢) . (25) 


In this equation angle 6; is a function of w, E,, and Iy, and 
is taken to be the representation of the open-loop frequency 
response. It is plotted in the complex plane as a function of 
the error, the reference vector. For an input consisting of a 
constant noise component and a signal component of constant 
frequency and variable amplitude, the resulting plot is a vector 
locus of the form shown in Fig. 9. Conversely, for a signal 


Fig. 9.—The open-loop vector loci. 


(a), (c), (e) correspond to cyp = 0:00 
(6), (a), (f) correspond to cyp = 0-71 


component with a constant amplituce E£;, the tip of the vector 
6; must lie on a circle of radius E;,, the centre being the origin. 
This latter plot is called the circle locus. 

The procedure for evaluating the closed-loop response to the 
signal component is shown in Fig. 10. In this the signal has a 
constant amplitude and a variable frequency. At the very low 
frequency f, there is but one intersection and hence only one 
operating point. As the frequency is increased the operating 
point moves uniformly along the circle locus in a clockwise 
direction. At the frequency fp a condition is reached at which 
there are two intersections Py and Py. The latter is a tangency 
and is unstable for increasing signal frequency. Consequently 
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Fig. 10.—The evaluation of the closed-loop response to a sinusoidal 
signal contaminated by noise. 


(a), (b) and (c) are vector loci. 
(d) is a circle locus. 


the operating point continues to move uniformly along the circle } 
locus until the frequency f¢ is attained. At this frequency the 
operating point P; is a tangency. Ata slightly higher frequency 
there is but one intersection, and this is in the region of P; 
and at a much greater closed-loop gain. There is therefore a 
transition in the gain/frequency characteristic, the operating 
point moving discontinuously from P; to the region of Ps. 
Following this transition the response for increasing signal fre- | 
quency is uniform, the operating point continuing to move ina | 
clockwise direction with increasing signal frequency. 

If the signal frequency is not decreased the operating point |f 
moves uniformly along the circle locus in a counter-clockwise 
direction, passing through P; and continuing to Py, because P3, | 
which is also a tangency, is unstable for decreasing frequencies. | 
At P, the operating point is again a tangency and for a small 
decrease in frequency a transition takes place. 
point moves discontinuously from P, to P, with a corresponding § 
reduction in the closed-loop gain. The subsequent response for } 
decreasing signal frequency is again uniform, the operating point 
continuing to move in a counter-clockwise direction. 

Typical gain/frequency characteristics have been evaluated in 
this manner and are shown in Fig. 11. 
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Fig. 11.—The response to a sinusoidal signal contaminated by noise of — 
a constant bandwidth. 
Theoretical responses are shown by line. 
Experimental responses are shown by points. 


Ta = 4°27 x 10-Ssec 
T = 7:45 x 10-Ssec 


G; = 0-440 
Ty = 1-59 x 10-Ssec 
(a) Linear 


(b) Non-linear, Ejn = 1-89, Iyn = 0-00 
(c) Non-linear, Ein = 1- 89, In = 0-71 


upon the response to the sinusoidal signal is twofold. First, 
it quenches the jump phenomena in the gain/frequency charac- 
teristic, the change in the upper transitional frequency being 


The operating | 


The effect of the noise > 


{ much greater than that in the lower. Secondly, it increases the 
. closed-loop gain at frequencies below resonance and decreases 
‘ it at frequencies above resonance. 
| The effect on the input loci of limiting the noise bandwidth is 
similar to that described in Section 5.1 for random signals. The 
effect of this upon the closed-loop response to the signal is shown 
)) in Fig. 12, the effect of the noise becoming smaller with decreasing 
noise bandwidth. 


+150 


nS) 
(eal 


GAIN , dB 
(9) 


SOOO 


1000 2000 
FREQUENCY c/s 


| Pig. 12.—The response to a sinusoidal signal contaminated by noise of 
variable bandwidth. 
Theoretical responses are shown by line. 
Experimental responses are shown by points. 
Ta = 4-27 x 10-Ssec 
T = 7-45 x 10—Ssec 


G; = 0-440 
Inn = 1°41 
(a) Linear 
(b) Non-linear, Ej, = 1:89, Ty = 7:45 x 10—Ssec 
(c) Non-linear, Ej, = 1°89, Ty = 1:59 x 10—5sec 


(7) THE EQUIVALENT GAIN FOR A RANDOM SIGNAL 
CONTAMINATED BY NOISE 


If a random signal with a Gaussian amplitude probability 
distribution is contaminated by noise with a similar amplitude 
'\ distribution, the first probability density function of the sum is, 
{ from Appendix 11.4, 


O(x;) = exp [—4x?/(o} + o})] . 26) 


1 
V/ 2n)/(o2 + of) 
By substituting this expression together with eqn. (14) into 
: eqn. (3), and by using an analysis similar to that given in Sec- 
( tion 4.1, the latter equation is converted to 


] 
(a 
aie laa = oa 


where o,,, and oy, have the same meaning as before. 

This normalized gain locus is plotted in Fig. 13 only as a 
‘function of the noise component, the signal component being 
considered a parameter. The corresponding loci for the signal 
component with a constant noise component are precisely the 
same as those in Fig. 13, the appropriate changes in o,, and 
oy, being taken into consideration. 


(27) 


(7.1) The Closed-Loop Response to a Random Signal 
Contaminated by Noise 


Since the power spectrum of the signal is taken to be of the 
ferm given by eqn. (7) and that of the noise of the form given 
by eqn. (21), o, and oy are given by eqns. (12) and (22) respec- 
tively. The equivalent gain is a function of both signal and 
- §uise, and in the closed loop the conditions imposed by eqns. (12), 
(.2) and (27) must be satisfied simultaneously. The closed-loop 
response is evaluated from a simultaneous solution of these 
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Fig. 13.—The equivalent gain-loci for an input consisting of random 
signal and noise. 


(a) Ssn = 0-00 (c) Cin = 1-00 
Oicsn =—0-71 (@)icse — 1642 


conditions, and the technique employed is a combination of those 
described in Sections 5.1 and 6.1. 

For the purpose of analysis, let the loop be closed and let an 
input with a specified noise component and arbitrary signal 
component be applied to the system. The first relationship to 
be considered is that between k,, and oy, For the input 
specified, /,,, unknown, the relationship between k,, and oy is 
defined by eqn. (22) and is represented graphically by a specific 
input locus. The specific values of k,, and oy,, are still unknown 
but, nevertheless, must lie somewhere on this input locus. The 
second relationship to be considered is that between k,, and o,,, 
which is represented graphically by the loci of Fig. 13. 

To calculate the closed-loop response for a specified signal 
component the appropriate input locus is plotted on the 
equivalent gain-loci of Fig. 13. Since o,, is still unknown the 
operating point is yet undefined. To determine this point a 
particular value of k,, is chosen. The point at which this 
intersects the gain loci is determined with the aid of the input 
locus and the corresponding value of o,, obtained. From this 
and eqn. (11) the corresponding value of J,,, is calculated. This 
computed value is compared with the specified value, and if the 
two should differ the calculation is repeated, the original choice 
of k,, being modified in such a manner as to have the calculated 
value of J,,, correspond with the specified value. With practice 
this can be accomplished in three or four trials. This value of 
k., which equalizes the calculated and specified values of J,, is 
the operating point of the system. 

With the type of input considered the output-input gain-fre- 
quency characteristic has little meaning. The most implicit 
characteristic is the true error response, this being the difference 
between the desired output and the actual output. This charac- 
teristic has been evaluated in the manner described and is shown 
in Fig. 14. 


(8) EXPERIMENTAL RESULTS 


The experimental system was of the form shown by Fig. 1 
and was simulated on an analogue computer. The non-linear 
characteristic was of the form shown in Fig. 3, non-linear opera- 
tion commencing at +1-5 volts. Stabilization was achieved by 
derivative of error. 

The response of the system to a random signal is shown in 
Figs. 5 and 6. There is good agreement with the predicted 
response. 

The response of the non-linear element to a sinusoidal signal 
contaminated by noise is shown in Fig. 8. It is of the nature 
predicted and there is agreement with the calculated responses. 
The closed-loop response to the same input is shown in Fig. 11. 
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fe) 250 500. 1000 2000 
FREQUENCY c/s 
Fig. 14.—The true error response to a random signal contaminated 
by noise. 


Theoretical responses are shown by line. - 

Experimental responses are shown by points. 
Ta = 4-27 x 10-Ssec TT; = 3:18 x 10—5sec 
T =7:45 x 10-Ssec Ty = 0-792 x 10—Ssec 


G; = 0°44 
(a) Linear 
(b) Non-linear, os, = 1°89, own = 0-00 
(c) Non-linear, os, = 1:89, ov, = 1:89 


Except for one small discrepancy the experimental and predicted 
responses are in agreement. The experimental responses show 
that the lower transitional frequency is unaffected by increasing 
noise power, whilst for the same condition the predicted responses 
show that this transitional frequency decreases. Fig. 12 shows 
that the effect of limiting the noise bandwidth is of the nature 
predicted. 

The true error response is shown in Fig. 14. The agreement 
between the experimental and the predicted responses is not as 
good as would be expected from the previous comparisons. The 
greatest discrepancies occur at low frequency, and this can be 
attributed partially to the limitations of the equipment used at 
low error signals. 


(9) CONCLUSIONS 

A method has been presented for evaluating the response of 
non-linear servo mechanisms to random signals, to sinusoidal 
signals contaminated by noise, and to random signals con- 
taminated by noise. Typical responses have been evaluated for 
a second-order system subjected to torque limitation. The system 
has been simulated on an analogue computer and experimental 
verification obtained. 

It is concluded that the approximations made in this analysis 
are justified and, furthermore, that the techniques presented are 
sufficiently accurate to justify their application to other systems 
incorporating simple amplitude non-linearities. 
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(11) APPENDICES 
(11.1) Tabulation of Particular Integrals 
In Reference 3 the following integral is evaluated for various 
C, para Jeg bie 


values of n: 
Baoan 
2a dp "5. dep Aadg 


— 2 

where p = jw. 
In the paper, particular values are required for n = 2 and 4; | 

the following are for the first four integers: | 


foe) 


dw 


(28) 


I, by dod, + (ce a 2CyCr)dod3 -++ dod; 


2dd3(—dod3 + dao) , 
I, ak c3(—dd, =- dod d>) + (c3 a 2¢1C3)dod,d, a (c7 aed 2c¢9Cr)dod3dy a c(—d,d? ae dyd3da) ] 


2dod,(— dod? — d?d, + d,dyd) 


and NIKIFORUK, P. N.: “The Frequency §& 
Response of a Servomechanism Designed for Optimum 7 


(11.2) Evaluation of Equivalent Gain 


The important integral to be evaluated in determining the 
') equivalent gain of eqn. (3) is 


foe) 


J f(x) P(x) x;dx; 


— 0 


(29) 


' where f(x;) is the non-linear characteristic and is assumed known 
| (at least graphically). 
OM a Gaussian probability distribution the integral becomes 


ae sain) * x;f(x;) exp (— x?]202)dx; 


f(x;) exp (— x?/202)d(x?/202) 


s 


coal 


f£(x))d[exp (— x?/202)] . (30) 


“ve an 


_ by parts, 


= — CO 


gor “tis exp (— x?/202)df(x;) 


The integrated portion is zero when the limits of x; are applied 
_; and hence the integral becomes 


A(x;) exp (— 3)202)dx, (31) 


VJ (2 vial’ 
)) where A(x;) = df(x,)/dx; and is known. 

| If A(x;) is an even function of x; as occurs in many forms of 
| non-linearities, i.e. f(x;) is odd, then the integral becomes 


oe) 
20 

2 A(x;) exp (— x3/202)dx; . 32 
| For saturation as shown in Fig. 3 the slope is unity in the range 

= Ve << xj <4 V. 

- and zero outside. 
Ve 
20 
The integral then becomes —*~ | exp (—x?/202)dx; 
0 

t Hence Nea exp (= x2/202)dx, 33 
- TEE: =e [: p 2/ (33) 


(11.3) The Probability Density Function of a Sinusoidal Signal 
together with Noise 
Consider a signal 


Cuz Py COSUE (34) 


| Then de, = — Po sin 050 


There are two values of 0 giving rise to a particular value e, in 
ary range: 
0= 0427 


Hence the probability of P,(e,) finding the amplitude to be 


) between e, and e, + de, is twice that of the probability R,(@) of 
)9 oeing between 0 and 0 + 38. 


P,(e,)8e, = 2R,(0)50 


Hence 
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Since it is equally likely for @ to be at any value between 0 and 
27 then R,(@) is a constant in this range and zero outside it. 
Since it must exist in this range, 


-2Tt 


| Rao =1 
0 
1 
R,(0) a 5} 
Therefore, from the above, 
toe. 
Fe pea 
Pye 2 : for e2 < P2 
I\*s = a/(P3 ae e2) Ss 0 (35) 


= 0 for e2 > P? 


Let a random signal x;,(t) have a Gaussian probability distribution 


1 x? 
qi) = Ce (5 a) (36) 
Then consider the sum of two signals 
Y(t) = x{t) + e, (37) 


where é, = Py cos 0'= Pp cos wt 


The probability distribution of Y, say Q,(Y), is determined!* by 
those of x; and e, by a convolution integral 
co 
0\(Y) a | Py(edqy(Y ii e,)de, 


09) 


(38) 


The limits of the integral can be reduced to the range 
—Py) <e, < Po since P;(e,) is zero outside this range. 


Po 
1 exp [— (x; — e,)?/20%] 
= de, 
Hence Q,(Y) el i /(P2 — 2) 
Replacing e, = Py cos 8 


Wn = ot 
1 T 
0) = es | exp [— (x; — Po cos 0)?/2Wy]d0 
0 


(11.4) The Equivalent Gain for a Sinusoidal Signal together 
with Noise 


The equivalent gain k,, is given by eqn. (3), for which the first 
probability distribution for signal and noise is given by eqn. (39). 
The non-linear function f(x) is defined by eqn. (3) and hence the 
equivalent gain becomes 


ae V. ee Te 
meni | 2] exp [ —(x;— Py cos 8)?/2Wy]d0 


sre] se (x; — Py cos 0)2/2Wy]d0 


V. we a 
+e a exp [ xj Po cos 0)2/2W x, |d0 


arenes | * x3dx; [ exp [— (x; — Po cos @)?/2Wy dé 


eg 


(40) 
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In this equation it is permissible to interchange the order of 
integration. The inner integrals can then be evaluated by taking 
p as the variable of integration, where 


(x; — Po cos 0) (41) 


1 
= QWs) 
By interchanging the order of integration and by substituting 
eqn. (41) into eqn. (40) the latter is converted to 


7 a1 
= V.. 
are | do ; [/(2Wy)e + Po cos 8] exp — pdu 
A ra 
1 TT PRY) 
= aa | dO | [\/(2Wy) + Po cos OP exp — pd 
WA/ 1 a 
0 1 


Viewty eel 
* all ea [V2Wy)u + Po cos 6] exp —p?dp 


=) 4| 


— oo 


ioe) 


[V/(2Wy) ue + Po cos 6} exp — pd 


(42) 
where, for convenience, 
— V, — Py) cos 0 V, — Py cos 8 
Ss; =—_ S, = (43) 
VQWy) a Cla) 
Upon integration the value of the denominator is found to be 
pe a ee aL (44) 


the mean-square value of the input to the non-linear element. 

The integrals in the numerator have no algebraic solution and 
must be evaluated graphically. This is tedious because of the 
double integral, and it is convenient to reduce the numerator by 
evaluating the inner integrals in terms of exponential and error 
functions. 

Proceeding in this manner, the first integral in the numerator 
is reduced to 


Sy 
mie | oayry er 
ae | dO | [/(2Wy)m + Po cos 8] exp —p? du 
0 —o 


T 


—VP, 
= mies) cos O(1 + sign S; erf |S,|)d6 
0 


1 Vi Wy f 9) 
Be “F) | exp — S20 (45) 
0 


where in the derivation of this equation use has been made of 
the function 


| exp —z*dz = sign z? erf |z?| — sign z, erf |z,| (46) 
7 
Z} 


In precisely the same manner, the third integral in the 
numerator is reduced to 


dé 


\/(2Wy) + Po cos 6] exp — p?du 


1 
= oe cos 0(1 — sign S} erf | S4|)d0 


0 


+o Ve co [ exp — S3d0 (47) 
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whilst the last integral to be considered is reduced to 


= dO | [\/(2Wy) + Po cos OF exp — p?dw 
A/T 


0 Si 


2 7 
= ib, cos? 6 (sign S, erf |S,| — sign S; erf |S4|)d0 
TT 


<1 S2 


0 


— ao) Es | cos @ (exp — S? — exp — S?)d0 
TT vin 
0 
We 
Sau — $2 —S$, exp — SPd0 
es ae (S2 exp 3 1 exp { 


tot F (sign S, erf |.S,| -- sign Sy erf |S;|)d@ . (48) i 
k zt 


By substituting eqns. (44), (45), (47) and (48) into eqn. (42), the 
latter becomes 


2 TT 
78 cos? 6 (sign S> erf |S,| — sign S; erf |.S,|)d0 
TT . 
0 


Py [/2Wn 
— fof Ea) | cos 0 (exp — S? — exp — S?)d0 
T WT 
0 


W. TT 
_ ae | (S, exp — S?—S, exp —S?)d0 
0 


™ 
+ | (sign S> erf |S,| — sign S, erf |S,|)d6 
0 


+N Ge 


= 4P2 + Wy 


Converting to the normalized form, this expression becomes 


fe | cos 6 (sign S; erf |S;| + sign S, erf |.S,|)d6 
| lie (exp — S? + exp — S2)d0 


(49) | 


wv 
Va Pe | cos @ (sign S>, erf |S>,| — sign S,, erf |S;,,|)d0 
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TT 


— 2Pon?0n | cos 6 (exp — $2, — 
0 


exp — S?,)d6 


a ohn | (Son exp — S3, cz Sin exp — S?,)d0 
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+ValDoR, | (sign S,, erf |S,,,| — sign S,, erf |S ,|)d0 


0 
on 


— VCP on | cos 6 (sign S>,erf |S>,,| +sign S,,, erf |S;,,|)d0 
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acs Lae ee 


TT 
oie Vom | (exp — S?, + exp — SZ.d0 
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=~ 
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\ where ee V(2Wy) 61) 
Be 
and ee eee. te 25,008 9 (52) 
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(11.5) The Probability Density Function of a Random Signal 
contaminated by Noise 


Let x, be the instantaneous signal component. 
and xy, be the corresponding noise component. 


Let their individual probability density functions be respec- 
tively: 
Py 


exp (— x2/202) (53) 


1 
S op/Q2m) 


and Pin = 


1 
gaa/ On) XD {— "Xn 205)) (54) 
where o, and oy are the r.m.s. values of signal and noise 
+ respectively. 
Let the sum of the two inputs be x;. 
density function is then, from eqn. (38), 
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The first probability 
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This equation can be reduced by taking as the new variable 


_ V(e3 2 On 
O;0n Ses = sp SS) (55) 
Hence 
x 
Q,(x;) = Qa as + g2 a5] oo[ 5 po 2(02, a aea|@ 
‘3 ; — x7/2(03 + 9} 56 
s/(2m)/(o2 + 0%) exp [i-x4/2(e2 402) | (56) 


which is the desired result. 
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SUMMARY 


The change of air-gap flux in electrical machines, due to the relative 
displacement of rows of opposed slots, is measured, for a series of slot 
widths, with the aid of the resistance-network analogue. The results 
are presented in graphical form and can be scaled for different values 
of slot pitch. 


(1) INTRODUCTION 


The determination of the magnetic-flux leakage in electrical 
machines caused by the ventilating ducts of the rotor or the coil 
slots in rotor and stator is an old problem, which was solved for 
opposed slots many years ago by F. W. Carter,! by the method 
of conformal transformations. A knowledge of the flux changes 
due to a relative displacement of slots of various widths and 
pitches is often desirable, for example, in order to allow an 
estimate of the ripple waveform in the output of a generator. A 
more important application (discussed in Dr. Carter’s paper), 
lies in the problem of the mechanical centring stability of the 
rotor, particularly in those cases where a small oscillation about 
a stable position is deliberately introduced to reduce commutator 
wear. 

In his paper, Carter showed that the mechanical restoring 
force is the product of simple geometrical factors and the term 
(dB/dx)AB, where B = B(x) is the average flux density for the 
slot displacement x, and AB is the difference of the flux changes 
brought about by the presence of the slots, in the extreme 
positions of zero and very large x. AB was calculated rigorously 
by Carter, but B(x), and its still more important derivative, 
dB/dx, could only be estimated, since the exact determination of 
these functions for displaced slots, according to Carter, ‘involves 
elliptic functions in a practically unworkable form’. 

An experimental attack on this problem was made a few years 
ago by L. R. Blake,” who used an electrolytic tank. Although 
Blake was able to confirm the approximate correctness of Carter’s 
estimated B(x) curve, he found that the accuracy of the elec- 
trolytic-tank method was not sufficiently high to obtain reliable 
data for the dB/dx function, which represents a very small 
relative effect. As the resistance-network method of field 
plotting is much more accurate,?+* and the finite mesh arrange- 
ment is ideally suited to the representation of models of slotted 
armatures, the author used this technique to study a number of 
cases covering the range of practical interest. 


(2) DESCRIPTION OF THE METHOD 


If the depth of the slots, /, is at least twice their width, d, as 
is usually the case in practice, any change in / will not affect the 
flux distribution to a measurable degree unless the iron is highly 
saturated. The parameter / can therefore be disregarded in this 
context, provided that the condition /> 2d is satisfied; this was 
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always the case in the present investigation. The problem is then 
specified by four geometrical parameters (identified in Fig. 1): 


ie 


Fig. 1.—Diagram of opposed slots. 


a3 
& 


Uniform values of d and t were assumed, in conformance with |) 
Non-uniform values of d and tf | 


normal engineering practice. 


slot width d, slot pitch f, air-gap g and slot displacement x. _} 


(or values of /< 2d) could have been investigated by the same — be 


technique without any difficulty (subject to certain limitations 


due to the size of the available analogue equipment), but this — : 


would have consumed much time and added little: practically 


useful knowledge. As the flux distribution depends on relative 


dimensions only, g was chosen as a unit of measurement, so that |; 


the relative dimensions of width, pitch and displacement could } 


be written 6 = d/g,7t = t/g and € = x/g, respectively. 


_ The change of flux in the air-gap, caused by the presence of — i 
(uniform) slots spaced at (uniform) distances t, does not depend, | 
for any relative position € of the slots, on the relative slot pitcht, | 


provided that +> 2(6 + 2), as is borne out by the data of 
Figs. 2 and 5. This condition is usually fulfilled in practice. 
The average flux density B and the change in B due to the slots 
are most conveniently expressed in terms of the permeance 
A((= ACE, 6,7)] of the air-gap, for an area of unit width and 
length t, where A = ®/F, ® being the total flux crossing the 
gap in the specified area, and F the (scalar) magnetic potential 
difference between the two pole faces. 


Once A has been determined with sufficient accuracy, both | 
factors in the required term (dB/dx)AB can be evaluated, since — 
Bo A, dB/dx «< dA/d& and AB ox AA, where AA = A, —A,, 


and A = Ay when € = 0, A = A, when > (6 + 2). 


In order to determine A for various geometries, models of a ~ 


representative section of the air-gap region containing one pair | 


of slots, shown cross-hatched in Fig. 1, were set up on a precision 
resistance network, for different € and for different 5. Plots of 


equal magnetic potential, F, were taken in a few cases, as they — 


give a good idea of the amount of field penetration into the 
slots, and the nature and range of the disturbance caused by 


their presence. The measurement of permeance by the resistance-_ | 
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Fig. 2.—Lines of equal magnetic potential for displaced slots. 
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network method is particularly simple and quick, since IOC TER: 
so that it is only necessary to take a measurement of the total 
resistance R between the two conductors outlining the shapes of 
the rotor and stator sections in the model. An important require- 
ment is that the resistance measurement must be carried out 
with care and high precision because the chief information sought, 
namely the change of permeance with relative slot displacement, 
usually represents a very small effect. The function dA]dé is 
obtained by numerical differentiation of the measured 1/R 
values. These were determined in each case for two different 
model sizes, and the previously-described extrapolation technique 
for the reduction of truncation errors* was applied. 


(3) RESULTS 
A series of plots of the magnetic-potential distribution across 
the air-gap and within the slots is given in Fig. 2, the total 
potential difference F being assumed equal to unity. These plots 
are typical for the magnetic-field distribution found in slotted 
air-gaps. 
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Fig. 3.—Relative permeance A as a function of slot displacement & for 
several slot widths 0. 


Fig. 3 shows the permeance A plotted as-a function of dis- 
placement € for several values of 5, from § = 0 to 8 = 5. These 
are given in relative units, the permeance for the unslotted air-gap 
(6 = 0) being taken as A = 1. For all cases, a fixed pitch of 
T =7) = 20 was used. Fig. 3 can be adapted to find the 
permeance for any other value of 7, subject to the earlier-men- 
tioned restriction tr > 2(6 + 2), by using the relation 


A(t) = (1 — 79/7) [1 — A(z9)] 
where A(7») is the value of A given in Fig. 3. 
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AA can be plotted as a function of 6 from the data underlying 
the curves of Fig. 3. The measured AA values (for T uly ee 20) 
are shown as circles in Fig. 4. The curve drawn is theoretical 
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Fig. 4.—Reduction of permeance AA as a function of slot width 6. 
Circles denote measured values: continuous line denotes theoretical curve. 


and can be evaluated from a modification of Carter’s formulae,! 
or from a formula given by Ollendorff.° It is seen that the — 
measured AA values follow the theoretical curve closely, but a | 
small systematic deviation is noticeable. It is presumed that this — 
is due to the residual truncation error of the representation of the 
slotted air-gap by a model using finite meshes instead of a true 
resistive continuum. For 7 79, the graph of Fig. 4 has to be 
scaled in the ratio Tg : 7, i.e. 


ANG) = (tol7. )AA(T9) 


0-025 


0:020 ¢ ESTIMATED 


MAXIMUM ERROR 


0-005 


SF 2 1 O 4 
oa ‘a4 


Fig. 5.— Differential change of permeance —(dA/dé) as a function of 
slot displacement & for several slot widths 6(t = 20). 
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fig. 6.—Maximum value of —dA/d& and displacement &,, for 
maximum value of —dA/dé, as functions of slot width 6. 


The further information required to calculate the restoring 


| forces from (dB/dx)AB is contained in Fig. 5, where the factor 


most sensitive to the slot displacement, —(dA/d6), is plotted as a 
function of € for a range of values of 5. In this Figure, again, 
T =T) = 20. The data of Fig. 5 can be modified for any other 
value of +, provided that 7 >. 2(6 + 2), by direct scaling in the 
ratio Ty : 7 since 


dM(r) 7 ee) 
dé T dé 
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Numerical differentiation of measured data increases the 
relative effect of measuring errors, and the errors in the graphs 
of Fig. 5 are therefore greater than those in the graphs of Figs. 3 
and 4. An estimate of the maximum error in the dA/dé values 
was made from the estimated errors in the resistance measure- 
ments on the analogue models from which the curves of Fig. 5 
were derived. This maximum error is shown in graphical form 
in Fig. 5, the average being considerably smaller. It is note- 
worthy that Carter’s approximate estimate of the general shape 
of the dB/dx curves (his Fig. 3) agrees very well with the shape 
of those for dA/d& found in this more detailed quantitative 
study. 

Fig. 6 shows the maximum height (dA/dé),,, and the position 
& of the maximum, as a function of 6. It is seen that these 
relations are linear for 6 > 1-5, and can therefore be used for 
convenient interpolation between the curves of Fig. 5. 
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SUMMARY 


An analysis is made with the purpose of establishing analytical 
methods of calculating the non-linear distortion of sinusoidal signals 
in the input and output circuits of transistor amplifiers at low fre- 
quencies and low distortion levels. The transistor is regarded as an 
‘almost linear’ four-pole, and characterizing matrix equations and 
T-network equivalent circuits are developed under the further assump- 
tion that the second harmonic is of greater magnitude than the higher 
harmonics. By using these equations or the equivalent circuits it is 
possible to calculate second-harmonic distortion of the signals by well- 
known methods from the linear theory, and it is indicated how the 
principle may be extended to allow calculation of the third-harmonic 
distortion also. The principle is used to calculate the output distor- 
tion factor for some simple amplifiers, and it is shown that the input 
and output distortion of the common-emitter amplifier may cancel 
under special working conditions of the amplifier. From the analytical 
expressions developed it is possible to fix these conditions so that a con- 
siderable reduction of the second harmonic in the output signal is 
obtained. The expressions developed have been verified experimentally. 


LIST OF PRINCIPAL SYMBOLS 


F,, = Reduction factor for non-linear distortion. 
i; = Amplitude of first-harmonic current. 
i, = Amplitude of nth-harmonic current. 

R, = Internal resistance of generator. 

R, = Load resistance. 

R, = Parallel feedback resistance. 

R, = Series feedback resistance. 

v, = Amplitude of generator voltage. 

v, = Amplitude of first-harmonic voltage. 
v, = Amplitude of nth harmonic voltage. 

les Tp) fo = T-network parameters. 

a = T-network parameter equal to r,,/r,. 


The upper indices 6 and e relate the following symbols to the 
common-base and the common-emitter transistors, respectively. 
he, he, hb, h3,; hh,, hf, h§, and h§, = h-parameters. 

KE KS Keke, Keke; Ke, Kew Ks, Kock? Ke ==sDistortion 
constants. 
BA Zh eee an eG 1 ray 2s 4 =m Z-PALAMeters: 
i? = Alternating collector-current. 
i?,, i¢; = Amplitude of first-harmonic collector-current. 
i?,, 2, = Amplitude of second-harmonic collector-current. 
i2 = Alternating emitter-current. 
if; = Amplitude of first-harmonic emitter-current. 
ig, = Amplitude of second-harmonic emitter-current. 
i; = Amplitude of first-harmonic base-current. 
if. = Amplitude of second-harmonic base-current. 
ae is = Second-harmonic current. 
Besax coq = Amplitude of second-harmonic current. 
vo = Alternating collector-voltage. 
vé,, v¢; = Amplitude of first-harmonic collector-voltage. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
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vb,, v?. = Amplitude of second-harmonic collector-voltage. 
ve = Alternating emitter-voltage. 
vb, = Amplitude of first-harmonic emitter-voltage. 
vb, = Amplitude of second-harmonic emitter-voltage. 
vg, = Amplitude of first-harmonic base-voltage. 
vg, = Amplitude of second-harmonic base-voitage. 
V0, VS) = Second-harmonic voltage. 
8 0a USeoa = Amplitude of second-harmonic voltage. 
v8. = Third-harmonic voltage. 
Aé = Current amplification. 
A& = Voltage amplification. 
k4, = Distortion factor in common-base transistor. 
ks = Distortion factor in common-emitter transistor. 


ker = Distortion factor in common-emitter transistor 


with feedback. 


(1) INTRODUCTION 


The purpose of the paper has been to develop analytical 
methods for calculating the non-linear distortion of sinusoidal 


—_ - 


signals in transistor amplifiers at low frequencies and low signal- | 


levels. It is supposed that the second-harmonic distortion is 5% 
or less, while third- and higher-harmonic distortion is at least 
one order of magnitude lower. 


It is further assumed that all elements are frequency-indepen- ; ay 


dent and real quantities; and that junction transistors only are 
considered. 

In the linear case, the transistor can be either characterized by 
an equivalent circuit, or regarded as a four-pole and described 
by some matrix equation. Both possibilities have been applied 
to the non-linear case treated in the paper, with a view to finding 
a form on which it is possible to use the well-known calculation 
methods from linear network theory. This has been achieved, 
in the case of the equivalent circuit, by including harmonic 
voltage and current generators in the usual linear circuit and, in 


the case of the matrix equations, by incorporating some extra 


terms depending on the square of the first harmonic of some 
current or voltage in the network. 


In Section 2, known principles! of calculating the non-linear — 
distortion are applied to a two-pole of one independent variable 


with the purpose of leading up to the investigation of non-linear 
four-poles with two independent variables, which case includes. 
the transistor. In earlier quantitative investigations of the non- 


linear distortion in junction transistors,?»3 only a few of the 

reasons for non-linear distortion are considered, e.g. the input — 
distortion developed by the variation of the input resistance with — 
emitter current or the output distortion developed by the variation _ 


of output admittance with collector voltage, while the treatment: 
herein allows a detailed calculation of all the parameters deter-. 
mining the small-signal non-linear distortion at low frequencies.. 


(2) NON-LINEAR TWO-POLE OF ONE INDEPENDENT 
VARIABLE 


The non-linear two-pole R, as shown in Fig. 1, is characterized 


by V = FJ) and assumed to be independent of time or other: 
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See a (C:) 


V(t) R 


Fig. 1.—Non-linear two-pole. 
V=FQ) 


‘parameters. The small-signal impedance corresponding to the 
)rorking point (Vo, Jo) on such a characteristic is defined as 


dv , 
ae 
dl I=Ip 


‘where R will be dependent on Jo. Only such two-poles as 
“exhibit a slight deviation from linearity, i.e. the so-called ‘almost- 
‘rinear’ two-poles! will be discussed here, and a stricter definition 
‘iiil be given subsequently. 

' The voltage and current in Fig. 1 are separated into a time- 
erendent and a time-independent term thus: 


VO=Vot+v andIM=hH+im . . @ 
_ Assuming simple characteristics without hysteresis, and given 
“hat i(t) = i, cos wt, we have 
BI) = Up + V; COs wt + V2 cos 2wt +...v, Cosnwt +... . (2) 


The condition for the two-pole to be an almost-linear two-pole 
5 given in the expression 


co 

ieee Gle treuey ae 1. rawee (3) 
n=0 
n+1 


This condition can also be expressed in terms of currents if the 
joltage is supposed to be a sine wave v(t) =v, coswt. By 
‘inalogy with expression (3) the condition then reads 


co 
n=0 
n+1 


| Byexpanding V = F(J/) ina Taylor’s series, another expression 
or v is obtained: 


dF. 1 ae eee 
V—Vy=v= a ke a 72! Se tes 2 Rt , £65 
| 1 d"F 
i yEe RK, = eisai 


‘und the derivatives are to be taken at the point J = J. 

_ The condition in expression (3) can be expressed in terms of the 
“ys aylor coefficients when the current is supposed to be sinusoidal 
' =i, cos wf); thus 


[Rit] > DL Ralf| BS et omen CD) 


_ From expression (6) it is seen that the condition equation for 
1m almost-linear two-pole concerns not only the characteristic of 
a¢ two-pole but also the signal level. 

When the almost-linear two-pole R is connected to a sine-wave 
fage generator with linear internal resistance R, as shown 
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V =Vg cos wt R 


—O 


4 


Fig. 2.—Non-linear two-pole connected to sinusoidal voltage generator 
with linear internal resistance. 


in Fig. 2, neither v nor 7 will be sinusoidal, and it will now be 
shown how the harmonics can be calculated by taking into 
consideration the conditions given above. 
The quantities v and 7 can be expressed thus: 
foe} 


v = >, Cos nwt 


n= 


oO 
and Pie 531, COSAGIE RE tanetee” Ce ve eee ey 
n=0 , 


and, from eqn. (5), 
co roa) (oo) D 
v=D RiP = He i, COS not) bg eee) 
p=1 p=1 n=0 


As can be seen from expressions (3), (4) and (6), the terms in 
eqn. (8) will be of a range of orders of magnitude. Dropping 
the terms of orders higher than the first two, we get 


First-order terms: 
R 1 i 1 cos wt 
Second-order terms: 


cc ioe) 
R, > i, cos nwt + ¥) R, (i, cos wt)? 
n=0 ps 


n+1 
’ co co 
ee v~ Ry >i, cosnwt +> RG, coswt)P . . Q) 
n=0 p=2 


The first term of eqn. (9) corresponds to the voltage developed 
across 1-1’ in Fig. 2 when the current including the harmonics 
flows through the linear resistance R, corresponding to the small- 
signal impedance of the almost-linear two-pole at the working 
point J = Jy. The second term of eqn. (9) represents a number 
of harmonic voltages across 1-1’, and comparison with eqn. (5) 
shows that these are the harmonic voltages developed when a 
sine-wave current i = i, cos wt flows through the almost-linear 
two-pole. 

It follows from the above discussion that the almost-linear two- 
pole can be represented by a linear resistance R, in series with a 
voltage generator of electromotive force given by 


(10) 


i) 
v1, = Rh COS wt)P 
p= 


as shown in Fig. 3. 


Fig. 3.—Equivalent circuit of the non-linear two-pole. 
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The currents and voltages of the different harmonics can now 
be calculated from Fig. 3 by conventional network methods 
known from the linear theory. 

The following Sections, where the principle is applied to 
transistor circuits, deal mainly with the cases where the second 
harmonic is of much greater magnitude than the higher har- 
monics. As an example the currents and voltages in Fig. 3 
will be calculated under this assumption, which can be expressed 
as an extension of the conditions defined by expressions (3), (4) 
and (6); thus 


n+1,2 


|Ryi;| > |Roiz| > u, 
n= 


Rian = (11) 


From egn. (10), 


2R 
ae cos 2wt 


is 4 di?! 


1 
, 5Rait cos 2wt = 


and from eqn. (9), 


(12) 


2 
ve oe cos wt + i, cos 2wt) + : mts? cos 2wt 
It is seen that the expressions for the first and second harmonics 
of the voltage v are obtained by taking into account the first and 
second terms in the Taylor’s-series representation of the almost- 
linear two-pole. Furthermore, the expression for the current 
must include the second harmonic in the first-order term, while 
it is only necessary to use the first harmonic of the current in the 
second-order term. 
When v,, R,, Ry and R, are known quantities, it is possible first 
to calculate i; from 


()) 
a een dS 
ly eR, ( ) 


and then 7, thus: 


onthiney pea ete 1 Rywv? 
AERO R SORE Re 


It is to be remembered that R, is measured in ohms per ampere. 

It should be mentioned that the example may be extended to 
include the case in which the magnitude of the third harmonic 
is the same as, or higher than, that of the second harmonic. In 
this case expressions (11) may be rewritten 


(14) 


ice) © 
li] > lal, lel > Sy lind [vy| > |r|, Jos] > x eal; 
n+#1, 2,3 n1,2,3 
(ee) 
|Ryi| > |Roi?|, | R3i3| > DIR (15) 


while eqn. (12) should be 
dF. : 
Oe FTA COS wt + I, COS 2wt + 73 cos 3wf) 


1 dF. igeh 
ak x qt cos wf)? + 31 qm cos wr)? 


GE. ; 
ld a COS wt + 1, cos 2wt + 7; cos 3wf) 


Ed as 1°aes 
+3 Wit cos 2wt + — —_i3 cos 3wt . 


24 dis"! (ts) 
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(3) THE TRANSISTOR REGARDED AS AN ALMOST- 
LINEAR FOUR-POLE 

The principles developed for an almost-linear two-pole with 
one independent variable can be extended to an almost-linear 
four-pole with two independent variables. The definition of 
an almost-linear four-pole is framed by analogy with that 
stated in Section 2, and the necessary calculations will follow the |; 
same lines. The general case may be ignored for the present and | 
a specific example may be studied, namely the common-base 
transistor shown in Fig. 4. It is assumed that the signal level is 


7B = 124+ iB (+) 


7B =194+ R(t) 
o——— 


VB=vBgev 8 (t) 


Fig. 4.—The common-base transistor regarded as a four-pole. 
vi = FU, Ve) and I? = G(I2; V2) 


magnitude lower. The case in which the third harmonic is of 7 
significance will be mentioned at the end of this Section. t 
The upper index b relates to common-base configuration. of 
In the linear four-pole theory, the choice of the independent |; 
variables J and V2 would correspond to characterizing the | 
transistor by the so-called h-matrix (see Reference 2, page 304) z , 


oF OF , 4 3 
#) | amove ||") _)8e M1) eile 
| [2626 [|| en a 
Ue ae ove Ue hi, hn | | Me | 


where alternating voltages and currents are denoted by small | 
letters. 4 

When the second harmonics are to be calculated the same 
principles as indicated in Section 2 in connection with eqn (12) | 
can be used, i.e. the Taylor’s series is expanded to include the } 
second-order terms: i 


i 
o 


WF OF. tern 1 EF YF 
by ib ty ll 7b)\2 _| by) 2 shy yb 
Ye = apie + ype + 5 agalle!” + 5 Spm) + sypalere 
(18) | 
13 9G) OMG he eG 1 YG 4 
be ib b b)\2 een (be shy yb 
fe = pole T ayore 9 gpl” + 5 spa” + apap aleve 
(19) | 
where vw = v8, cos wt + v2, cos 2wt 


i? = i® cos wt + i°, cos 2wt 

v =v, cos wt + v8, cos 2wt 

i? = ib, cos wt + ib cos 2wt 

By analogy with the procedure in Section 2, the approximate 

expressions of the dependent variables are found by inserting the / 

expressions including the first and second harmonics of the | 

independent variables into the first-order terms, and those . 

including the first harmonic of the independent variables into the | 
second-order terms thus: "9 


b — pb jb 
Ve = Aiyie + hive + 6 
ib xe fy ib 4 fb ayh 7 

ig = hyyie + hyve + Bo, 


Qn | 

| 
- 
4 


ra 


\b oe (2,)* + 1 oni, b 
aa 14 ype Vel 


1 dae 
Fg ypoea 


5 sri cos 2wt 


= [K2@2,)? + Kgibve, + K30e 1)?] cos 2wt (22) 
nd 
i, 1 one 1 dn 1 ow 
pe 2E we Ged” + apse? + 3 ype a aay 
= [K3(2,)? + K3ib,ve, + K2(v2,)?] cos 2wt . (23) 


From linear four-pole theory expressions are available relating 
‘ne first harmonics of the cunreoys and voltages for the font 
Your-pole, and if 72; and v2, are expressed in terms of i2,, we have 


elie iae 


2, and v2, = — Rib, (24) 


2 laa 
21 


Where R, is the load resistance (see Fig. 5). Substitution in 


qns. (22) and (23) yields 


De aa, COS 200 = K ,(i2,)? cos 2at ne 
pnd oe) = 13, COS 2wt = K,(?,)? cos 2aif oa cy 
| s+ ale ft HR) 
2 
pnd Kz = xe a Hak) - Ke! et geae) R, + KBR} . (27) 
(13)? AY, 


Using eqns. (21) and (25) the characterizing matrix equations 
an be written, and the first and second harmonics of the currents 
nd voltages can be calculated from them by well-known matrix 


“methods thus: 
ve he ht, iB 
leads 1 
Tey Ae, Ia Se 


ie is | = ie ila 
iby — Boa hb, hy 
' The use of these matrix equations is illustrated by calculating 


ne distortion factor of the output current in Fig. 5. To eliminate 
§2, and v’,, we have 


(29) 


(30) 


Fig. 5.—Terminated transistor four-pole. 


) By inserting eqns. (25) and (30) in eqn. (29) and performing 
wreple matrix manipulations, the following equation is obtained: 


K 4(i® 1)? — (Rp + Mp ce ie G31) 
Kp)" } L— AB, 1 + Ryh3, | Lies 
Solving with respect to i2,, 
— K,(R, + 18.) + 13, Ka, 
ee nee 0. aA ib? (32) 


1 


AT LOW SIGNAL LEVELS 


AND LOW FREQUENCIES 
Di = — [RAR + RB, + 18) + 1] 
Ag ae hP hb, = hehe 


From eqn. (32), the expression for the distortion factor is 
found to be 
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where 


and 


WK, — (Rp + HK iy 


Db 


ib 
102 —_ 


= 
ko - 
a 


(33) 


where K_, and K, are known quantities dependent on the transistor 
and the load resistance as shown in eqns. (26) and (27). 

In the case of the common-emitter configuration shown in 
Fig. 6 the whole procedure can be repeated, the only difference 


Fig. 6.—Common-emitter amplifier. 


being a change of the upper indices from 6 to e and of some of 
the lower indices from e to b. The characterizing matrix equa- 
tions can be written down immediately by comparison with 
eqns. (28) and (29) thus: 


= HU, Ve) and If = K(§, V2) 


| ne be aie (34) 
ie AS, AS. SL % 
ae ae ae 
1 — Boa My, AS, || %o 
where 
, 2 Ohi AS POU epee 1 oh, 2 
“aoa ~ 4 ole ly" +5 ayeeira TF 4 yee v 
= Ki(ig,)* + KSigv%, + K5(v%)? (36) 
1 ohs 1 ohS cae Ons 
Fe eG _ _ 21;e 4 A 22 2 
hoa = 4 Jye Mb + 5 pelbive + 9 Zp ev 
= K¢(ig,)? + Kgig ve, + Ke(vs,)* (37) 


By analogy with eqn. (33) the distortion factor of the output 
current in Fig. 6 becomes 


ge ele eta (38) 
Tot Di 
where De = — [RAZ + RC + h8,R) + hi] 
1 + ASR, \? 1 + h§,R 
K, = Ki(— 2) — Ky 2, + KR? 
21 21 
1 + A§,R,\? 1 + h§,R 
and Kp = K;( ae : ) — Ke + Ker? 
Ds 21 


It is possible to use one of the sets (03.54, (3.54) OF (Scoas eo) in 
the equations for both the common-base and the common- 
emitter configurations. Using the set (v.,,, i2...), eqn. (34) will 
remain unchanged, while the new form of eqn. (35) is found by 
making the following substitutions in eqn. (29): 


Be cat Gb Ys gy ae 2 i ye | eee ee 
P= > ob a = 0s 0g = ve Or i — 5 iD) (39) 
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Using the relation between {h?} and {h*}, 
ea od i 1 Pe a i 
nS, Nyy DyL—AR— 1h, My 


D,=1+ A+, — 28,2 14+h, 


(40) 


where 


we get, from eqns. (39) and (29), 


V2 — [6 Boa ia hi)%oal ] a ae “A EA (41) 
ro) = [ASt baa ai dd =e Le ives Aa hs hs, Veo 


where 1 — A‘, for all practical purposes is equal to 1. From 
eqns. (35) and (41) we get 
Usea == he ae = ¢! ad Are 

and i, = h§tba, + + hi p)Bo, (42) 


From eqns. (25), (38) and (42), the distortion factor of the 
output current in Fig. 6 can be determined in terms of K, and 
Kz thus: 


Wy [if Ky — Wi )K a] — (Ry HFG) [Ka ++ HSDKa 


Dy 
6 Ka + Ke[R(1 + 18) + AG (43) 
D, 
where D> SS [RA = RA = h§, Rp) + h«,| 
and hi, <1; h§, > (Ry + Mi phhy 


It should be mentioned that the principle can be extended to 
include the third harmonic in the same way as indicated at the 
end of Section 2. This would require introduction of the extra 
terms 

1 3F 
v= 2—,(i)? + 


b) 27) 
Se Gane yee 


5 nya seyret 
1 OF 1 OF 
ib 2 
2 015 ae rd” +B a7R 


in eqn. (18), and similarly in eqn. (19). 
In the expression for v? in eqn. (21), the following extra terms 
would have to be inserted: 


OE = KeaGe ie = Kea? v2, ar Kyte (v 1)? + Kb (vb Aye 


Analogous terms would have to be introduced in the expressions 
for i2; in this way eight new distortion constants would appear. 

All ‘calculations concerning the third-harmonic distortion may 
then be carried out by analogy with the second-harmonic dis- 
tortion calculations. 


ane Cay 


(4) THE T-NETWORK EQUIVALENT CIRCUIT INCLUDING 
SECOND-HARMONIC GENERATORS 

In this Section an equivalent circuit is developed which 

resembles the usual T-network, except that it includes some 


second-harmonic voltage (or current) generators. To begin with, 
eqns. (21) are written in matrix form thus: 
9) 2! ° 
E > ae Fo Rae a K (44) 
ze BE By he, hb, vb 


If this equation is solved with respect to we — vs, and ve, 


we get 
b b b b ib 
Me ee ge Me a ti { (45) 
at = b b “b “bh 
Ve 291 2223 Uc — Ibe 
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where the relation between {h°} and {z>} is given in available | 
matrix tables (see, e.g., Reference 2, page 335). By means of |i 


simple matrix manipulations eqn. (45) can be written in the form | 


ee — Bo + ee fe alte 
=— “b 

OP ese zB, Bob lie 
From linear theory we know that the following equation )) 
corresponds to the T-network shown in Fig. 7: 


b 5b.) ¢ib 
4 es Gt 
eo bae se boahab las 

aH e229 Ne 


(46) ) 


b 
,b 
Ue 


(47) } 


Fig. 7.—Small-signal T-network equivalent circuit of the common-base. 
configuration. 


Comparison of eqns. (46) and (47) shows that the T-network 
corresponding to eqn. (46) will be as shown in Fig. 8, where the 
following relations? between T-circuit and z parameters have been } 
used : u 

zbo =r, and-23, = 7, +7, <p 


The terms v., and i8., are known quantities under specified | 
working conditions for the transistor and can be determined from | lo 


eqns. (22) and (23). 


b 3 

Yew" "b iB, estelae 
+a ne 7 

ib te ied _ ib 

ar, ib 
b 
ve Ph Ve 
n— —Oo 


Fig. 8.—T-network equivalent circuit of the common-base configura- § 
tion with second-harmonic voltage generators. i 


From Fig. 8 it is now possible to calculate the contents of first 7 


transistor is fed from a voltage generator of arbitrary lineata : 
internal resistance and terminated with an arbitrary linear load } 
resistance. 

The voltage generators may be inserted in the T-network of | 
Fig. 8 in several different ways, or they may be replaced by 
current generators. However, let it suffice to show one other | 
example involving a current generator instead of a voltage ; 
generator in the output network; this is illustrated in Fig. 95 
in which (r, + r,)/r. ~ 1 for practical junction transistors. 

In the common-emitter case, the T-network equivalent © 
circuit can be developed analogously. Corresponding to eqn. (46) © 


we now get 
e *e 5 
iu as sora la % ee pa 
% + Zobe 251 252) Ue 


Loo. CE 
UCoS, a 


T-circuit and z-parameters have been used: 


Zig =e 


=r, +r(1 — a) 


° ae EHC, 


tion with second-harmonic voltage and current generators. 


Pb 


Ms (1-a) 


Fig. 10.—Small-signal T-network equivalent circuit of the 
common-emitter configuration. 
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Fig. 11.—T-network equivalent circuit of the common-emitter 
configuration with second-harmonic voltage generators. 


In Fig. 11 the generators including vS,, and i§,, can be replaced 
‘by generators including v3., and i%., by using eqn. (42). After 
‘some calculation the equivalent circuit shown in Fig. 12 is then 
obtained. 


(%) SINGLE-STAGE AMPLIFIER WITH NEGATIVE FEEDBACK 


As an example of the use of the T-networks developed, the 
distortion factor of the output circuit for the common-emitter 
with negative feedback shown in Fig. 13, where R, and R, cause 
the feedback, will be calculated. 

By omitting the bias network (i.e. R,; and R,) of Fig. 13 and 
using Fig. 12 as the equivalent of the transistor, the equivalent 
“ ccuit for the amplifier becomes that shown in Fig. 14. 

Using the amplitudes of currents and voltages the solution of 
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From this it will be found that the usual common-emitter 
equivalent circuit shown in Fig. 10 may be replaced by the 


eco Rp(are + Ry +15) + Rory +7] + Ry dod F +R + ro(1 —a 4 7) a i 


circuit shown in Fig. 11, where the following relations between 


(Fig. 9.—T-network equivalent circuit of the common-base configura- 
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the mesh equations for the second-harmonic currents and voltages 
of Fig. 14 will yield 


(48) 


where D 


=(r, + R)[(r, + rR, + Ry + RD + RAR, + RD] 
+r{Q — @[r(R, +R, + R,) + RR] + RR} 
a5 R[R,rs -— Rrp + R,R,] 


% (1-a) 


Fig. 12.—T-network equivalent circuit of the common-emitter con- 
figuration with second-harmonic voltage generators derived from 
the common-base case. 


A 
(ar, 1b ev ot ‘I be 


Fig. 14.—T-network equivalent circuit of common-emitter 
amplifier with negative feedback. 
ig= i? + ip 


The following inequalities will be fulfilled by practical amplifiers 
with junction transistors: 


R, 
R, 


= 
| i ‘ 


+r,(1 — a) < 


a 


Ro Ray RR, hes i=. (49) 


1 =a 
By the use of these inequalities, eqn. (48) is reduced to 


yy eRe ae Bg) tpl ep oe Ip a) ta 


Lenees D’ - (50) 
where 
DS |e Ree a)\(R, ese onl ee R,[ 1+ RO a)| 
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The terms 2%... and i$... are given by eqns. (22) and (23). By 
analogy with the principles used in calculating the distortion 


ko 
oe ka | K? + K®R, + KR? + (K? + KER, + KERR, + hb) 


factor for the common-base amplifier, all currents and voltages 
in the expressions for v3... and (3.4 are expressed by ig. Using 
conventional linear-network calculations, the following approxi- 
mate expressions are obtained: 


R 
Z (1 +z 


where the inequalities (49) have been used. 


Rae 
= Jin and oh = — R(1 +R ')ier » GD 
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(ae VK? 1 K3R, + KR?) + (Ke + KR, + KbRI(R, + R, + hh) 
Pp 


Substitution of eqns. (22), (23) and (51) in eqn. (50) yields. 


From eqns. (55) and (58) the relation 
found to be 


between Kéy and K@ is 


RAY a ht, pK ok He, i hbR) 


BP. (59) 
fd 
Hh, + Ry + R(1 + Ay + z) 


x 


ae | 
Eqn. (59) can be further simplified only if the following th 
inequalities are satisfied: 
R, < Rj; Ry SR; WR 1B; (60) 


in which case F, is found to be 


(61) | 


R,\2 R R R,2 

b 1 b l any *) b (1 z) 
Kt 1+7) + K3(1 +3) Re R, + K®8R3 +R 
i ee ee 2 eee ee ee 


ye 
102 


| R; 
Ke(1 aa 
-|- 


From eqn. (52) the distortion factor of the output current can be found as 


The following inequalities will be satisfied for the majority of practical amplifiers: 


and by using eqn. (54), a ~ — h§,, and r, + r,(1 — a) = hb, an approximate form of eqn. (53) can be obtained: 


re 
12 
rs 


~~ 


R; 
R, 


where 


Dy (1)? 
lica 
kag = ie, (53) 
c | 
R, < R, < R, ail 
R a 
(Kp + KR) + KERA(I a Z) + (K} + K8R, + K2RP(he, + R, + R,) | 
—SSS Se eC! (55) f 
where Aj = h§,, Ag = — R,/hb,, and Rf = hf, are the approxi- | 


D’ =, +R, + R(1 + hb, + 


) 


It is interesting to compare this expression with that for the 
distortion factor of the common-emitter amplifier without feed- 
back as given in eqn. (43). 

Eqns. (26) and (27) lead to the approximate values 

Kye Ket KR + K3R? 
Kp ~ Ki + KER, + KR? 
ef CUNO a ees C2) 


(56) 
it being assumed that 


R,< 


A 
hb, 


and eqn. (40) similarly leads to 


(57) 


Substituting eqns. (56) and (57) in eqn. (43) yields 
~ |Ki + KBR, + K3RF + (KE + K8R, + KER})(R, + he 


Ike os 
: | R,Af zs he se RA ale hh, ai h3,R)) 


L ie 


(58) 


\ “ KB(1 4 ( + z) Rye KER? * a re Re ele ee 


(Ry + Re)(1)? 


(52) ¥ 


mate expressions for the current amplification, voltage amplifica- i 
tion and input resistance, respectively, of the common-emitter — 


amplifier without feedback when expressions (49) and (60) are © 
satisfied. 


(6) EXPERIMENTAL VERIFICATION 


For the experimental verification of the formulae developed | 
for the distortion factor of the output current, some typical | 
junction transistors with the following characteristic data were | 
used: maximum collector dissipation about 50mW, and « cut-off | 
frequency about 500kc/s. The expressions were checked for the | 
common-base configuration (Fig. 5), the common-emitter con- _ 
figuration without external feedback (Fig. 6), and the common- 
emitter with negative feedback (Fig. 13), using the same transistor 
in the three cases. The corresponding expressions are (33), (43) 
and (53), respectively. To compare the measured values of the 
distortion factor with the calculated values, it is necessary to 


determine the following constants of the transistor at the working — 
point chosen: 


Vor Vhs Ves A, hy, hyp, hy, hy, Ky, Ky, K;, K,, Ks, Ke 


The h parameters were measured by conventional methods : 
as described in the literature,?3 and the T-network parameters 
were derived from the A parameters. The K parameters can be — 
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determined either directly from the defining equations (22) and 
. (23) by measuring the parameters at conveniently chosen neigh- 
. bouring points, or indirectly from expression (33) by measuring 

he distortion factor for six different values of R, and R;. Both 
ymethods were used, and, allowing for experimental uncertainty, 
| he results were found to agree satisfactorily. 


Table 1 
| MEASURED AND DERIVED DATA 
: VP=—2-7 volt; J == 4-0mA- f = 1000c/s 


hey, ohms 13-6 

. hia 1-29 x 10-3 

ne —0-982 

18>, mhos 2-09 x 10-6 
h§1, ohms 821 

| 12 4-4 x 10-4 

. AS 59-4 

As, mhos 1:26 x 10-4 


a 
re, ohms 
rp, ohms 
re, kilohms 


K 2 ohms/mA. 
K8 ohms/volt 
Ke volt—1 

. Ke mA-1 

K® volt-1 
{ , fae mhos/volt 
/ 
1 


Re a ei a 


a 


Os 05250 102 
Sech S¢ alOrs 
SSS MOSS 

LOPS al058 


The measured and derived data are given in Table 1, where the 


‘as neighbouring points. 
Using the indirect method, the distortion factor was measured 
or the values of R, and R; given in Table 2. 


. Ve + 0-5 volt and J? +0-5mA 


Table 2 
‘VALUES OF LOAD- AND GENERATOR-RESISTANCE USED FOR THE 
. DETERMINATION OF THE K PARAMETERS 
| 
1 RKO 40 40 40 POs salts Ome 1 xel0s3 
| Ry, kQ 0-1 5 | 10 


j ———— 
| 05] 5 10 

_ From expressions (33) and (43) it can be seen that the deter- 
mining terms for the distortion factor are K, and Kg as given in 
eqns. (26) and (27). Using the approximations 


hb, ~ — 1 and #,R, <1 
4 and Kz can be written 

K, = KP + KR,  K3R} 

Kp ~ K} + K8R, + KeR? 
it has been the practice, in treating non-linear distortion in 
iwaction transistors, to consider only the variation of input 
e*istance with emitter current, i.e. in the above expression for 
K to neglect the terms KR, and K3R} relative to K?. This is 


“rect only for rather small values of R, for the chosen working 
pint, as can be seen from Table 1 and it is furthermore possible 
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to obtain a compensation between the terms in the expression 
for K,, as the two last terms are of opposite sign to the first one. 

The variation of K? with emitter current is approximately 
proportional to 7>*, and for large emitter currents the two last 
terms in the expression for K, become even more important. 
The first two terms in the above expression for Kz are related to 
the variation of the short-circuit current gain with emitter current 
and collector voltage. With R, = 1 kilohm, all three terms in 
the expression for Kp are usually of the same order of magnitude, 
except over the range near the maximum of he, as a function of 
I®, where the term K@ can be neglected. 

The distortion factor of the output current was measured with 
the transistor in the common-base configuration with a con- 
stant load resistance and constant output current for different 
values of the generator resistance R, at a frequency of 1000c/s. 
The experimental results, shown in Fig. 15, are seen to be in 


’ satisfactory agreement with those calculated from expression (33). 


SaaS 
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Fig. 15.—Output distortion factor of common-base amplifier as a 
function of the internal resistance of the voltage source. 
© Experimental points. 
x Calculated points. 
Ri = 1 kilohm; i?, = 0-85mA; f = 1000c/s. 
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Fig. 16.—Output distortion factor of common-emitter amplifier as a 
function of the internal resistance of the voltage source. 
S Calculated posts y/= 1000cIs. 
---- f = 500c/s 
f = 2000c/s 
Ri = 1 kilohm; i®, = 0-85mA. 


cl 


experimental. 


The same measurements were made with the transistor in 
the common-emitter configuration, and the results are shown 
in Fig. 16, where the theoretical points are calculated from 
expression (43). 
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It is to be noted that the distortion factor in Fig. 16 has a well- 
defined minimum for a special value of R,, as was to be expected 
since in expression (43) the two terms in the numerator have 
different signs, while for R, = 0 the first term is numerically the 
greater. It is seen that “the experimental curve follows the 
theoretical one except in the neighbourhood of the minimum, 
which is explained by the fact that the transistor parameters are 
only approximatively frequency-independent and real-number 
constants. . The frequency dependence is illustrated in Fig. 16 
by the two experimental curves measured at frequencies of 500 c/s 
and 2000c/s. 

The condition of minimum distortion for the simple com- 
mon-emitter amplifier can be found from eqns. (38) and (43): 


R She Set 62) 


is 
igs 
—h§, Ky hi; 

(UE 5 i Bp ae, 


where Ky, Kp, Kc and Kp are functions of R, as given in 
eqns. (26), (27) and (38). The value of Ryg,iny in the example 
shown in Fig. 16 is of the same order of magnitude as the input 
resistance of the amplifier. 

The distortion factor of the output current for the common- 
emitter amplifier with negative feedback also has a distinct 
minimum when R, is varied. The experimental and theoretical 


cece 


g(min) ~~ 


(63) 


or Recmin) a 


05 


i 
| 


z | 
3S Pelee 
ime ese Eee | 
io x ial =| 
o1 Sate Te 
L— mere =)! Wi ii 


AES) be 4 
04 06 10 2 446.8 10 20 


Rg, KILOHMS 


fe) 
00200400601 02 


Fig. 17.—Output distortion factor of common-emitter amplifier with 
negative feedback as a function of the internal resistance of the 
voltage source. 

© Experimental points. 

x Calculated points. 
Ri = 1 kilohm. ie, = 0-85mA. 
Ry = 10 kilohms. f = 1000c/s. 
Rs = 0-1 kilohm, 
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points for this case are shown in Fig. 17 for the same output |; 
levels as in the two other cases. 

In the above-mentioned experiments, the magnitude of the )) 
third-harmonic. distortion was found to be approximately ten 
times less than that of the second-harmonic distortion, except in | 
the neighbourhood of the minima where the distortions were of | 
the same order of magnitude. It should be mentioned that the | 
third-harmonic distortion proved to be less dependent on Ry | 
and, unlike that of the second-harmonic, it exhibited no minima | 
for specific values of Rg. ! 


(7) CONCLUSIONS 


It has been shown by an analytical investigation of non- }j 
linear distortion in junction-transistors that the influence of the { 
variation of all the small-signal parameters may be important in | 
many cases depending on the working conditions of the transistome $ 
Most of the earlier workers in this field have considered the | 
variation of only a few of these parameters, especially the varia- } 
tion of the input resistance with emitter current. i 

It is thought that the principles developed here may be applied © 
with advantage in more detailed investigations of non-linear 
distortion in many types of transistor amplifiers. } 

It has been further shown that it is possible to obtain a con= ; 
siderable reduction of the output distortion in the simple com- t 
mon-emitter amplifier by choosing the working conditions in ” 
such a way that the input and output distortions of the transistor p 
cancel each other. This can be brought about only at frequencies » 


frequency independent, a fact which may seriously restrict the | 
practical utility of the effect. With a view to practical applica 5 
tions, the variation in the distortion constants of transistors of 
identical types is also an important problem which requires 
attention. : 

rl 

a} 
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SUMMARY 


; A discussion is given of the effects of intermodulation in bridge 
; detector amplifiers and the means by which they may be minimized. 
A figure of merit is defined to assess the performance of an amplifier, 
‘and is used to demonstrate the importance of tuning and feedback, 
he problems associated with the use of amplifiers containing both 
-uned and untuned stages are discussed, and the arrangement of these 
stages for minimum intermodulation is derived. The paper includes 
a description of a practical amplifier for use at 1 and 1-6kc/s in which 
he intermodulation is unusually low. 


LIST OF PRINCIPAL SYMBOLS 


i, = Anode current. 
v = Grid-cathode voltage. 
v, = Output voltage. 
v; = Input voltage. 
V, = Equivalent fundamental input voltage at 
input of a single stage. 
Vj, = Equivalent fundamental input voltage at 
input of n stages. 
R = Resistance. 
C = Capacitance. 
Z = General impedance. 
Z.. = Impedance at angular frequency w. 
Ze, = Complex conjugate of Z,.. 
w = Angular frequency. 
m, = Gain of an untuned stage. 
m, = Gain ofa tuned stage at harmonic frequencies. 
mye = Gain of a tuned stage at the fundamental 
frequency. 
M = Figure of merit, without feedback. 
M; = Figure of merit, with feedback. 
a, b, a,, by, a’, b’ = Constants. 
f = Fraction of output voltage fed back to the 
input. 
8. = Fraction of output voltage of frequency w, 
fed back to the input. 


eS ee ee ee ee ee ee ee eee 


Lo(3s = 20) = 


(1) INTRODUCTION 
For impedance measurements at audio frequencies bridge 
methods are widely used. With suitable unbalance detectors 
Nhese methods are capable of high precision, being limited only 
ov the bridge components themselves and the characteristics of 
Whe detector used. This detector is usually a valve amplifier, 
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the design of which presents several problems. The limiting 
sensitivity set by thermal noise may be improved by the use of 
low-noise valves and narrow-bandwidth circuits, but errors 
caused by non-linearity in the amplifier may be a major limitation 
on the accuracy attainable. The paper investigates the magni- 
tude of these errors and considers means for reducing them. 


(2) NON-LINEARITY IN THE DETECTOR AMPLIFIER 

The production of harmonic voltages in the detector amplifier 
is not troublesome, since such voltages vanish when the bridge 
is balanced. However, the balance conditions of all bridges are 
frequency sensitive to some extent, so that, unless the bridge 
supply is pure and the bridge components are linear, there will be 
harmonic voltages present at the input to the detector amplifier. 
Intermodulation in the amplifier will produce fundamental 
voltage from adjacent harmonics, and the bridge must be set to 
a false balance to produce a fundamental null at the output. 


(3) FIGURE OF MERIT 
To compare amplifiers from the aspect of intermodulation it 
is desirable to be able to associate with a particular amplifier a 
number which increases as the intermodulation decreases. It 
will be shown that the voltage at the difference frequency pro- 
duced by intermodulation is proportional to the product of the 
amplitudes of the voltages concerned. Hence, a figure of merit 
is defined as the ratio of the product of the input amplitudes of 
the two harmonics considered to the fundamental input voltage 
required to produce the same fundamental output voltage, all 
quantities being measured in volts. 


(3.1) Triode Amplifier 
The anode current of a triode is a function of both the grid 
and the anode voltages. Llewellyn! has shown that for an 


input voltage 
U="V, COS 201 4) V3.COS 3b = eee en) 


the component of anode current at the difference frequency is 


(R A L3o)(R ae Zrn)(R aE Z 30-20) 


where p. = Amplification factor. 
R = Anode resistance. 
RE OR/OV 5: 
Z3 = Anode load impedance at frequency 3w. 
Zo = Complex conjugate of the impedance at fre- 
quency 2w. 


If eqn. (2) is divided by u/(R + 23020), the equivalent funda- 
mental input voltage required to produce this output is obtained, 
namely 
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30 
D 


Vv, 
Vp = 


The figure of merit for the triode is then 


2u(R + Z3aM(R + Zy) 


0 
m) 


It is interesting to note that this figure of merit for the triode 
depends only on the anode load impedances at the harmonic 
frequencies and not on that at the fundamental frequency. 
The performance of a triode is completely specified by eqn. (4), 
but it is not easy to appreciate the effects of the various para- 
meters unless some numerical values are considered. It is con- 
venient first to study the case when the load is a pure resistor. 
For a triode-connected EF 86 with an anode voltage of 200 volts 
and grid voltage of —3 volts the following values were measured: 


ou 


R = 14kilohms, 
Ov 


= 1/-3\per volt, pe = 37, 


Cy aes 
yas 0-02 per volt. 


Pp 


Substitution of these values into eqn. (4) gives the following 
values of M: 


VAP ease ee 1 Z 4 oe) 
M a6 wal (OSS! > E20 ay 35 et O0er SO 


R’ = — 98ohms/volt, 


It can thus be seen that the figure of merit for a triode increases 
as the load resistance increases. 


(3.2) Pentode Amplifier 


The ideal pentode differs from the triode in that the anode 
current depends only on the grid voltage. This implies that the 
anode resistance is infinite, which for finite transconductance 
requires an infinite amplification factor. Hence the figure of 
merit for the pentode may be derived by letting R — 00, pw —> 00, 
p/R—g,, where g,, is the transconductance of the valve. To 
do this it is convenient to transform eqn. (4) to 


21 ais 23./R)(A a Z| R) 


ee poe > jp2) , 1 OK 
Bibs AG LZ x0L QR ) ar in WV, 


M= 


which for R -> 00, uw —> ©, becomes 


= —— oh ge Ae ee) 
gel ode WW, 
and putting uw = g,,R, and = =— < oe gives 
= ee Maer mn ei) 


It is instructive to derive eqn. (7) by expanding the anode current 
as a series of powers of the grid voltage. Then retaining only 
second-order terms, 


i= av Phy) WA ee eee) 


where b = 0g n/dV, 
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L P) = 
| 12RR ai po (R al Za0226) si eer eR a Z3o)(R +P 2) | V2V3 
p(R + Z30K(R + Zr) 


| -RR ae eee oe ZG Zao) =e F(R ae Z3u)(R te 2) 
Pp & 


(1 + Zz0/R)(L + Z20/R) 


(3) 
(4) . H 


referring to the input by dividing by the gain gives 
_ bVaV;3 
7 a 


4 us 

= 

where V; is the equivalent input which would produce the actual | 
output at frequency w. 


M =alb 


_ 28m ; 
ae (1 


For the valve used in the previous measurements (EF86), 9 
connected as a pentode with the anode current corresponding § 
to zero anode load, the figure of merit for the pentode was 7:2. 
That this is of the same order as that for a triode with zero 
anode load was perhaps to be expected, since under these con- | 
ditions the triode behaves essentially as a pentode in that its | 
anode current is determined only by the grid voltage. =f 


Hence 


eee 


(4) EFFECTS OF TUNING f 

(4.1) Triode 4 

When the load in the anode circuit of a triode is complex, a 
general discussion of eqn. (4) is difficult. It is possible, however, — 
to consider a particular case of some practical importance, |, 
Suppose that the anode load is a parallel circuit tuned to the | 
frequency wy. Then, assuming that all the losses may be repre- f 
sented by a resistance R, in shunt with the circuit, the impedance } 


can be written 
| ares) 
eae Ce . 
we ee) 
Wo Q\wWo 


(S) 


where Q = R,woC. For reasonably large values of Q this may 
be more simply expressed as | 


Ne ae 
re ar 


Fo OO 


52 ay ° . ° . ci : 
Wo Ay 

This value for Z has been substituted in eqn. (4) with 
Wg = 10+rad/sec and the figures given above for the EF 86, the 
corresponding value of M being plotted in Fig. 1. The figure of 
merit increases rapidly with decrease of tuning capacitance up | 
to a maximum of 130 for zero capacitance: however, it is within 
10% of its maximum value for a capacitance of 200 uF. Indue- 
tances with distributed capacitance less than this and with 
sufficiently high Q-factors at audio frequencies are conveniently 
made using quite small coils with Ferroxcube cores. | 
4 

% 


| 
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fig. 1.—Variation of figure of merit with tuning capacitance in the 
anode circuit of a triode. 


(4.2) Pentode 


Since it has been assumed that the anode current of a pentode 
8 independent of the anode voltage, tuning of the plate circuit 
“xan have no effect on the intermodulation current which flows. 
Consequently the equivalent fundamental input voltage is inde- 
“eudent of the anode load impedance. 

| Although the anode load of a pentode does not directly affect 
he intermodulation distortion of a stage, there are usually indirect 
“iffects which make the use of tuned anode loads desirable. 
‘Cuned circuits provide low gain at the harmonic frequencies 
while maintaining high gain at the fundamental, thus reducing 
he level of the harmonics at the succeeding stages. Furthermore, 
fom a given d.c. power supply they enable higher transcon- 
tuctance and consequently higher figures of merit to be achieved. 


| (5) EFFECTS OF FEEDBACK 


| For simplicity, the succeeding discussion will use the pentode 
)oefficients, although a similar argument may be applied to the 
iriode case if the more complicated coefficients given in Sec- 
ion 3.1 are used. 


| (5.1) Untuned Amplifier 
For an amplifier whose anode load is a pure resistance R,, the 
/»utput voltage may be written 


v, = R,(av + bv’) (11) 


‘Where terms higher than the second degree have been neglected. 
ff the input voltage v; has added to it a voltage derived from the 
»utput, then 

(12) 


iwhere B is a fraction of the output voltage added to the input. 
‘Substitution for v, from eqn. (11) into eqn. (12) gives 


v =v, + BR,(av + bv?) . (13) 


/f the output current may be expressed as a power series in the 
‘nput voltage, it is possible to write 


v=; + Bu, 


av + bv — ay; —+ byv? (14) 


wostituting for v; from eqn. (13) and equating coefficients of 
ike powers of v gives 
a 
eee He CLS 
oe 1220, me) 
b 


~ d= apy mY 


by 
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The corresponding figure of merit is then 


M= (i —aBR,)? . (17) 
Eqn. (17) indicates the effectiveness of feedback, for the figure of 
merit with feedback is given by the product of the figure of merit 
without feedback and the square of the gain reduction factor. 
It is possible to rewrite eqn. (17) as 


ua? ( gain without feedback, ? 


b\ gain with feedback (18) 


where the importance of a high gain without feedback is imme- 
diately apparent. For a certain required gain the figure of merit 
is proportional to the product of a/b and the square of the gain 
without feedback. 

Measurements on an EF80 valve with | kc/s as the fundamental 
frequency and equal 2 and 3kc/s voltages showed a linear 
relationship between M and the square of the ratio of the gain 
without feedback to the gain with feedback, the slope of the graph 
being 2:72. The measured transconductance was 3mA/volt, 
while the coefficient b was 1-1 mA/volt?, giving a/b = 2-73. 


(5.2) Frequency-Selective Feedback 


Suppose that, as before, the input voltage is that given by 
eqn. (1) and that in the anode circuit there is an impedance 
whose value is Z>,, at frequency 2w and Z3,, at frequency 3w. 
Furthermore, let the feedback factors at the two frequencies be 
Boe» B30, Tespectively; then the grid-cathode voltages are 


V2 


Uys, 19) 
ae Le AB 20226 ( 
at frequency 2w 
V3 
and Wey, 20 
30 1 —. 4830230 ( ) 
at frequency 3w. 
Hence the figure of merit is 
a 
My; = ne er ABZ 0) — A832 30) 
Wee 7Product of harmonic gains without feedback QL 
i aN Product of harmonic gains with feedback ) 


Eqn. (21) indicates the possibility of achieving a high figure of 
merit by the use of feedback of the harmonics while leaving the 
fundamental gain essentially unaffected. 


(6) MULTI-STAGE AMPLIFIERS 


Most bridge detectors require more than one stage of amplifica- 
tion, and these additional stages will produce intermodulation 
distortion of their own. It is possible to derive a figure of merit 
for a general n-stage amplifier all of whose stages are different, 
but the resultant expressions are not really useful. However, 
the derivation for two particular amplifiers will suffice to indicate 
the method of approach and to specify the requirements for 
these cases. 


(6.1) n Identical Stages 


Consider first an n-stage amplifier all of whose stages are 
identical, and suppose that each stage has a gain of mr at the 
fundamental and m, to the harmonics. Then for an input given 
by eqn. (1) the first stage will produce an equivalent fundamental 
input of bV,V;/a. At the input to the second stage there will 
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be m,(V> cos 2wt + V3 cos 3wt) and consequently an equivalent 
fundamental at the input to the first stage of 


bmn2V2V3 
amy 
Hence from two stages the equivalent fundamental input 
voltage is 
bVV: me 
Vege 2 4¢ ze =) (22) 
re a Mg 
For n stages, 
BV Vee fore 
Vin = (23) 


a r=0 my 


Eqn. (23) indicates the desirability of attenuating the harmonics 
in the coupling network between stages. Under the best con- 
ditions, when m}/my is much less than unity, the overall per- 
formance of the amplifier is determined by the first stage alone. 


(6.2) Two Multi-Stage Amplifiers in Cascade 


It is sometimes required to use a certain amount of untuned 
gain in conjunction with a tuned amplifier, and the question 
arises whether the tuned stages should precede the untuned ones 
or vice versa. 

Suppose that there are p stages of tuned gain and q stages of 
untuned gain and that the constants a and b are the same for 
all stages. Let the gain per stage at the fundamental be m, 
in the tuned stages and 77, in the untuned ones, while the gain 
at the harmonics in the tuned stages is m, per stage. Then when 
the tuned stages precede the untuned ones the contribution of 
fundamental at the input for an applied voltage (V2 cos 2wt 
+ V3 cos 3wt) is 


bVzV3 Diszall mar 


a 0 my 


(24) 


At the input to the untuned stages the harmonic voltages will be 
m}(V2 cos 2wt + V3 cos 3wt), so that the intermodulation pro- 
duct referred to the input of the tuned stages is 


an bVxV3 mP q—1 mes 


Vy fe 
f2 a me en ms (25) 
Hence the total fundamental voltage referred to the input is 
bV2V3 (2! m3" meP az} 
Vee *( eas a) 
fa a ile mf me > mM, . . (26) 
Similarly, when the untuned stages precede the tuned ones, 
bV5V2 /4=! pol py2r 
Vo, = 203 ms md “i ) 
Sb a —. u a u 2, mi, (27) 


Eqns. (26) and (27) show that the minimum possible equivalent 
fundamental input voltage is given when all stages are tuned 
and mj,/m, is much less than unity. This minimum voltage is 
bV,V3/a, contributed by the first stage. When the untuned 
stages precede the tuned ones this minimum value is multiplied 
by mj, which represents an enormous deterioration in per- 
formance for even a single stage of untuned gain ahead of the 
tuned gain. 

Hence it may be concluded that at all times the tuned stages 
should precede the untuned ones; that the coupling between 
successive stages should be arranged if possible to provide 
attenuation of the harmonics; and that sufficient tuned stages 
should be used to make the contribution of the second term in 
eqn. (26) negligible. 
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(7) DISCUSSION of 


The previous Sections have indicated several points which | 
require some comment. First, under all circumstances the | 
equivalent fundamental input voltage produced by intermodula- 
tion is proportional to the product of the amplitudes of the two }) 
harmonics involved. Hence it is desirable to supply the bridge | 
from as pure a voltage source as possible, or at least to eliminate |: 
alternate harmonics. This suggests push-pull amplifiers to drive V3 
the bridge and the use of filters ahead of the bridge itself. The th 
limit of improvement in this direction is reached when any [i 
additional filter introduces as much distortion as is present at its }/ 
input. At this stage it is profitable to filter the bridge output. } 
As pointed out in Section 6, it is desirable to place the tuning | 
in an amplifier as early as possible; the ultimate in this direction @ 
being tuning in the input circuit when this is possible. ¥ 

Secondly, the figure of merit for pentodes increases as the # 
ratio a/b increases. Since 5 is essentially constant over the usual | ‘ 
operating range, this implies use of the highest transconductance bs 
possible for a given valve. This of itself does not imply that « 
high-transconductance valves are desirable, since it is the ratio | 
a/b that is important. -For a pentode-connected 6BR7 the | 
figure of merit is 6-7 at a transconductance of 1-5mA/volt, | 
whilst for an EF80 the corresponding value is 5-0 for a trans- | 
conductance of 7mA/volt. For most bridge detector amplifiers § 
the input valve must be a low-microphony type; these usually f 
have low transconductance, so it is gratifying that their figures | 
of merit are not necessarily inferior to those of the high- | 
transconductance types. However, if feedback is applied in _ i 
accordance with the conclusions reached in Section 5, the #] 
higher-transconductance valves will enable a higher loop gain © 
to be achieved and consequently a higher figure of merit than | 
for the lower-transconductance types. The triode case is not so | 
simple, although one general point which emerges from Section 3 
is the desirability of high anode loads for low distortion. Fora 
triode the amplification factor is reasonably constant, and eqn. 45 
indicates that, for a given yz and anode load, the figure of merit | 
improves as the anode resistance decreases. This implies the | 
use of a high transconductance, as for the pentode. OF 

Thirdly, a comparison between triodes and pentodes must take | 
into account the effect of feedback as given in eqns. (18) and (21). 
The maximum value of M without feedback for the triode quoted 
in Section 3.1 is 130, while for the pentode the corresponding ~ 
value is about 7. However, it is possible to achieve much higher | 
values of gain with pentodes. A 20-fold increase in gain would, | 
with feedback, give a 400-fold improvement in the figure of [| 
merit, so that it is generally possible to design a pentode saga 
to have a performance superior to that of a triode stage. 


(8) A PRACTICAL AMPLIFIER 

The circuit of an amplifier designed for use at 1000 and | 
1592c/s is given in Fig. 2. The total current drawn from the 
674-volt h.t. battery is 3mA, while the heaters are supplied from | 


a 6-volt accumulator. The overall gain of the amplifier is | 
approximately 39000 at 1000c/s, while 6mV of 2 and 3ke/s | 
voltages together produce the equivalent of 1uV of 1kc/s at | 
the input. A 

The first two stages operate as cathode-followers with series | 
tuned circuits across the cathode resistors. This arrangement | 
has several practical advantages. Each stage operates with | 
100% negative feedback and hence produces only small amounts 
of intermodulation distortion. The useful gain at the funda- | 
mental of approximately Q is produced by the series tuned 
circuit, whilst the gains at 2 and 3kc/s are only 4 and } respec= 
tively. Furthermore, this form of coupling has the ‘esr bial 
feature that no direct current flows in the inductor. The fin 


6BR7 


fig. 2.—Circuit of an amplifier with low intermodulation distortion. 


Alpe" 63) i. 
Cl, C3 ~ 400 uuF. 
C2, C4 ~ 160 uuF. 


“stage is a conventional flat-tuned stage provided to enable the 

vutput to be presented on a general-purpose oscillograph. 
) A modified version of this amplifier has been made using a 
».50-volt rectified mains supply with higher operating currents. 
“his amplifier required 38mV of both 2 and 3kc/s voltages to 
roduce the equivalent of 1yV at 1kc/s at the input. The 
yerresponding value quoted by Rayner? is 0-26mV and that 
‘jnoted by Clothier and Smith? is 0-5 mV. 


a OI TN AE ELPA LALLA ALL ILALLAL ASE AA 


JOHNSON AND THOMPSON: INTERMODULATION IN BRIDGE DETECTOR AMPLIFIERS 221 


(9) CONCLUSIONS 


It has been shown that the intermodulation distortion per- 
formance of a bridge detector amplifier may, in the best circum- 
stances, be determined by the first stage. This is only possible 
if the succeeding stages satisfy a particular condition, which is 
derived. The performance of a single stage improves as the 
transconductance and the harmonic feedback increase, and— 
for triodes—as the anode load increases. 

Where it is necessary to use untuned stages in a bridge detector 
amplifier, it is much superior to precede the untuned stages with 
the tuned stages. 

A complete amplifier, whose intermodulation distortion is 
considerably lower than that of amplifiers previously described, 
has been built. 
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ON THE AMPLIFICATION FACTOR OF THE TRIODE 
By Professor E. B. MOULLIN, M.A., Sc.D., Past President. 


(The paper was first received 10th August, 1955, and in revised form 11th May, 1956. It was published as an INSTITUTION MONOGRAPH 
in November, 1956.) 


SUMMARY 

The paper discusses why a triode has the property that any assigned 
anode current is a function of the anode potential plus a constant times 
the grid potential. Unlike the classic methods of approach, the paper 
sets out to find the values which these two voltages must have if and 
when an assigned anode current is flowing. It starts by reminding the 
reader that, if a given current is crossing the barrier of a diode, the 
electrons in that stream propel themselves by means of their own 
mutual repulsions and are not assisted by the attraction of the positive 
charge on the anode. The means by which the anode potential 
operates is through the positive charge which it causes to exist on 
the cathode, thereby regulating the proportion of the total cathode 
emission which crosses the barrier. Once this current is assigned, 
the electrons in it continue to gather kinetic energy until they are 
brought suddenly to rest by colliding with an anode interposed in their 
path. The potential of this anode is determined from the kinetic 
energy they have attained. 

If a negatively charged grid is interposed in the path of a given 
stream of current leaving a barrier, it is shown that this negative 
charge produces scarcely any electric force in the region between the 
barrier and the plane of the grid. Accordingly, this negatively charged 
grid will have scarcely any effect on the motion of the electrons 
approaching it: its presence will not, per se, tend appreciably to change 
the current which is crossing that barrier. However, once the elec- 
trons have passed through the meshes of the negative grid they will 
experience a strong repulsive force from it and will thereby be accele- 
rated in their path. At any point in that path they will have attained 
additional kinetic energy from the work put into them by the negative 
charge on the grid: accordingly, the velocity with which they strike the 
anode is known and thus the potential which that anode must have is 
known. By means of the particle dynamics of their flight it is found 
that, for any assigned current, there is a linear relation between the 
anode voltage and the negative charge on the grid, placed there by 
means of a battery connected between the grid and the cathode. 

Although the charge on the grid produces a negligible electric force 
at points in the neighbourhood of the barrier, the force at the surface 
of the grid wires is large because the grid wires are very thin. Thus 
the work done from the barrier to the surface of a grid wire is finite, 
occurring mostly in the near vicinity of the grid wire: it is calculable, 
by familiar methods, per unit of charge on the grid. The net work 
from the barrier to a grid wire is the difference between the work against 
the grid charge and the work against the force caused by the electrons 
composing the anode current. This difference is the potential of the 
grid, i.e. the voltage of the grid battery required to maintain an assigned 
charge on the grid when there is an assigned anode current. This 
relation between grid charge and grid voltage can then be combined 
with the previously found linear relation between grid charge and 
anode voltage, for an assigned current, and from this emerges an 
expression for the amplification factor of the triode when it is passing 
an assigned anode current. It turns out to be independent of anode 
current and to have the value deduced long ago for a triode in which 
the anode current was vanishingly small, and previously thought to be 
valid only in this limiting condition. A proof that the amplification 
factor is independent of current—a fact well known by experiment—is 
believed to be novel. 
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(1) INTRODUCTION 

The very essence of the electrical behaviour of a thermionic y 
triode is described in the statement that the anode current is a | 
function of the anode voltage plus a constant times the grid © 


voltage, i.e. : 
L214 eV ()) 


This amazing property was noticed by Van der Bijl'»* and 


third electrode was introduced is commonly said to be 1907: © 
thus, recognition of the basic electrical property goes back nearly 
to the time of the emergence of the grid itself into a high-vacuum + 
thermionic discharge tube. It may well be thought that nothing 7 
novel remains to be said about this principle, a full 40 years after + 
its enunciation. Up to a point this must indeed be true; but | 
the present paper attempts to show that there is yet room for © 
some new thought and that the old principle can be set out in a 
way which has some claim to be more complete, more satisfying, 4! 
than the old. a 
In 1937 the present author deduced the long-famous three- + 
halves-power law of the diode? by the process of following a | 
typical electron from the barrier to the anode, in contrast to the | 
then classical method of deducing the force/distance distribution 
from a solution of the V7(v) = — 4m equation: possibly others 
had done so before him. It corresponds to changing from the 
Eulerian to the Lagrangian method of solving problems of fluid | 
flow. } 
This change to the Lagrangian method was a conversion from 
one correct formulation to another correct formulation of the | 
diode problem: it was a convenience, but no more than that. © 
But when seeking recently to treat the triode in the corresponding | 
manner—and, in fact, succeeding in doing so—it emerged that # 
the classic treatment of the triode is fallacious in principle and } 
unreasonably restricted in result. The paper treats the triode | 
by the Lagrangian method, and in so doing discloses the fallacy, | 
or near fallacy, of the conventional method. | 
To help the reader to understand the Lagrangian treatment of + 
the triode it may be helpful to recapitulate the method as applied # 
to the diode, as follows. In their transit from cathode to anode | 
the electrons must necessarily cross a closed surface, called the | 
barrier surface, at every point of which the electric force is zero. 4 
An electric force at any point within the diode arises from electric 
charges on the electrodes and from electrons in transit. Since | 
the force at the barrier surface is zero by definition, consideration / 
will show that there must be a positive charge on the cathode | 
equal in amount to the total charge on the electrons which are + 
in motion between the cathode surface and the barrier surface. — 
Further consideration (which will be detailed later) shows that 
the electric force acting on any typical electron which is en route 
for the anode arises only from those other electrons which are 
also en route but are behind the particular electron which has 
been selected for observation. 
Accordingly, consideration by the Lagrangian method discloses _ 
the problem as being that of a jet of electrons which is self-_ 


sropelling. An analogy may not be out of place. Liken any 
ypical electron to a thief pursued by a rabble: he receives his 
itimulus to run only from the rabble behind him, and is quite 
sinconscious of crowds ahead in the street and of people within 
he house from which he bolted (they are behind the barrier); 
ie is conscious only of the rate at which fresh pursuers do, in 
yact, emerge through the barrier. Ultimately the unforunate 
 hief rushes headlong into what turns out to be a police station 
nd he is put into the cells at once. 
) The kernel of the whole situation is that it is the existence of 
he stream itself which causes that stream to flow—a self- 
ropelling system. The circumstances are akin to the move- 
ment of a jet of gas, but molecular impacts are replaced by the 
dlectric repulsion provided by the electrons between the barrier 
‘ind any typical electron in transit. 
When considering the flow of current from the barrier to the 
node in a triode it is natural to wish to maintain, so far as 
possible, the picture which has been developed for a diode. In 
he triode the electron stream passes through a grid: actual 
ollision between the travelling electrons and the wires of the 
‘rid can be prevented by placing a negative charge on the grid, 
‘\vhich is the condition of normal use in a triode. Consideration 
hows that electric charges on the wires of a cylindrical grid 
»roduce very little electric force inside this cylinder and that this 
Yadial force, small though it is, must alternate in direction from 
Homt to point along the axis of the cylinder. Thus a given 
‘ttream from the barrier can scarcely be affected by the existence 
if the grid in that portion of space which lies between the barrier 
ind the grid surface. But in the region of space between the 
‘irid surface and the anode the charge on the grid will produce a 
Jadial force very nearly the same as if the total charge on the 
irid had been spread uniformly over the cylindrical grid-surface. 
tis only after a given electron has shot through a mesh of the 
Vivid that it experiences any appreciable indication that the grid 
‘ists: then it recognizes its presence as a considerable con- 
Yentrated charge behind it, a charge, moreover, which does not 
Yelong to electrons in radial motion behind it. This negative 
harge on the grid will accelerate every electron after it has passed 
‘nrough the grid and thereby cause its velocity at any given point 
)\f its path to be greater than would have obtained if the charged 
wid were not there. In particular, the electron will collide with 
ne anode with an enhanced kinetic energy, so that the anode 
ust be connected to a battery of higher voltage than would 
jave obtained for a diode passing the same current. Of course, 
his battery also determines the net positive charge on the cathode 
‘\nd thereby regulates the position of the barrier. It is by this 
means, and by this means only, that the anode potential deter- 
nines and regulates the current reaching it. In the approach 
Which is being used here the current is regarded as the inde- 
endent variable; then is deduced the anode potential which is 
)ppropriate to this particular current. 
' To start this problem with an assigned current is obviously 
atticularly apposite for studying the mechanism which lies 
 ehind the experimental relation that any assigned anode current 
» a function of (V, + #V,). 
) The total electric charge on the wires of the grid will be main- 
‘ained in position on it by means of an appropriate electric 
attery (or its equivalent) connected between the grid and the 
siiode; in more common parlance, by applying a suitable 
)o%ential to the grid. 


22} PRELIMINARY CONSIDERATIONS: RECAPITULATION 
OF THE DIODE PROBLEM 

‘onsider a cylindrical diode with anode of radius a (see Fig. 1) 

© cathode of radius k. At some definite, and calculable, 
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Fig. 1 


radius, b, the electric force passes through zero. Inside the 
cylinder of radius 6 electrons are flowing both outward and 
inward: outside this cylindrical surface all electrons are moving 
radially outward. This cylindrical surface, at which the electric 
force passes through zero, will be termed the barrier surface. 
There is little advantage in calling it a potential barrier, for to do 
so can obscure slightly its primary meaning, which is a surface at 
which the force passes through zero. 

Since the force at radius b is zero and the annulus between b 
and k contains electrons, it follows that the charge on the surface 
of & must be positive—notwithstanding that it is connected to 
the negative end of the battery—and equal in amount to the 
total charge of all the electrons between b and k. 

Since the anode is a metal cylinder, it follows that the electric 
force must be zero throughout its thickness. This means that 
there must be a positive charge on the inner surface of the anode, 
of amount equal to the total charge carried by the electrons in 
transit between the anode and the barrier. But, because of the 
inverse-square law, this positive charge on the inside surface of 
the anode does not produce any electric force at any point 
inside the anode. 

The field of the anode does not penetrate the barrier because 
it has no field to do so. Similarly, if a grid existed at some 
radius greater than 5, the field of the anode could not penetrate 
it merely because no anode field existed to do the penetration. 
Here then is an inexorable fact which shows that there must be 
some small element of confusion in the time-honoured concept 
of Durchgriff. Thus Moller* defines the factor 1/z as Durchgriff: 
‘The anode sends through the grid-turns lines of force into the 
cathode space, which get hold of space-charge electrons and pull 
them towards the anode.’ 

Surely this description is equivalent to thinking of a fairy on 
the anode putting her hand through the grid and getting hold of 
the electrons, notwithstanding that no lines of force arise from 
the charge on the anode. And surely it is reasonable to question 
whether the term Durchgriff is really a useful one. 

But what has been said of the positive charge on the anode is 
equally true of the negative charge between any radius r and the 
anode, in respect of any point inside that radius. Because the 
electrons are moving radially and the flow has complete sym- 
metry about the axis of the cylinder, the electrons which comprise 
it can be decomposed into a set of cylindrical shells of uniformly 
distributed charge. None of these shells produces any electric 
force at any point inside it. Accordingly, the electric force 
acting on any typical electron at radius r is provided entirely by 
the total charge on all the electrons between r and the barrier 
radius b. It is the space charge behind any typical electron, and 
that alone, which causes the electron to travel to the anode. 

If the diode problem be simplified—in a sense, idealized—to 


224 MOULLIN: ON THE AMPLIFICATION FACTOR OF THE TRIODE qd 


the extent of postulating that all electrons cross the barrier with 
the same velocity, then every electron will take the same time, f, 
to arrive at a distance r from the centre of the cathode. In these 
circumstances, a quantity of electricity, /t, will have crossed unit 
axial length of the barrier surface after the departure of any 
typical electron which is in the surface of radius r. Accordingly, 
the electric force E at radius r is given by the equation 
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Thus the equation of motion is 
ar 26 An 
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This equation has often been solved and leads to the solution 


eee V3l2 4) 


ae) ap? 
where a is the radius of the anode and f? is a complicated function 
of the ratio (a/b), which was evaluated by Langmuir and 
Blodgett.5 The process of the solution is cumbersome and 
involved: this is almost inevitable, because the symmetry of the 
system calls for the axis as the origin whereas the equation of 
motion of an electron calls for an origin on the surface of the 
barrier. 
For this purpose it is helpful to write eqn. (4) in terms of the 
current density, J, at the surface of the anode, thus: 


m 


di 1 /2e\ 1/2 V3/2 
a 2na ae a2p2 6) 
1 72e\ 2 (1 — bfa)* V3/2 
+ gal: BEY sc ine Vee 
where 1=(a—b) 
(i bla) 2 : 
Let the parameter ~——_.——__ be denoted by D?, some numerical 
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values of which are collected in Table 1. 


Table 1 
alb .. | 1:1 2 4 10 20 50 100 
D2 eal 0:95 0-89 0:83 0:83 0:84 0:88 0-91 


This shows that, when b/a tends to unity, D? also tends 
asymptotically to unity. But even though b/a tends to unity in 
this formula, the electrodes still remain cylinders and the positive 
charge on the inside of the outer cylinder still produces no force 
inside it. Although the radius of curvature of the electrodes 
tends to infinity, and any unit of area becomes more and more 
nearly planar, the system never degenerates into a pair of infinite 
parallel planes. The solution for a pair of infinite parallel 
as is very well known, but it seems worth while to recapitulate 
it here. 

Let the traces of the anode and cathode planes be represented 
by A and C in Fig. 2 and let B be the trace of the barrier plane. 
Because B is a barrier plane, the electric force at a typical plane 
P due to the positive charge on the cathode plane C is neutralized 
by the force at P due to the electron gas between Band C. But 
the force at P due to the positive charge on the anode is not Zero, 
because the anode is an infinite plane. Herein there is—or 
appears to be at first sight—a very real difference between the 
planar and the cylindrical problem, but the effect of this difference 
vanishes when it is remembered that the positive charge on the 
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anode must be equal to the total charge on the electrons in | 
transit between Band A. The force due to a planar distribution > 
of surface density o is 270 at all distances from that plane. 
Consequently, the upward force at the typical plane P is | 
2m(o — qy) + 27g, where o is the charge density on the anode, y 
q, is the charge in transit (per unit area of the electrodes) between 
A and P, and q, is the charge in transit between B and P. B 
since o = q; + q, the total upward force at P is 47g and thus 
depends only on the number of electrons in transit behind the 7 
typical point P. Of course, this result is obtainable directly from 
Gauss’s theorem, but if this short cut is taken it is not quite so 
clear how the result comes about. 4 ! 
It has now emerged that, even with electrodes which are planes 
(and not really pieces of very large cylinders), it is still true to 
say that the force urging an electron towards the anode can ; 
said to arise from the charge on the electrons which are behind 
the typical electron whose motion is being considered. Accord- i 
ingly, the equation of motion is . | 
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where J is the anode current density and t is the time for electron 
to travel a distance x from the barrier, all having crossed it with | 
velocity uy. Whence 
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If up = 0, then t = (}) du= ate (6x)2/3, On writing i 


4mu? = eV, the following relationships are obtained: 
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Eqn. (10c) is the same as the limiting form of eqn. (5) when bja) 
tends to unity. Accordinly, planar electrodes lead to the same: 
result as the asymptotic limit for cylindrical electrodes. This | 
result inspires confidence in the validity of treatment by planar 
electrodes—a treatment which is virtually obligatory as a means | 
of avoiding hopelessly toilsome algebra. The result is well known . 
and the raising of it here may well appear to be mere pedantry: : 
but in a solution which depends almost entirely on thinking” 
clearly about the circumstances obtaining in a certain real problem — 
which is being described analytically, it is wise to ascertain that | 
the mathematical simulation does not contain an inherent flaw.* 

* For a more detailed development of eqns, (6) and (10) see Reference 6. = 
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Although the previous discussion has been developed for elec- 
ttrodes which are concentric cylinders, consideration suggests 
ithat the general argument is not thereby limited in principle. 
Obviously it remains unchanged for a spherical diode and it has 
been shown that it is unchanged for a planar diode (i.e. one in 
“ywhich the electrodes are truly planes and not merely large 
"segments of spheres of very large radius). 
There is a well-known and accepted proof, depending on the 
eory of dimensions, that the current varies as the three-halves 
"power of the voltage for any system of electrodes: this generaliza- 
ition encourages the hope that the argument for cylindrical, 
“spherical and planar electrodes is also general and not true 
only for very special cases. If the anode is a closed metal 
~ chamber, its inside surface must be an equipotential surface and 
“!therefore the electric force must be normal to it. Moreover, 
isince it is a metal, the electric force must be zero everywhere 
‘ywithin its thickness and consequently must be zero also every- 
where outside the chamber. 

It is now appropriate to remind the reader of Green’s theorem, 
‘which states that ‘if a closed equipotential surface (i.e. a surface 


tsurrounds any number of charges, the force at any point outside 
Htkis equipotential is the same as if the enclosed charges were 


m@emoved and replaced by a charge density equal to — r = 
7 


yen the closed surface’. There is a second portion of Green’s 
“Itheorem which never seems to be developed explicitly in the 
classic textbooks, although this can be done by extending the 
‘ymathematical analysis used in proving the first part. It is that, 
if the electric density — Ege 
47 On 
equipotential, it is a consequence of the inverse square law that 
Ithe electric force would be zero at all points within the closed 
/equipotential surface. The general mathematical analysis shows 
‘jthat this is necessarily true, although consideration will show 
Ithat it is a very surprising result. Since the electric force must 
ibe zero everywhere outside the anode, because it is a metal, the 
first part of Green’s theorem shows that the positive charge on 
\the inside of the anode must be distributed with a density 


= 2 2, where V is to be calculated only from the space charge 
jin transit between barrier and anode. The second part of Green’s 
\theorem proves that the positive charge on the inside of the anode 
cannot produce any electric force at any point inside the anode, 
‘)not matter what its shape. So at least this portion of the present 
‘\treatment of the diode has been generalized, and, accordingly, the 
‘iflight of electrons to it is in no way assisted by the charge on the 
janode itself, i.e. the flying electrons are never attracted by the 
“janode. 

Closed surfaces must exist between the barrier and the anode, 
at which all electrons have the same kinetic energy, although this 
‘yelocity is not necessarily normal to it. Then, by definition, 
\these surfaces are equipotentials: they have charges inside them 
vand charges between them and the anode. It is only if the elec- 


‘itron density (which depends on the electron trajectories) over 
A es 1 ov 
|these equipotentials happens to satisfy the condition — rece 


really did exist over the closed 


\fat the force inside them is zero. Only then will the electric 
ifezce on any electron be due only to the total charge inside the 
-ecuipotential in which it is situated at a given moment. The 
author is unable to generalize the condition that ‘the force on 
every electron arises only from the electrons which are behind it’. 
%s has shown that this is true for every electron as it reaches 
\the anode, and it does seem nearly true at all points of the path— 
a indeed it is true in the spherical, cylindrical and planar cases. 
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(3) ELECTRIC FORCE INSIDE A SQUIRREL-CAGE GRID 

Now consider a grid, squirrel cage in form as shown in Fig. 3 
and bearing a negative charge q per unit length of each wire, 
the cage having a radius R less than a and greater than b. It is 


Fig. 3 


advantageous first to consider the system when the cathode is 
not emitting electrons. 

Let a closed Gaussian surface be formed within the squirrel 
cage. Then, since the charge is external to this surface, the 
integral of the normal component of electric force all over this 
surface is necessarily zero. But it will not be zero at every point 
of the surface: if it is outwards at one point it will be inwards at 
some nearby point. 

Straightforward calculation shows that at radius r, for N wires, 


r 


nN 
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This shows that the radial forces inside the cage are very small 
compared with the force at the outside surface of a tube of radius 
R, so long as R — r is large compared with the radius of a wire 
of the cage. 

If the charge on the wires of the cage is negative, no electrons 
emitted by the cathode (now supposed to be hot) will be collected 
by them. But the comparatively small tangential forces due to 
the wires will deflect the electrons slightly and cause some con- 
centration of the flow between the wires. 

If the radius b of the barrier is much smaller than R, the forces 
at it, due to the charged wires, will be very small. Doubtless 
they will produce a corrugation of the barrier surface, but of very 
small amplitude. 

It seems reasonable to suppose that the charge on the grid will 
not, per se, have any appreciable effect on the barrier, and that it 
may be assumed, to a first approximation, that the current 
crossing the barrier is not determined by the grid per se. (At 
first sight this statement may well be so surprising as to seem 
absurd, but it is hoped that further reading will remove the 
difficulty.) Let the matter be put this way: Let the positive 
charge on the cathode be held constant by some means. Then 
it seems reasonable to expect that the current crossing the barrier, 
from a cathode of given temperature, will scarcely be affected by 
the charge on the grid; and furthermore, that the passage of this 
given current up to the cage radius R will scarcely depend on the 
existence of the grid. But once an electron is just outside the 
cage radius it will experience a repulsive force which scarcely 
differs from what would obtain if the grid were a continuous 
surface; this repulsive force from the negative grid will accele- 
rate it towards the anode and cause it to reach the anode with a 
larger velocity than it would have if the given current were a 
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diode stream, with the grid absent. This means that, if a given 
current is passing to the anode of a given diode, which contains 
also a negative grid, the velocity of an electron at the anode 
(i.e. the anode potential) will be higher than if the grid were 
absent: this is in agreement with experience. 

The idea that a negative grid accelerates the electrons passing 
to the anode may seem rather disturbing but it is true: in current 
jargon a negative grid is commonly said to brake the electrons, 
but this idea is false. 

We are not saying that a negative grid does not reduce the 
current for a given anode voltage (see Section 13.1), but that for 
a given current the anode voltage must be increased when the 
grid is negative. The reader is asked to remember that the 
basic equation (1), namely I, = f{(V, + Vz), is referring to a 
given current and not to the form of the function itself. 


(4) MOTION INSIDE A PLANAR TRIODE 


Now consider Fig. 4, which is meant to represent a planar 
triode with a grid distant g from the barrier and d from the anode. 
The charge on the grid is negative and of amount Q per unit area 


Fig. 4 


of electrode plane. Although the algebra of a planar system will 
be used, it is probably wiser to regard the electrodes as being 
cylindrical but such that d and g are very small compared with 
the radius of the anode, the radius of the cathode as being com- 
parable with that of the anode, the emission as being so very 
copious that g is not greater than d, and the radius of the wires 
of the grid as being small compared with g. All these conditions 
are realizable in principle. Thus it is possible to adhere to 
cylindrical electrodes, which are realizable in practice, and yet 
to use the algebra of a planar system as a very close 
approximation. 

Let a given current, J, per unit area leave the barrier plane 
with negligible initial velocity. Following the argument set out, 
with reason, in the previous Section we shall suppose that this 
current is not disturbed appreciably by the negative charge on 
the grid. Or we can be more modest in this condition and 
suppose that, if it is necessary to make a very small change 
in the cathode emission in order to maintain J constant, there 
is no appreciable change in the distance g. In short, we suppose 
that, if the negative charge on the grid is changed and the anode 
voltage is adjusted to bring J back to its previous value, there 
will be no appreciable change in the motion of electrons between 
B and G so long as they are not actually above the plane through 
the axes of the grid wires. Thus, provided that any necessary 
adjustments have been made to maintain J constant, the motion 
of electrons up to the grid plane is sensibly the same as in a 
diode of spacing g carrying a current J and thus having a velocity 
ug in the grid plane corresponding to a potential Vp such that 


1 726,12 ver 
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The electrons gain kinetic energy between the plane of the 
grid and the anode by reason of the unresisted expansion of the 
electron gas between these two planes. Let V’ be the potential 
which the anode would have if the grid were not present. 
Between the anode and the plane of the grid wires the negative 
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charge, Q, on the grid (together with its positive counterpart on 
the anode) produces a uniform force 47Q directed towards the 
anode. This constant force will do work V” = 47Qd on the 
electrons and increase their kinetic energy during their passage }) 
from the grid plane to the anode. If the very reasonable assump: 4} 
tion is made that the imparting of this additional kinetic energy - 

does not change the gain of kinetic energy which arises from the | 
unresisted expansion of the electron gas, the net velocity at they 3 
anode will correspond to a potential V,, such that 


V, =40Qd + V’ (12) 


In fact, however, very close analysis shows that the relationship 
given by eqn. (12) is not exact, because there is a very slight 
diminution of the work done by the unresisted expansion. This }, 
analysis is set out in detail in Section 13.2, where it is shown that _ 
the lack of precision in eqn. (12) is entirely negligible. Accor- | 
dingly, with this conscious caveat, eqn. (12) will be maintained { 
and treated as though it were exact. 
Let t, be the time for an electron to traverse the distance g_ 
between barrier and grid plane when there is an assigned current a 
I leaving the barrier: then the total charge in transit between ie 
barrier and grid is If;. | 
The charge on the grid, in a valve of given construction, ; 
depends only on the grid potential; it is an independent variable, | 
so let its amount be GQ. When the current leaving the barrier 
has some assigned value J, the charge behind the grid is /f;. It ! 
is convenient to express Q in terms of Jt, by the equation Q = ylty, 
where y is a non-dimensional factor. Of course, it will turn out 7 
eventually that J is a function of V,, but, strictly speaking, Q | 
and J are independent in that Q can ae given any desired value } 
by suitable adjustment of the grid potential only, and then im 
can be brought to any desired value by adjustment of anode ~ 
potential. Thus the factor y can be brought to any desired value | 


ry 
yf 
\ 
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and has all the characteristics of an independent variable. 4 
Accordingly, eqn. (12) will now be written in the form 


j 

V, = 4aylt,d + V’ (13)) 

From eqn. (10c) Vo = 3alt,g 7 

whence V, = yf Voa | 
= 3y2Vy 2 V 


where z = d/g 
From eqn. (105) 


aa (* : Son = (1 + 2)43 
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This shows that for any assigned anode current there is ae 
precisely linear relationship between the anode voltage and the | 
charge on the grid. It now remains only to show that for any 
assigned anode current the charge on the grid is proportional — 
to the negative voltage of the grid and then a relationship of the 
form (V, + »V,) = constant will have been established. Note 
that the effect of space charge will not have been ignored, since 
it is the space charge alone which propels the current. The — 
classic derivations of the relationship (V, + --V,) = constant — 
were evolved on the assumption that there was no space chara ; 
Here the problem of a real triode will have been simplified only — 
by the very reasonable approximation that, for a given curren | 
the flow is not modified appreciably by the presence of the grid. 


It is worth noting that the parameter changes 


4z 
301 + 243 


wery slowly with z, passing through the maximum value 0-63 
ywhen z = 3; thus when z = 1 its value is 0-53 and when z = 7 
“its value is 0-584. Accordingly, the slope of the line relating 
V,[V’ and y, eqn. (15), is virtually independent of d/g in the range 
df this ratio likely to be met with in practice. 


5) RELATION BETWEEN THE POTENTIAL OF THE GRID 
AND THE CHARGE ON IT WHEN THERE IS A GIVEN 
CURRENT TO THE ANODE 

Consider an infinite grating of round wires, each of radius @, 

“separated by a distance S centre to centre. Let each wire carry a 

charge q per unit length; the charge is supposed to be distributed 

sensibly uniformly round the wires, and this requires that 

w:/S < 1. 

| Then it is well known’ ® that the force at distance x (along 

the normal) from the mid-plane of the grating is given by 


ee) ae 
Bor [i eae tanh hie 17 
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‘according as the normal passes through a wire or through the 
int midway between two wires respectively. 

The positive charge on the anode of a planar diode must be 
cqual numerically to the total charge on the grid wires plus 
‘the total electricity in transit between the barrier and the anode. 
Accordingly, the net force between grid and barrier which results 
“from the presence of charge on the grid (together with the equal 
oositive charge on the anode) is, at a point on a normal through 
x wire, 


jp 20g mx _. 27q - pe 
BE’ = ~“(coth 1) =~ x 0-036 when x ~=S 
t “74 + 0-037 when x = $ 


hus the net force has fallen to a very small value at distances 
‘ereater than about S. This means that, provided g is several 
limes S, the force at points between the grid and the barrier 
depends almost entirely on the space charge. Or, in the words 
used previously, in this region the flight of electrons, carrying a 
iziven current, will scarcely be dependent upon the presence of 
ihe grid. The difference of potential between the surface of a 
id wire and the barrier, arising from the negative charge 
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where B is a purely geometrical factor. 
f #/S is large then 
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Now V,, the work done in taking unit charge from the barrier 
plane to a grid wire against the force due to the negative charge 
on the grid wires and the corresponding positive charge on the 
anode, is proportional to the shaded area ABCD in Fig. 5. For 


Xf 


7% eas 
Fig. 5 


a given value of c/S, i.e. a given grid, it is obvious from this 
Figure that the shaded area increases as g/S increases, up to a 
limiting value which is given by the approximate value of B 
given above. If the cathode emission is increased, for a given 
anode current, then the barrier plane will approach the grid 
plane, which means an appropriate decrease of g. Note, how- 
ever, that, provided only that the grid wires can be treated as 
filaments, which means c/S is small, B can be calculated correctly 
for any value of g/S and there is no other simplification or 
approximation in the value of V,;. The equipotentials round a 
grating of filamentary wires can readily be plotted and are shown, 
for example, in Fig. 137 of Reference 8, in which they begin as 
symmetrical ovals which differ very little from a circle. The 
potential of the grating, referred to a filament as origin is given by 


2 
—)) 
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at a point distant x from the plane of the filaments and distant y 
from the normal plane through a filament. This equation gives 
the ratio between the major and minor axes of the oval equi- 
potentials by equating the potential at the point (x, 0) to that 
at the point (0, y), from which is obtained 


27ry 27x 
cos —> = 2 — cosh —- 


Some solutions of it are given in Table 2. 


Table 2 
x/S y/S y/x 
0-1 0-1039 1-039 
0:2 0-235 1:17 
0:25 0-333 4/3 
0-28 0-500 1-76 


This shows that even if y/S is as large as 0-103 9, the equipotential 
is oval only to the extent of the ratio being 1-039. Although it 
is impracticable to solve correctly a grating of truly circular 
wires of finite diameter, it has now emerged that the solution 
for a grating of filaments is still exact for wires of appreciable 
size, provided only that they are not truly round, but are oval 
only to an extent which might well be within the limits of manu- 
facture of ostensibly round wires. Thus it appears that the 
expression for B must be valid for all values of g/S and for values 
of c/S up to at least 0:1. 

The work done in taking unit charge from the barrier is V, 
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less the work done against the forces arising from the electrons 
which are in transit between the barrier and the plane of the 
grid; this has been called Vo: let the difference be V,; then 
V,=qB— Vo. 

Now Vo will depend on the initial velocity of emission from 
the barrier and also on the extent to which the density varies 
across a given plane as the result of disturbance produced by the 
existence of the grid. If this variation of density is ignored 
(i.e. g/S is large) and the emission velocity is zero, then 
Vo = 3n(It;)g, by eqn. (10a). Then V, = QSB — 3n(It,)g, 
where Q is the charge per unit area of grid plane, i.e. 

V, = yUt)SB — 3n(It))g 


378 V, 


BS dhyse (18) 


Therefore y 


Accordingly, y is a linear function of V,. It has been shown 
in eqn. (15) that y is a linear function of V, and thus V, is a linear 
function of V, for any given value of I. Now V,/Vo = (1 + z)4l3 
+ 4yz, from eqns. (14) and (15). 
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if wc/S is ignored. 

Thus the well-known and classic expression for has been 
obtained by a method which takes full account of the existence 
of space charge. 

After some reduction, these expressions give 
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(6) THE CYLINDRICAL TRIODE 
In Section 2 the equation for a cylindrical diode was given in 


the form 
1/2 3 
9m\m g2 


where the parameter D? was tabulated in Table 1. 


Using the previous notation, let V’ be the potential of the | 
anode of a diode at a distance (g +d) =g(1 + z) from the 
barrier, which is passing an assigned current J, and let Vo be 
the potential of the anode of a diode at a distance g from a | 
similar barrier, which is also passing the same assigned current J, 
Then for this same current in each diode 


DiV ele <I 
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It follows from Table 1 that D? will be very nearly equal to | 
D? provided that (g + b)/b is not less than about 3. In such 
circumstances V’/V) = (1 + z)4/3, as it did with planar electrodes, / 
Even if (¢ + b)/b ~ 1:3, then V’/Vo ~ 1-1(1 + z)4/3; accor= § 
dingly, it is substantially correct to write V’/Vo = (1 + z)4/3 | 
except in circumstances when the barrier is almost coincident § 
with the grid—and these circumstances are really excluded by | 
the condition that the clearance between the grid and the barrier } 
must be large compared with the pitch between the wires of the / 


squirrel-cage grid. The equation corresponding to eqn. (13) i 


VPN EA = 
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now becomes V, = 20 log. + V’, where R is the radius of the | 


grid. As before, let t; be the time of flight from the barrier 4 
radius to the grid radius: then the total charge in transit is Tty. i 


Let QO = ylt,: then 


V, = 2ylty log, % + V’ | 
It is a simple matter to show? that 
3,8 
Vo = 5Ity- 
D, 11 
hi = —_ Roun ee = 
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Some values of «/8 are collected in Table 3 


Table 3 
Rib 4:0 3-0 2:0 1-50 
af B 0:85 1-00 1-60 250) 


It is instructive to assess the numerical value of F, the coefficient |= 
of y in the equation above; this will be done for al[R = 2. Some I 
results are collected in Table 4. ‘| 


Table 4 
Ri Den ac... thes} 1-65 72 3 4 
ZT epg te) 2°54 2 3/2 4/3 
Ea so Wo2y/ 0:34 0:34 0:27 0:25 


This shows that F remains reasonably constant over a consider- 
able range of R/b; in a given structure with a/R = 2, an increase i 
of R/b corresponds to a diminution of cathode temperature fora 
given anode current, For the limiting value of Fsee Section 13.2, _ 


\(7) RELATION BETWEEN THE POTENTIAL OF A SQUIRREL- 
CAGE GRID AND THE CHARGE ON IT WHEN THERE IS 
A GIVEN CURRENT TO THE ANODE 


Integration of eqn. (11) gives 
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‘Hence the potential difference, V,, between the surface of a grid 
wire and the barrier, due to qg, will be 


V, = 2q log BAN 
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which is the well-known expression derived long ago for the 
\case when space charge is absent. 

It has now been shown that, for a given anode current, 
V, + pV, is precisely constant, where y is the parameter which 
was deduced long ago from a proof which ignored space charge. 
After a little reduction the foregoing equations give 
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This agrees with the expression given by Eccles!® if Bp? = 1 and 
z = 0, and with that given by Appleton" if (1 + z)4/3 is ignored 
lu comparison with p. 

In eqn. (23) f? refers to the ratio R/b; the formula would be 
more satisfactory if it involved a rather than R, but this can 
“searcely be done because of the parameter f?. In it z= 
© — R)/(R — 5) and thus, in general, is likely to be larger than 


a (23) 
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unity, since b is the radius of the barrier: accordingly (1 -+ z)4/3 
may well be comparable with p. 

For a given cathode temperature 6 will decrease as / increases; 
this will involve a change of 6? and z, and thus J will not vary 
accurately with (V, — V,)7/*._ For any given current the plot 
of V, and V, will be a straight line, but the lines for different 
current will be parallel only in so far as can be regarded as 
independent of 6. The denominator of the expression for p is 
equal to 


R bau R_ Nb 
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fos Ne Becks [ & i log. New 


Accordingly, as 6 decreases the denominator increases, which 
means that p will decrease slightly as J increases, in accordance 
with familiar experience; or, for a given current, yw tends to 
increase with an increase of cathode temperature. 


(8) THE SMALLEST VALUE OF y FOR WHICH THE GRID 
CURRENT CAN BE ZERO 

Throughout this discussion the charge maintained on the 
grid, by means of the battery connected between grid and cathode, 
has been taken as negative. Moreover it has been taken to be 
sufficiently negative to prevent any electrons reaching the grid. 
It is of interest to discover the smallest value of y for which this 
condition is fulfilled. 
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Fig. 6 


© 
O 
a 


io) 
Meee = — 


Consider a grid typified by Fig. 6 and let it carry a negative 
charge of —g per unit length of each wire. Then at points B 
the electric force due to this charge is zero and at points D it 
is nearly equal to 2g/c. Let the parallel anode A carry a positive 
charge q/S per unit area. Then, from eqn. (17), the electric force 
E, at a point on BC is 


27q 1X 
Ey= = (1 — tanh 7) 


towards the anode. 
At a point on DE the electric force E, is, by eqn. (16), given 


by 
27q 7X 
=o (coth > 1) 


away from the anode. 
The work done along these two paths is respectively 


V;, — 2q log 2 


y= 2q( log, 2 sinh = — =) = 9B, 


and 5 


Let a current J per unit area be emitted from the barrier. 
Along CB the electrons are arrested in their flight by the presence 
of the charge on the grid and on the anode. Along ED their 
flight is impeded by the presence of this charge. At the point D 
the potential is 

Ve i qB — Vo 


where Vo = 3rltyg 
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The limiting condition for an electron to reach a grid wire is 
that V, = 0 and then 


Vo = QB 
= OSB 
Therefore 3rlt,g = yIt,BS 
so that y= oe 
__ 4nd 
es since pb = BS 


Accordingly, the smallest value of y is likely to be of the order 
of 44—say not less than 5 in a normal triode. 
From eqn. (15), the least value of V,/V’ is 


a2 
[ a | 


the numerical value of which is not likely to be less than about 5. 
At the point B the potential is 


V, = Vo + 2@ log, 2 
= Vy + 2QS log, 2 
= 3rIt,g + 2yIt,S log, 2 
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(9) COMPARISON OF THE PRESENT METHOD WITH 
THE OLDER ONES 

As already stated, it was noticed by Van der Bijl in 1913}! 
that I, =f{(V, + wV,) and his book,” published in 1920, 
implies that his theoretical deduction of this property was based 
on the absence of space charge. But we shall ignore this at 
present and start by outlining the method used by Eccles! in 
1921. On p. 333 of this book he develops the theory of the 
‘triode with plane electrodes’ and says 


It is possible to attack the problem by a method based upon the 
calculation of capacity coefficients, making allowance afterwards for 
the influence of the space-charge upon the electric field between the 
electrodes . . . but it is more instructive to make a direct attempt 
upon the problem. 


He assumes that the electric field is practically constant 
between the anode and a point B in the plane of the grid wires 
but midway between any pair; then, if o, is the charge per 
unit area of anode, V4 — Vg = 4m70,d. If the charge on the 
grid wires, per unit area of the grid plane is Q then he states 
that o, = Q + all space charge: in this we agree. He then 
states that o, = «Q, 


where « is a quantity to be determined by experiment and obviously 
approaches unity when the space charge, that is to say, the electron 
current, is very small. Experiment shows that for most types of 
triode « is nearly equal to unity for a fair range of values of grid 
voltages and anode current, but the mode of derivation shows that 
it should tend to increase as the electron current increases. 


Surely it is pertinent to inquire how it is possible to measure 
either o, or Q and thereby to determine that « is nearly equal to 
unity. Surely the equation o, = «Q is little more than a guess, 
which is, in fact, a wrong guess and is verging on neglect of 
space charge. 

He then argues that the voltage difference between the point 


g& 
‘where 8 is a geometrical constant that can be determined by 


B and a point of a grid wire is of the form Vz, — V, = 20 ee 
s Cc 
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calculation for any number of wires if required’. With this we 
are in agreement, especially if space charge is ignored: the value 
of his constant 8 could virtually be derived from eqns (19a) 
and (195). He then evaluates the voltage Vo between the point B |) 
and the barrier and gives it as Vg = (J/A)?/3¢4/3. This is pre- 
cisely what we have done and is equivalent to the assumption | 
that the passage of a given current is undisturbed by the charge | | 
on the grid, up to a point in the grid plane. > 


He then derives V, — Vg = 4uaQd 


Q2rasd 
=a OAS — JV. 
2rrasd 27rasd 
aT ae (at =) 
oe Ya * fog. Ble ( * jog, Ble) ® 


= (1 Fog ar) (a) 


and thereby a relationship of the form (V, + p’V,) is obtained. 4 
But it will be noticed that «’ contains the undetermined para- § 
meter «, said to be ‘not far from unity’. 

The solution seems to be sound in so far as Vg is regarded as © 
being independent of the presence of the grid, although it is | 
not explained why the presence of the grid scarcely disturbs the 7 
field between the grid and the barrier. Furthermore, the deter- 


mination of V, is sound; but it seems that in the region between 
grid and anode the existence of space charge, both between the ¥ 


grid and the anode and between the grid and the barrier, is” 
virtually ignored. q 
We will now outline the treatment given in 1931 by Sir Edward : 


Appleton.!!_ He compares the triode with an ‘equivalent diode” } 
whose electrode separation is g and says: : 


“a 
We require to find the potential, v, at which the ‘anode’ of the | : 
equivalent diode must be maintained in order that its effect may 
simulate the combined effect of the anode and grid of the triode which § 
are maintained at potentials vz and vg respectively. In doing so we 
shall as a first approximation neglect the effect of the space charge. © 
. .. We require to find the value of » which will make the charge per } 
unit area on (4) [the equivalent diode] equivalent to the combined & 
charge on (2) [the grid] and (3) [the anode of the triode]... It is | 
evident that the charges per unit area of these two condensers will 
be equivaient when Cy2vg + C13¥_ = Ci4v, where the C’s represent — 
capacity coefficients. | 


Whence 


and the coefficient of v, is the same as the parameter we have 
already called 4. Now Civ, + C,3v, represents the charge per » 
unit area on the cathode plane of the triode in the absence of } 
space charge: it is far from easy to see how this is relevant to | 
the triode problem. In the corresponding treatment, Van der | 
Bijl! (p. 228) obtains an expression for the charge density, o, > 
on the cathode plane in the presence of the grid and anode at | 
assigned voltages and says: ; 


The quantity o gives a measure of the intensity of the field near ; 
[the cathode], which affects the flow of electrons from it. These | 
equations apply, of course, to the case in which there are no electrons 
in the space between the electrodes to cause a distortion of the field. 
As far as the determination of the screening effect of the grid for 
most practical purposes is concerned, it is found that the presence | 


of the electrons in the space usually does not materially influence | 
the results. yy 


Reading this more than 30 years after it was written, it is now 
difficult to understand what is meant by the idea that ‘the field 
near the cathode affects the flow of electrons from it’. And 
difficult to understand how it could be discovered that the 


resence of electrons in the space usually does not materially 
nfluence the screening effect of the grid. 

Van der Bijl and his contemporaries obtained the right 
ormula, but the thoughts which led them to do so seem now 
be obscure. We have shown that their formula was more 
orrect than they supposed it to be. 

Appleton (Joc. cit., p. 41) says 


_ Ina more detailed investigation, in which the effect of space charge 
is taken into account, Schottky12 has shown that instead of 


the equation pe pea 
fate plo bfk 
log alk 
where iDv== us 
Lh 
we have v= PEARSE 


a Rae: 
1+D(1 + j loz) 


Since, however, in most practical cases, D is small compared with 
unity, it is sufficiently accurate, even when the space charge is present, 
to write v = vg + Drg. 

This excerpt is given only to emphasize that the early writers 
were fully conscious that the effect of space charge had been 
smitted. 

Chaffee,!3 writing in 1933, follows substantially the treatment 
| of Van der Bijl and does not attempt any further serious treat- 

ment of the effect of space charge. 

| Acompletely revised and rewritten sixth edition!4 of Appleton’s 
200k, in collaboration with W. H. Aldous, was first published 
n 1952. On pp. 32-35 of it a much more serious attempt is 
‘made to discuss the effect of space charge. But it proceeds by 
means of the capacitance-coefficients method and not by the 
pproach used in the present paper. It arrives at a formula 
ery similar to that given by Schottky in 1920. 
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(12) APPENDIX 


(12.1) The Means by which V, Controls J when V, is 
Constant 


One of the most familiar experiences with a triode is the 
decrease of anode current when the grid is made more negative, 
the anode voltage being kept constant: how does this accord 
with our approach? If there is an increase of negative charge 
on the grid, there is an increase of the energy imparted to the 
electrons as they pass from the plane of the grid to the anode. 
But, because the anode voltage is constant, the electrons must 
continue to arrive at the anode with an unchanged velocity, 
notwithstanding the additional negative charge on the grid. 
Therefore the additional negative charge on the grid must 
somehow cause them to arrive at the grid plane with a decreased 
velocity. 


, t ; : : 
From the equation x = Aw + Up) it follows that, if x is 


constant, ¢ must increase if uw decreases. And from the equation 


62\ 1/3 . rey 
i= ~*) it follows that if t; increases then J must decrease, 


hence proving that a decrease of current must result from an 
increase of negative charge on the grid. 

If the current decreases, the cathode temperature being 
constant, there must be an increment of positive charge on the 
cathode. If more negative charge is given to the grid there 
must necessarily be an increase of positive charge on the anode: 
this, it seems, has to be accompanied by an appropriate increase 
of positive charge on the cathode, but the mechanism by which 
this must necessarily occur is not clear. This problem is not 
peculiar to a triode, but arises equally in a diode: it involves the 
stability of the barrier surface, and that is a problem which does 
not appear to have been tackled. 


(12.2) Evaluation of V, from the Electron Velocity at the Anode 


For an electron at distance x above the plane of the grid the 
equation of motion is 


22 
CE oe er 


“dt? dx 
= AI[ + yt, + ¢] (24) 
where x and ¢ are the only variables. 
y2 02 d 
Therefore i) = Al + y)tyd + | i | ; (25) 
2 |», 0 
dx ] v 
ee = eee gel 
also Ye = Al ( + y)tyt 4 sf + 4 
from eqn. (24) 
1 3g 
= All| (1 + a tye +e (26) 
[ Wht +r ak or FZ if, 


from eqn. (9). 
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Therefore 


v2 |” 
YY 


from eqns. (25) and (26) 


: 1 3 gt } 
ab oper eh Ay Oe Nef, 
Al) t + y)tyt 3! s 


Patpes “3aF 
But - all t Mis +z +2 | (27) 
1 
from eqn. (26) 
2 gy eS or 
or (+ Vt Pies NG (28) 
v2 — v2 
= — tid. 
Whence TAT d+ y)t; 
13 1/4 rage 2 
47 ( d t 3 gt’ ) fs g 
2 \AI Alt, aah 
from eqns. (26) and (28). 
Bute Bye Salles: 
= ty) +|5 - — 29 
ufo sn [E0-22) 2]. 


where z = d/g 


Consideration will show that eqn. (29) is very akin in form to 
eqn. (12), but for any given value of z, ¢’ is a function of y, 
obviously decreasing as y increases. Accordingly eqn. (12) 
would be exact only if #’ were not a function of y. It has been 
stated already, just after the derivation of eqn. (12), that it was 
inexact, but to a quite negligible extent. To demonstrate this 
negligibility it is necessary to evaluate numerically the magnitude 
of the term (in square brackets) involving ¢’/t,;, for various 
values of y with successive values of z. Let the term involving ¢’ 
be denoted by D. For the case when z = 1 some values of 
(1 + D) for various values of y are shown collected in Table 5, 


Table 5 
eal 


which shows that (1 + D) is constant to within about +3% 
up to y = 25, and becomes of progressively less importance 
compared with y. In other words, V, is a linear function of y 
within extremely small limits. 

For the case when z = 7 the corresponding values are given 
in Table 6. 


Table 6 
ef 
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This shows that, even in so extreme a case as z = 7, (1+ Dea 
is still constant within about +15% up to y = 25. 
It is shown in Section 8 that values of y smaller than about ) 
6 do not arise. Eqn. (27) can be written in the form 
31’ Pe oe 
Ya5+s 
ty Faas 


Tables 5 and 6 show that ¢’/t, is less than 4 when y is greater | 
than 7 for all practicable values of z: accordingly, the term |) 
in (t’/t,)> is of little importance. If it is ignored, then 


; A) \ 
ra ae 


2 Sey) 


But 214d +9 + (F a 
whence nO Az Ne: ae i 
whence 2 ae (2) *y eit a 
or Va cs 4z oa Az ., 


Vo 30 +23 * 30 + 23? * (sae 
Eqn. (15a) is a closer approximation than eqn. (15), in which }) 
the constant term is unity. If z= 1 the constant term in 
eqn. (15a) is equal to 0-92. 

Because y is likely to be greater than 6 consideration in con- 4 
junction with Tables 5 and 6 shows that the term ¢ in eqn. (24) 9 
is never important and accordingly the electrons move from 
grid to anode under the action of a force which is very nearly | 
constant. This is equivalent to saying that the effect of space 
charge is negligible in the region between the grid and the anode, | 
which justifies the first part of the assumption made by Eccles.!® ) 


(12.3) Limiting Value of F when R/b Tends to Unity 
If R/b is near unity, p = log (R/b) is small and then 


. ae ae) ee 
ea (ep te 
log, 4 = log, (1 +5) ~ S(1- 5.5), it <1 


saya! ~35ce) 
eee (=) (1 ~ 35653) 
b 


rps sate 2 3g d 
“3 aa pal! Poe 


This expression degenerates into eqn. (11) when 4 tends to! 
infinity, and is useful for evaluating F when glb and d/b are! 
known small fractions. 


l2 


Then 


4 1 
s 3 + z)43 ¢ (14 
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